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2. Thermodynamic Properties of Superconductors

* already in 1924
- W.H. Keesom tries to describe the superconducting state using basic laws of
thermodynamics

- MeiBner effect not known that time: unclear whether superconducting state
is a thermodynamic phase

e after 1933:
—> after discovery of MeilRner effect it is evident that superconducting state
is real thermodynamic phase
—> this fact is used in development of GLAG theory

e questions:
- what is the suitable thermodynamic potential to describe superconductors ?
— what can we learn on superconductors from their basic thermodynamic
properties (e.g. specific heat) ?

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)
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2.1 Thermodynamic Potentials

e thermodynamics:
— describes systems with large particle number by small quantity of variables: 7, V, N, ...

* extensive variables: V, S, N, ...
- depend on system size (amount of substance)

* intensive variables: T, p, n, ...
— do not depend on system size

e thermodynamic potentials:
- used for the description of equilibrium states
- equilibrium state: determined by extremal value of the potential

* example:
S, Vand N are the natural variables of a systems, all other fixed by external constraints
=>» internal energy U(S,V,N) yields full information on the system
dU =TdS — pdV + udN
=>» adiabatic-isochore processes are characterized by minimum of U

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

* other potentials:
- Helmholtz free energy F(T,V,N)
- enthalpy H(S,p,N)
- free enthalpy or Gibb energy G(T,p,N)
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2.1 Thermodynamic Potentials

* question:
what is the suitable potential to represent the system under consideration ?
- find the set of independent variables

* discussion of magnetic and electronic systems:
—> additional variables such as polarization P and magnetization M

* discussion of systems with N = const.

dU = 8§Q + W ey + 6Woy, = TdS — pdV + B - dm

O

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

m = magnetic moment

infinitesimal heat infinitesimal infinitesimal o
flow into the mechanical work  electromagnetic M = m/V = magnetization
system done on the system work done on the
system

m-B =mB or —m B, since magnetization is mostly parallel or anti-parallel to B
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A: Internal Energy T 7
generalized state
* differential of the internal energy force variable
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R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

* important question:
- how to calculate the em work ?
- do we have to use mdB or Bdm in the expression of dU ?

* answer: depends on experimental situation

magnetizable magnetizable
medium
M +|.\
e
scheme | scheme Il
closed metallic ring with infinite conductivity: open metallic ring with current source attached:
- flux density in ring stays constant - current through ring (magnetic field) stays
constant

interaction energy of dipole with field
has to be taken into account no interaction energy of dipole and field
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R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

(1) bring magnetic

magnetizable

medium (1) bring unmagnetized

moment m from M + sample from o to 7 in
oo to position 1y - 7 field Bext
in field Bogt : (2) freeze-in magnetic
— tm
moment my
T —_ (3) bring magnetic moment
schemel schemell mlfrom &1 to o
Fmag = —fom - VHey
71 Hy By T Hj By
1
W = f Fmag'drz_f pom - dHeyy = _j m - dBey, VVI]( ) = f Finag - dr = _f /flOm'dHextz_J fom - dBeyy
o 0 0 o 0
0 0
3
WH( )= - fllom1  dHeyt = —Homy - jdHext = fom; - Hy =m, - B;
H1 Hl
5WI =-—m- dBext 6VVII(1) = _d(ml ) Bext) + Bext -dm
3
Wi = —d(m - Beye) + Beye - dm 6I/VII( )= +d(my - Bext)
/ /
change of the magnetization
interaction energy work Wi = —m - dBoy < > SWip = Bexe - dm
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2.1 Thermodynamic Potentials

A: Internal Energy U

dU; = TdS — pdV — m - dBy

dUII =TdS — pdV + Bext -dm

two different expressions = depend on definition of the considered systems
Scheme I: interaction energy —d(mj - B;) is included into the considered systems

Scheme Il: interaction energy —d(my - B;) is not included

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

- it is assigned to external circuit which performs work on the system and
is not part of the considered system
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2.1 Thermodynamic Potentials

B: Helmholtz Free Energy F

F} is potential for the natural variables T', V', Boyy, Fyy for T, V, m

8 « definition: F=U-TS

| - differential: dF = dU — TdS — SdT

E dU; = TdS — pdV — m - dBgy; dUy; = TdS — pdV + Beyt - dm

s

? dF; = —SdT — pdV — m - dB,,; dFy; = —SdT — pdV + Bey, - dm
=

—> isothermal-isochore processes at B.,+ = const. are characterized by minimum of Fj
- isothermal-isochore processes at m = const. are characterized by minimum of Fy;
- problem: in experiments it is difficult to keep V and m constant

