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Chapter 8

Microwave Applications

Superconducting devices find brought applications in passive microwave devices such as filters or res-
onators. These applications are based on the very small losses due to the small microwave surface
resistance of superconducting materials. Therefore, the quality factor of superconducting microwave
resonators and filters is larger than for equally sized normalconducting devices. In the same way, at the
same quality factor superconducting microwave resonators and filters can be made much smaller. This
is in particular important for satellite or space applications. In this Chapter we briefly discuss the foun-
dations of superconducting passive microwave devices and describe a few prominent devices structures
and applications.

Superconducting devices based on Josephson junctions can serve as sources for microwave radia-
tion. Here, the underlying principle is based on the voltage-frequency relation V = fdj, which
immediately suggests that a Josephson junction can be used as a voltage controlled oscillator with
f/V =483 597.9 GHz/V. In this Chapter we also present the foundations of superconducting microwave
sources based on Josephson junction.
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8.1 High Frequency Properties of Superconductors

8.1.1 The Two-Fluid Model

Already in 1934, that is long before the development of BCS theory, Cornelius Gorter and H.B.G.
Casimir developed the two fluid model of superconductorsﬂﬂ The model is based on the concept that
there are two fluids in superconductors, namely a superfluid with carrier density n; and a normal fluid
with carrier density 7, with the total carrier density given by

n o= ”n+%- (8.1.1)

Here, the factor % arises from the fact that the carriers of the superfluid are pairs with charge —2e. We
will use the two-fluid model together with Ohm’s law

1
o = E (8.1.2)

and the linearized first London equation (compare (1.1.70) and (1.1.71)))

P J
5 () = E(NMZL) = E (8.1.3)

to describe the relation of the normal and superfluid current density and the electric field. In (8.1.3)

*

: 8.1.4
g (®14

m

A =

is the London coefficient and

*
mS

Hongq

AL = (8.1.5)

*2

the London penetration depth (compare (1.1.63) and (1.1.64)). Here, g* = —2e and m; are the charge
and the effective mass of the carrier forming the superfluid.

For a harmonic current with angular frequency @ (8.1.3) can be written as

IOA J; = lCO‘U,()ﬂ,LZ Js = GiJs = E (8.1.6)

N

with the purely imaginary conductivity of the superfluid

* x2
1 1

o = =4 _ = =, (8.1.7)
1Om; ZOYA N TOTTIY v

ID. Shoenberg, Superconductivity, Cambridge University Press, Cambridge (1965), pp. 194-196.
2T. van Duzer, Principles of Superconducting Devices and Circuits, Elsevier, New York, Amsterdam, London (1981), p. 124.
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To derive the equivalent relations for the normal fluid we write the normal current as J, = n,ev,, where
v, is the average velocity of the normal carriers, and assume that the normal carriers have to satisfy
Newton’s lawf]

m*<dv"+v"> — ¢E . (8.1.8)

"\ dt T

Here, 7 is the scattering time of the normal carriers and m; and e the effective mass and charge of the
normal carriers. Again, for a sinusoidal current with angular frequency @ we obtain

2
I, = ("”e )TE — 6,E . (8.1.9)
my ) 1+107

The complex conductivity of the normal current can be expressed as

02 ~ % T+ (o0 (8110

nnez‘c> 1 -7 n, 1—iot

On = Opl —10p2 = ( m
my

Here, 0y = n,e>t/m}, is the usual normal state Drude conductivity. With (8.1.2), (8.1.3) and (8.1.6)

together with the expressions for the conductivities and Maxwell’s equations we can derive the high-
frequency properties of superconductors.

Note that the conductivities 6, and 0 show a strong temperature dependence below 7; due to the tem-
perature variation of the normal and superfluid density. At T = T, we have ny = 0 and n, = n. Below T,
the superfluid density increases and the normal fluid density decreases as

" T\"

mno (T> (8.1.11)
n c

; T\"

% _ 1‘(1) _ (8.1.12)

At T =0 all the carriers are condensed into the superfluid and we have ny = n/2 and n, = 0.

