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I.1 Foundations and General Properties

e Satyendranath Bose (1924)

— letter to Einstein: proposes a new method to derive Planck's law for
spectral density of electromagnetic radiation emitted by a black body

— Bose describes the radiation emitted by a black body in thermal
equilibrium by a gas on non-interacting identical particles
— photons

— description is in perfect agreement with Einstein‘s explanation of the
photoelectric effect

— Einstein immediately recognized that this description can be
transferred to many other systems:
(i) gases of identical particles with finite mass,
(ii) phonons

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— Einstein strongly supported the publication of Bose’s results, he
translated the paper into German

Satyendranath Bose: Plancks Gesetz und Lichtquantenhypothese.
In: Zeitschrift fiir Physik. 26 (1924), S. 178-181.

Satyendranath Bose (around 1926)
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https://homepages.physik.uni-muenchen.de/~vondelft/Lehre/09qm/lec15-16-BoseEinsteinCondensation/Bose1924.pdf

I.1 Foundations and General Properties

What happens if you cool down a gas of
non-interacting bosons ?

Below a certain temperature the particles feel each
other due to their finite de Broglie wavelength,
although they are non-interacting !

© Walther-MeiRner-Institut (2004 - 2024)

R. Gross

phase transition driven by statistics of particles
(not by their interactions)

Bose-Einstein Condensation

thermodynamic phase transition into a gas of non-interacting particles:
driven by statistics of particles and not by interactions
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I.1 Foundations and General Properties

* 1924: prediction of Bose-Einstein Condensation (BEC) by Einstein
* 1995: first observation of BEC on alkali atoms by

Nobel Prize in Physics 2001

"for the achievement of Bose-Einstein
condensation in dilute gases of alkali
atoms, and for early fundamental studies

of the properties of the condensates”

Eric A. Cornell Wolfgang Ketterle Carl E. Wieman

— long period between theoretical prediction and experimental realization:
high density, ultra-cold gas of non-interacting atoms required
— problem: gas liquefies or solidifies due to finite interactions

—> easier to realize:
interacting quantum gas, e.qg. superfluid *He

Superconductivity and Low Temperature Physics Il Chapter 1/RG 7



I.1 Foundations and General Properties

* homenclature

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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* system of non-interacting particles: classical gas
* if quantum fluctuations dominate: quantum gas

» system of interacting particles: classical liquid
« if quantum fluctuations dominate: quantum liquid

e.g. classical ideal gas

e.g. Bose-Einstein Condensate, Fermi gas

e.g. water, liquid helium-4

e.g. superfluid helium-4, Fermi liquid

Superconductivity and Low Temperature Physics Il
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Quantum Gases & Liquids
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Source: D.l. Bradley, Lancaster Univ.
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I.1.1 Quantum Gases & Liquids

* classical liquids and solids — characteristic energy scales:

characteristic energies: (1) average interaction energy: (V) or (Epq¢)
(2) thermal (kinetic) energy:  kgT or (Ekin)

criterion for liquid/solid: liquid: kgT > (V)
solid: kgT < (V)

» characteristic length scales in a gas:

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

- particle distance: d=n"1/3
- interaction range: To = Q (scattering length a)
: B, =~ kgT Kt = =
- de Broglie o h? _ 2mh? 2"2‘ it g
wavelength: T /ankBT mkgT - 7= kel > 27 = (2 nﬁ‘kBT)

classical non-interacting gas: d > 1, A1, since atoms interact only during collisions

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 10



I.1.1 Quantum Gases & Liquids

 calculation of the average thermal wavelength of a statistical ensemble (1)

we consider a classical gas of N particles:
- probability for a specific particular configuration at temperature T is given by Boltzmann distribution

1
P(py, .., PN> 1) s Iy) = ~ —exp(—fH) B = 1/kgT, H = Hamiltonian
N

1 : . :
classical partition function,
Zy = N1 d3py, ..., d3pyd3ry, ..., &3y exp(—BH) . P |
~ results from fact that particles

cannot be distinguished

partition function can be factorized into two terms (related to kinetic and potential energy)