=>» use free enthalpy or Gibbs energy
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2.1 Thermodynamic Potentials

C: Free Enthalpy G

« definition: G=U-TS+pV—m- B,
o differential: dG =dU — TdS — SAT + pdV + Vdp — d(m - dB.,;)
dUI = TdS — pdV —m- dBeXt dUH = TdS — pdV + Bext . dm

/
dU; = TdS — pdV — d(m - dB.,;) + Beyt - dm \

interaction energy already included in dU; interaction energy not included in dUyy, if
and thus has to be omitted in expression it is included into expression for G, we
for G to avoid double counting obtain dG; = dGy;
A y
dG; = —SAT + Vdp — m - dBoy, dGy = —SdT — pdV — m - dB,,

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

G is potential for the natural variables T', p, Boyt = poHext

—> isothermal-isobaric processes at Bqy; = const. are characterized by minimum of G
- this is appropriate for most experimental situations
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2.1 Thermodynamic Potentials

* if the suitable thermodynamic potential is known
—> derivation of various thermodynamic quantities is obtained by partial differentiation

(aa) < (66) v ( G )
| — — - — — = m
o P, Bext Ip T,Be OBext p,T

xt

—S|lUu |V ,
H
—p| G| T

-
Q

R. Gross © Walther-MeiRRner-Institut (2004 - 2022) - supplementary material

S P
H
* specificheat C = AQ/AT
for p, Bext = const.
aS 902G
) Pext
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2.1 Thermodynamic Potentials

superconductor in external magnetic field: free energy F

* normal state: E, =V + HoHext V < total volume

volume outside SC

N

* superconducting state: E=Vf,+= ,uOHext v,

1
— F-FE=V:(fp—f)+ E”Ongt V. «—— volume of SC

with f, — f = 21 we obtain for Heyy = Hep,

Fn_FS

Hext=Hcth Ho

- problem: free energies of normal and superconducting state do not coincide at phase boundary

—> origin of discrepancy: interaction energy of magnetic moment of SC with Hgy

R. Gross © Walther-MeiRRner-Institut (2004 - 2022) - supplementary material

withM = —H_y and m = M we obtain

E, — F = —UoMc¢th - Hey, = —mygy, - By
Hext=Hcth
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2.1 Thermodynamic Potentials

* where is the energy coming from ?

—> it is provided by the current source maintaining Boyt = UgHext = const. by doing
work against the back electromotive force induced as the flux is entering the sample

e at Hu.yt = H.yp, superconductivity collapses
- flux density Byt = UgHext = Bty €nters the volume V; of the superconductor

b b b’
* work done by current source W = j Ul.op dt = j —N® [ dt = j —Nlo5 AP

!

R. Gross © Walther-MeiRRner-Institut (2004 - 2022) - supplementary material

a a a
Bcth
W = Nlcoilj A dBext = N I.4ijA Betn
0
with Beyt = tolcoyN/Land V, = A L
B L B?
W =N—""AB.y, = V,—&
HoN Ho
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2.1 Thermodynamic Potentials

superconductor in external field: free enthalpy G

withG =U—-TS+pV —m- Byt = F +pV/ —m - Byt and m = VM = - H.4 we obtain

* normal state: Gn = Vofn + .UOHext Vs + = .UOHext V,  (we neglect volume changes)

(m = 0)

* superconducting state: Gs =V fs + MoHext Vo + poHz Vs
(m = —V;Hex)

——  G,-G, =V(fo— ) — uoHcthV

Hext=Hcth

with f,, — fs = ,uOHcth we obtain for Hoyt = Hepy

G, — G, =0

Hext=Hcth

R. Gross © Walther-MeiRRner-Institut (2004 - 2022) - supplementary material
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Summary of Lecture No. 2 (1)

» discussion of basic properties of superconductors

perfect conductivity — perfect diamagnetism — type-l and type-Ill superconductivity — fluxoid quantization

e superconducting materials and transition temperatures

discussion of different families of superconducting materials and their transition temperature

* thermodynamic properties of superconductors

» revision of key apsects of thermodynamics
» thermodynamic potentials: inner energy, free energy, free enthalpy
» free energy is suitable potential for describing situations at constant volume

» free enthalpy is suitable potential for describing situations at constant pressure

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

* free energy and free enthalpy of a superconductor in an applied magnetic field

» discussion of pitfalls in deriving the free energy
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R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)
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Thermodynamic Properties of Superconductors

Basic Aspects of Thermodynamics

2.1.1 Thermodynamic Potentials

Type-I Superconductor in an External Field
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2.2.2 Entropy

2.2.3 Specific Heat

Type-1I Superconductor in an External Field
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Bext
Ho