In an electrotechnical language the two-fluid model can be visualized by the equivalent circuit shown
in Fig. The superfluid channel which does not contribute to the loss and has purely imaginary
conductivity can be modeled by an inductor Ly(7). The normal channel has a conductivity composed of
a imaginary and a real part. The former, represented by the inductor L, (7T'), is due to the inertia of the
charge carriers and the latter, represented by the resistor R,(7'), due scattering induced loss. Note that
the inductor L, in the normal channel is often neglected which is similar to modeling the normal channel
as nondispersive (frequency independent).

We can use the equivalent circuit to classify different frequency regimes. Evidently at @ = 0 all the
current is carried by the nondissipative superconducting channel. However, increasing the frequency the
conductivity of the superfluid density becomes finite and decreases with frequency. Therefore, the con-
tribution of J; decreases with increasing frequency and becomes equal to J, at the cross-over frequency
s = R, /L. That is, the superfluid dominates in the low-frequency regime 0 < ® < @j,. In the high-
frequency regime the normal channel dominates. We further can discuss the question at which frequency
there is a cross-over between an ohmic (nondispersive) response to an inductive (dispersive) response in

3The quantity e represents the unit of the electric charge with an electron having the charge —e.
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R superfluid channel normal channel

! 1 1

H Ln(T) !
v LM |
i Ra(T);

S superconductor ------------------ 1

Figure 8.1: Equivalent circuit for the two-fluid model of a superconductor.

the normal channel. Evidently this occurs at the frequency @w; = R,/L, = 1/7. That is, in the frequency
regime w,; < @ < 1/7 the ohmic response and for @ > 1/7 the inductive response of the normal chan-
nel is dominant. In the high-frequency regime we restrict our discussion to @ < wx = A/h. Above the
gap frequency wa the microwave photons can break up Copper pairs and the situation becomes more
complicated. For a superconductor with A = 1 meV the gap frequency @, is about 1 THz. Note that
T.s = Ly /R, increases strongly with decreasing temperature due to the increase of Ly and the decrease
of R, associated with the temperature variation of n, and n;. Therefore, the cross-over frequency
increase with decreasing temperature and typically becomes larger than w; as shown in Fig. In this
case there is no frequency regime where the ohmic normal channel dominates.

superfluid normal channel dominates Tl toT
channel closeto T,
dominates ohmic inductive
1 1 1 1 N
I 1 1 1 7
0 O, , W, o
normal channel
) ) dominates T<<T
superfluid channel dominates inductive ¢
I ] ] ] N
r T T T g
0 @, (VI W, o

Figure 8.2: Characteristic frequency regimes for a superconductor for different temperatures.

Using equations (8.1.7) and (8.1.10)) we obtain the total conductivity of a superconductor to

2 2
n,e-T 1 n,e-T T 1
c = 0,+0, = — — . 8.1.13
s+ O mi 1+ (o1)? ! m: 1+ (01)? lqu)LLz ( )
At frequencies @7 < 1 this can be simplified to
2
1

0 =0]—100 = Min€ T (8.1.14)

—1
my Al

where o] and 0, are the real and imaginary components of the complex conductivity. The real part
represents the loss from the normal carriers, whereas the imaginary part represents the kinetic energy of
the superconductive carriers.
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8.1.2 The Surface Impedance
Normal Metals

The surface impedance is defined as the characteristic impedance seen by a plane wave incident perpen-
dicular upon a flat surface of a conductor. It is given by the ratio of the electric and the magnetic field
at the surface. For thick normalconducting materials the surface impedance is equal to the bulk wave
impedance Z which can be derived from Maxwell’s equations to

Zy = Ry+1iX, = |02 (1+l)1/¥ = (140 H0% (8.1.15)
0

Op 2

Here, 6y = ne’t/m* is the normal state conductivity and

o = 2 (8.1.16)

Up 0Oy

is the normal state field penetration depth. For a normal metal at frequencies w7 < 1, i.e. in the ohmic
regime, the conductivity is a real number and according to (8.1.16) the surface resistance R; and the
surface reactance X are equal:

Ho® Ho®do
Ry =Xy, = \/—— = . 1.1
\ 209 2 ®.1.17)

We see that for normal metals both R, and X; are proportional to \/@®.