Zn =5 de3pl exp(—p?/2mkgT) - jd3r1, .., d3ry exp (—— ZV(F ])>

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

i+j
kinetic energy contribution potential energy contribution
product of independent factors
N
[(2TmkpT)3/2]

(momenta of particles are statistically independent)
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I.1.1 Quantum Gases & Liquids

 calculation of the average thermal wavelength of a statistical ensemble (2)

probability that particle has momentum in volume d3p of phase space

P(p)d3p = (2mmkgT) 3/% exp(—p? /2mkgT)d3p
probability that particle has momentum between p and p + dp (f_°°oo d*p = [ p’dp [ sin6dé [, de = 4 [~ pzdp)

Amrp?
Pyp(p)dp = (2mmkgT)3/2 exp(—p?/2mkgT) dp Maxwell-Boltzmann distribution

PT

the most likely momentum of the particles is p = /2mkgT, the average momentum isp = \/8kaT/7T

5o e st | hl—h— h2 _Znhz
thermal de Broglie wavelengt T_PT_ 2mtmkgT B mkgT

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I.1.1 Quantum Gases & Liquids
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(1) classical regime: A L15KLd :
> e
To
(2) quantum collisions: 7o K At KL d ‘ d
collissions can no longer > <
0

be treated classically

(3) quantum degeneracy: 15 <K d < At

all degrees of freedom of the
gas must be treated
quantum mechanically

Superconductivity and Low Temperature Physi

Chapter 1/RG 14



I.1.1 Quantum Gases & Liquids

* define new energy scale related to particle distance d

(3) zero-point energy E,,
with - particle density n=N/V, d= n-1/3

= momentum uncertainty Ap = hAk = % = hnl/3

-> zero-point energy

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

Ap2 h2 h2n2/3 characteristic temperature
Ezp = P _ = =7TkBTz‘p/
2m  2md? 2m

for an ideal gas the energy
E = wkgT is assumed;

the factor i results from
the partition function
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I.1.1 Quantum Gases & Liquids

e classification of quuids (interacting systems with (V) > 0) :

(a) classical liquid: I7p LT > Thelting (quantum fluctuation play no role, thermal fluctuations
dominate)
(b) quantum liquid: Typ > T > Thelting (quantum fluctuation dominate)

/

proportional to (/) or (Ejq¢)

quantum liquid:

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

(Ezp) A>1

quantum parameter: A=

classical liquid:

A<1
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I.1.1 Quantum Gases & Liquids

e classification of gases (non-interacting systems: (V) = 0) :
(a) classical gas: T,, <T

(b) quantum gas: T < T,

h2n2/3 h2 h2
T.. = = ” T =
P 27'[ka 27kaBd2 27'[ka/1%

(a) classical gas: Mr<n B3 ~d > n-23<1

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

(b) quantum gas: Mr=2n3=~d > n- 23 >1

\ average particle distance
e.g. electrons @ 300 K: A1 = 4.2 nm, d = 0.2 nm for Cu (n = 8.5 X 10%® m3)

=» particles become indistinguishable = degenerate quantum gas

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 17



I.1.1 Quantum Gases & Liquids
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(1) classical regime: A L15KLd :
> e
To
(2) quantum collisions: 7o K At KL d ‘ d
collissions can no longer > <
0

be treated classically

(3) quantum degeneracy: 15 <K d < At

all degrees of freedom of the
gas must be treated
quantum mechanically
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Quantum Gases & Liquids

T (K)
0 1 2 {Cd*He: m=6.65x10"27kg
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www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 19




I.1.1 Quantum Gases & Liquids

* guantum statistics:

photons, mesons, “He-atoms, ... integral spin S=0,nh,2h, 31, ..
electrons, nucleons, 3He-atoms, ... half-integral spin S =7/2,3h/2,50/2, ...
indistinguishability of identical particles:
symmetry of many-particle wavefunction with respect to particle exchange

PW(1,2) =¥(2,1) =e@ ¥(1,2) B
PY(2,1) =¥(1,2) = (%2 ¥(1,2) =) e'% = +1

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

* bosons (integral spin) Y,p(1,2) = % [WA(1D)W(2) + PA(2)¥(1)]