* perfect diamagnetism > M = % = —Hgy = —

* we assume p, T = const.
9 dG = _SdT + Vdp —m-: dBext = -—m- dBext

|4
dGg = %BextdBext dgs = dGg/V

- integration yields

Bext

1 / / ngt
ng(Bext» T) — ng(O: T) — .u_OO-[ B dB" = 2.“0

@ Bext = Betn: gvs(Bcthr T) = g’n(Bcth: T) = g’n(O: T)

Ag(T) = g,(0,T) — g5(0,T)
B&n (T)
= ng(Bcth: T) — ng(O; T) =—<1—=

200
B (T)
21

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

= Ag(T) =

condensation energy

www.wmi.badw.de

/2u )

2
cth

W /2n), g /(B

2
C

g /(B
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2.2 Type-I Superconductor in B_,;

B cth

proH oy

0.0

gs(Bext)

2

/219

cth

0.0

0.2
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2.2 Type-I Superconductor in B_;

temperature dependence of the free enthalpy densities ¢,, and g

gs(T) = gn(T) — Ag(T),  with Ag(T) = <=

By, (T)

= g’s(T) = gfn(T) —

— temperature dependence of B.y:

Bcth(T) = Bcth(o) [1 - <

(empirical relation, calculation within BCS theory)

free enthalpy density

— entropy density of normal metal (free electron gas):

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

5n(T) T, dg, = —8,dT (@ Bext = 0)

gVn(T) - = f 5n(T,)dT, o« —T*

Superconductivity and Low Temperature Physics |

0.8

=» determination of entropy density 85(T) and specific heat c,,(T) by calculating the temperature derivative of g(T)

www.wmi.badw.de
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2.2 Type-I Superconductor in B_,;

temperature dependence of the entropy density 8, = S, /V

9G
) . ith —({— =S d =S./V, = V
: with=(37) =S and & =S/V, 5= 5./
%— dg
':E ’SS,TL(T) — _< a;n)
:: p»Bext g
: IAG(T) 2 8,(T) /
% |:> As(T) = ‘Sn(T) - "SS(T) = - ( aT ) a
g D,Bext % ) ,"'-'// AQ(T) i
5 2 2 L’ .
; « withAg(T) = BC%ET) we obtain g ' - N V -
. B., OB T\? ) R
: As(T) = —==—2=  With Ben(T) = Beun (0) [1 - (;) ] 2 ,
& ,uO c QC) ".', /5S(T) 1‘
- __/ .
* how does 8,(T) look like? .

we use ¢, =T (08,/0T)p,, ., and c, = yT (free electron gas)

) &, proportional T ¢
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2.2 Type-I Superconductor in B_,;

discussion of the temperature dependence of the entropy difference As

Bcth chth
Ho OT

2
As(T) = — mit Bagy (T) = Begy (0) [1 _ (—) ]

. T-T,.
B, = 0 and therefore As — 0 and A7Q =T.,A8 > 0
(no latent heat, 2"¢ order phase transition)

. T - 0:
chth

7 0 and therefore As — 0

(3. law of thermodynamics, Nernst theorem)

. 0<T<T,.

9
% < 0, By > 0 and therefore As > 0

=>» entropy density larger in N-phase than in S-phase
=>» S-phase is phase with larger order . ' | |
(correlation of electrons to Cooper pairs) 0.0 0.2 0.4 0.6 0.8 1.0

=> since As > 0 also A7Q = T, (Bext)As > 0
(finite latent heat, 1%t order phase transition)

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

entropy densities, AQ/V
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2.2 Type-I Superconductor in B_,;

temperature dependence of specific heat
* we use the general relations
o (05) . (a%) /
p a7 — — 1|\ 357
oT D,Bext or P,Bext

B (T)
210

and Ag = g,(T) — g,(T) =

* jump of specific heatat T = T,

2
Ac _ Tc chth
T=TC MO aT T=TC

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

» agrees well with experiment
» c; = c, at temperature, where As = s,, — s, = max

_ 8B5n(0)
Te 2o

2
for BCth(T) = BCth(O) [1 - (%) ]: ACT=TC =

molar specific heat (mJ/mol K)

o ©

AC(T) = en(T) = o(T) = ——

Rutgers formula

B achth

2
n chth
aT

!

||
< Oforall T decreaseswithT
=>» Ac changes sign

v ] ] ' ||
Al éfL
00 i
| o?
c, & rAc s
[ o O 1
& %pooo
(9 o° |
@ P |
i Ch ]
|
GM | Tc
o L 1 / H 1 n
.0 0.4 0.8 1.2 1.6 2.0
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2.2 Type-I Superconductor in B_;

determination of the Sommerfeld coefficient y:

 forT K T,, we can neglect ¢, compared to ¢,

Ac 1

=y =—=
T .Uo

* weusec,(T) =y T (y=Sommerfeld coefficient)
2
B 0° Bcth chth 1 B achth
cth™ qmpvo aTz + aT ‘u_o cth aTZ