Superconductors

In order to derive the surface impedance of a superconductor we the normal state conductivity oy in
(8.1.16) by the total conductivity of a superconductor and obtain

) Op—r—y —10,—2 > —y 112 ~i/2
l ni ni
Zs = Rs+le = 'ug = +(Cl)‘L') lwlj;)(wf) OHoAL
1 ot 1172
= 10 OU o ——5 + VU)o, ——= + — 8.1.18

At frequencies w7 < 1 this can be simplified to

—1/2
10y 5 _1-1/2 U O]
Zs = 1 n = — |1+1— , A1
: N [ —|—l(0u07LLG] 1/ o [ —i—zGJ (8.1.19)

where we have used 6 = 01 +10, with 61 =0, and 6, = 1/ a),uolf. We can now further simplify (8.1.19)
by taking into account that o7 < 0, for temperatures not to close to 7.. With (1 —l—x)_l/ LR X we
obtain

2
z, =1, |2 <1_z"1> = 2T, O (8.1.20)
(o)) 20, 262 02
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Table 8.1: Conductivity o, penetration depth &y due to the normal skin effect, London penetration depth
AL, surface resistance R and surface reactance X, of normal conductors and superconductors for @7 < 1
and temperatures 7 < 7.

normal conductor superconductor
conductivit o ne’s 0| +10; ne’s (n"> !
uctivi = 10, = — ) —1—
Y S PO Un ) T opon?
field penetration depth 0o = \/2/ U0y O = As
. 1 WU 1 5 5.3 Ny
f ¢ Ry=~ —\/5er Ro=50rudiioy (™)
surface resistance s 20)[.1030 200 s = 50 HGALO0
1 0}
surface reactance X, = —opdy = OHo X; = OupAL
2 260
Using expression (8.1.14) for o1 and o> we finally obtain
2,293, .2
0 usA T 1
Z, = Ry+1X, = %ﬂwuﬂh - szug/lfoo(”—”) ool - 8.1.21)
m n

We see that the surface resistance, the real part of Z;, increases proportional to @? in contrast to normal
conductors, where Ry o< /. Furthermore, it increases proportional to 7LL3 and the conductivity oon,/n
of the normal fluid. In Table [8.1|the most main characteristics of superconductors are compared to those
of normal metals.

Fig. [8.3] shows the theoretically expected surface resistance as a function of frequency for the super-
conductor Nb and the normal metal Cu. We see that for frequencies below about 100 GHz the surface
resistance of Nb is considerably lower than for Cu at 77 K. At high frequencies there is a cross-over due to
the much weaker frequency dependence of the surface resistance of normal metals. Note that the surface
resistance is expected to be further reduced by going to lower temperatures due to the strong decrease
of ny. AtT/T, < 1, AL(T) ~ const and n,, o< exp(—2Ao/kgT). Therefore, an exponential decrease of
R, with decreasing T is expected. However, this behavior is usually not observed in experiment. Rather
a temperature independent residual surface resistance is measured at very low 7', which is attributed to
material defects. For Nb this residual resistance is as low as 107°Q/0 at 10 GHz, whereas it reaches
only about 107°Q /[0 for YBa,Cu30;_g films.

Kinetic Inductance

The surface reactance X;, the imaginary part of the surface impedance, is purely inductive. The equivalent
inductance Ly, is denoted as kinetic inductance

Lk = /,LoA,L 5 (8122)

The kinetic inductance reflects the kinetic energy of the carriers of the superfluid.

Finally we note that the phenomenological model used above id based on local theory, which is valid
only as long as the coherence length & of a superconductor is much smaller than the London penetration
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Figure 8.3: Intrinsic surface resistance versus frequency for Nb and oxygen free high conductance (OFHC)
Cu. For Cu, 6p = 103Q"!'m~!, for Nb, A(0) =85nm and oy = 103Q " 'm~! were used.

depth A;. This is for example the case for extreme type-II superconductors such as the high temperature
superconductors. In contrast, for type-I superconductors we have & > A;. In this case the above treatment
is non longer valid and we have to used a more complicated nonlocal theoryE]

4A.B. Pippard, An experimental and theoretical study of the relation between magnetic field and current in a superconductor,
Proc. Roy. Soc. (London), A 216, 547-568 (1963).
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8.2 Superconducting Resonators and Filters

in preparation
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8.3 Superconducting Microwave Sources

in preparation
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