* fermions (semi-integral spin) Wag(1,2) = \/—17 [WPA(DW(2) — PA(2)WPs(1)]

* Pauli principle: two fermions cannot occupy the same quantum state

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 20



I.1.1 Quantum Gases & Liquids

* example: two particles (1,2) in quantum states A and B:

- classical: 4 possibilities A(1)A(2) B(1)B(2)
S double-occupancy ratio: 1/2 A(1)B(2) B(1)A(2)
A(A(2)
% bosons: 3 possibilities 1 A(1)B(2
— + A(2)B(1
zﬁ double-occupancy ratio: 2/3 V2 ABR) (2)B(1)}
g B(1)B(2)
- fermions: 1 possibility 1
double-occupancy ratio: 0 NG 1A(L1)B(2) — AR2)B(1)}
bosons: tendency to occupy the same quantum state
fermions: multiple occupancy of the same quantum state is forbidden

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 21



I.1.1 Quantum Gases & Liquids

3
Bose-Einstein
u=0
g 2 NMawvwwall_ BPalfzmann
(\ll IVIAOAVYV mrououireairirirailginnd
§ ~—~
S W
E = .
|2 Fermi-Dirac
5 ~—~~
& w =
< O =5k T
= SY—
2
©
= 0 — e ——
0 6 8 10
g/ kBT

Bose-Einstein, Fermi-Dirac and Maxwell-Boltzmann distributions as a function of normalized energy. For the Bose-Einstein distribution we
assumed u = 0, for the Fermi-Dirac distribution u = 5kgT (for a metal u is several eV corresponding to temperatures of several 10 000 K). For
the Maxwell-Boltzmann distributions we also assumed u = 0 und 5kgT so that the classical distribution coincides with the quantum
mechanical distributions for large € > kgT.
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I.1.1 Quantum Gases & Liquids

60- N\ Maxwell-Boltzmann

60 i Maxwell: " / \ T
Boltzmann | '
3 50 ., 40 i
: 1\
. =30 \
g =
S 40 ® 50 \ I
- S . -Dirac 1|
£ ~_ 10 N Fermi-Dirac
é’ Z 30 0 i . . . . . : : . 1]
2 S \ 0 2 4 6 8
£ 20 el kT
§ \
© i . .
10 Fermi-Dirac
; \ —
0) 10 20 30 40
g /kBT
| | dN
particle number per energy interval: T = D(g) - f(¢)
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I.1.1 Quantum Gases & Liquids

* well-known quantum gases/liquids:

1. liquid helium: - small mass and d = highT,, (a few K)
(interacting systems) - small (V) - liquid downto T = 0
- 4He:spin 0 — Bose liquid
- 3He: spin % - Fermi liquid
2. electronsin metals: - “non-interacting” electron gas (in the simplest approximation)

- very small electron mass, higher density as for He
= very high T, (a few 10%K)
2 sz > Tmelting
- spin % - Fermi gas (Fermi liquid due to finite interactions)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

3. nuclear matter: - “non-interacting” fermions in nuclei, neutron stars, ... (in the simplest approximation)

- very high density = very high T, (a few 10'*K)

- spin % - Fermi gas (Fermi liquid due to finite interactions)
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I.1.1 Quantum Gases & Liquids

E———

N He 5.01x10%  1.63 x 10%8 6.5 Fermi
5 “He 6.65x 1027  2.18x 1028 5.93 Bose
éf electrons in Na 9.11x 1031  2.65x10% 4.94 x 10* Fermi
g

M nuclear matter 1.67 x 1027  1.95 x 1038 1 x 1012 Fermi
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(] hiStory.' 4He Helium was first detected aTs an_
unknown, yellow spectral line signature

by Georges Rayet et al. and was
subsequently confirmed by French

— soon after discovery on earth, race for the liquefaction of He astronomer Jules Janssen.