92B OB\
B N cth > cth
cth gr2 oT

2 2
* with B, (T) = B (0) [1 — (Tlc) ], we obtain 2-2cth — = —2B.,(0)/TZ and hence:

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

oT 2
y = cth (0)
Tcz 2049
=» by measuring T . und B, (0), we can determine y and, _ m? , D(Eg)
in turn, the density of states at the Fermi level, D(Eg) V= 3 g |74 (free electron gas model)
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2.2 Type-I Superconductor in B_,;

ACT:TC _ Cth(o)

e withc,(T.) =y T- we obtain =
n( c) Y I c, )/TCZ 2k

BZ, (0 2 D(E
* BCS theory predicts g,, — g;(0) = Ctz( ) = D(EF)A2 (0)/V, then withy = n— k3 (VF)
0
1 2

ACT=TC _ 8 ZD(EF)A (O)

cn 2 D(EE) -z v

T - i3 7
2

Acrr, B 6 (A(0) 2 note that the factor% =~ 0.6079 ... comes from B, (T) = B¢ (0) [1 - (%) ]

Cn B kgT, (phenomenological approximation), BCS theory yields instead 0.4583 ...

nmn

R. Gross © Walther-MeiRRner-Institut (2004 - 2022) - supplementary material

direct measurement larger numbers for Pb caused by
derived from measured B, (0), T,, y 1.6 1.9 2.4 (S::l?;ﬁ:; electron-phonon
derived from measured A(0), T with factor 6 /m? 1.7 2.2 2.9 (discussed later)

derived from measured A(0), T with factor 0.4583 1.3 1.7 2.2
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2.2 Type-I Superconductor in B_,;

calculation of ¢, (T) at low temperatures
T 2
Bcth(T) = B (0) [1 - (F) ]

E T 0%Be, (0Bt

5 cn(T) —cs(T) = —— |Beth—75—

© aTZ aT C C
: o Pa® = B (0%, 2D = By ()
§ T T) = B (0) |1 = (= 2 By (0) = By (0) = |

% Cn( )_ Cs( ) - 0 Cth( ) - <Fc> <_ cth( )T_c2> + (_ cth( )T_c2>

§ _ 4B (0) T\  4BZ [ (T\} (T

g ealT) = c5(T) = ‘7—[ [ ] ”(Fc) e 3<Fc> ‘(FC)

T§ R _ 4 Bcth( ) . _ AT Bcth(O)

: with =77 "o, e obtain ¢, (T) =yT = 7 2

:

s 0) T 4T B2, (0) 12B%,(0) (T

= cAT) = cth( 3 ( ) . (_) + cth I:V?\ T) = cth a4

2 (D= TC ZHo Te Te T 2u0 ¢(T) = T. 2ug T,

« obviously, the phenomenological description predicts c,(T) o T3, therefore experimentalists initially tried to fit their data to a power

law dependence
* |ater BCS predicts the correct exponential temperature dependence
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2.2 Type-I Superconductor in B_;

volume change at S/N phase transition:

* we use the general relation

. (ac)
ap T,Bext

2
and Ag = g, (T) — gs(T) = Ben(T)

210

= (Vn_vs

) _ Bcth (T) (aB cth (T)
W g Ho

ap ) T,Bcth(T)

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

—> volume change approaches zero for T — T, since By, (T) — 0

2> T <T,:usuallyV; >V, as 9Betn(T) < 0 = superconductor has a larger volume

¥~ 1077 — 1078

typical relative volume change is very small:
n
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2.3 Type-II Superconductor in B_,,

thermodynamic properties of type-Il superconductors

!

Beyt < B.1 (Meifiner-phase): 8n (Bext)
same behavior of type-l and type-Il '
superconductors

+/21)

\_
N
Bgth/zﬂo

-0.2 /

- A (B ext)
-0.4 Y

2
C

* B, < Bext < By (Shubnikov-phase):
different (more complicated) behavior
of type-Il superconductors

=>» functional form of ¢, (T, Bext)
depends on details

/2u), g /(B

1
~
~
~
S
s
...
~
~
~
LAYS
~

R. Gross and A. Marx , © Walther-Meiner-Institut (2004 - 2022)

Nmt i I
~ 10 /i(Bcl Bcth Bc2 p
> i
0 1 2 3 4
Bext / Bcth
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