- main opponents: Heike Kamerlingh Onnes and James Dewar

- Onnes extracted 360 | of He gas out of Monazit sand from North Carolina --
— 1908: first liquefaction: July 10, 1908

400 nm 450 nm 500 nm 550 nm 600 nm 650 nm

— 1925: first liquefaction of He in Germany (March 7, 1925: 4.2 K, 200 ml)
by Walther Meifzner, 3" system world-wide besides Leiden and Toronto

— 1932: Linde supplies first industrial He liequfier to University of Charkov, Ukraine
— 1947: first commercial liquefier by S.C. Collins
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SIR JAMES DEWAR

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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Sir James Dewar, (1842-1923) was a chemist and physicist, best known for his work with low-temperature
phenomena. Dewar was born in Kincardine, Scotland, and educated at the University of Edinburgh. He was
professor of experimental natural philosophy at the University of Cambridge, England, in 1875 and professor of
chemistry at the Royal Institution of Great Britain in 1877, where he was appointed director of the Davy-Faraday
Research Laboratory.

Dewar developed structural formulas for benzene (1867). He studied the specific heat of hydrogen and was the
first person to produce hydrogen in liquid form (1898) and to solidify it (1899). He constructed a machine for
producing liquid oxygen in quantity (1891). He invented the Dewar flask or thermos (1892) and co-invented
cordite (1889), a smokeless gunpowder, with Sir Frederick Abel. His discovery (1905) that cooled charcoal can
be used to help create high vacuums later proved useful in atomic physics. Dewar was knighted in 1904.

The Dewar flask or vacuum flask/bottle is a container for storing hot or cold substances, i.e. liquid air. It consists
of two flasks, one inside the other, separated by a vacuum. The vacuum greatly reduces the transfer of heat,
preventing a temperature change. The walls are usually made of glass because it is a poor conductor of heat; its
surfaces are usually lined with a reflective metal to reduce the transfer of heat by radiation. Dewar used silver.
The whole fragile flask rests on a shock-absorbing spring within a metal or plastic container, and the

air between the flask and the container provides further insulation. The common thermos bottle is an
adaptation of the Dewar flask. Dewar invented the Dewar flask in 1892 to aid him in his work with liquid gases.

The vacuum flask was not manufactured for commercial/home use until 1904, when two German glass blowers
formed Thermos GmbH. They held a contest to rename the vacuum flask and a resident of Munich submitted
"Thermos", which came from the Greek word "Therme" meaning "hot."
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e history: 3He

— 1933: discovery by Oliphant, Kinsey and Rutherford
(they believed that 3He is unstable, disproven by Alvarez and Cornog in 1939)

— 1947: first experiments with gaseous 3He

— 1949: first condensation of 3He gas (Sydorniak and Co.)

— 1956: theory of Fermi liquids (L.D. Landau, Nobel Prize in Physics 1962)

— 1960s: first experiments with the Fermi liquid 3He (various groups)

— 1963: first theory of superfluid 3He (Anderson and Morel, Balian and Werthamer)

— 1971: discovery of superfluid phase transition at 2 mK (Lee, Osheroff, Richardson,
Nobel Prize in Physics 1996)
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— 1975: extension of BCS theory to triplet pairing (Leggett, Nobel Prize in Physics 2003)
— 1977: first experiments on superfluid 3He in Germany at WMI (Eska, Schuberth, Uhlig)
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e He isotops: *He and 3He

e 4He: - obtained out of natural gas (e.g. sources in USA, Poland, Katar, Algeria, Russia contain up to 10%)

-L =0, S = 0, nuclear spinI = 0 =>» boson

e 3He: - natural amount of 3He in *He is only 0.14 ppm

- artificial generation of 3He by nuclear reaction
Li+ 'n - 3T + 4He + 4.78 MeV 3T > 3He+e™ +v, (12.5years)

- 3He is very expensive, several 1000 € per liter

-L = 0,S = 0, nuclear spinI = % =» fermion

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

e despite their simple electronic structure, the liquids of both He isotopes show
— arich variety of exotic phenomena
— pronounced differences due to different quantum statistics
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I.1.3 Van der Waals Bonding

* neutral atom, average dipole moment vanishes: (p,) = 0

> dipole moment induced by electric field: pi*9 o E

ind _

§ proportionality constant is polarizability a4, of atom A: pa = a4 E
Tg * assumption:
E E-field is generated by charge gg of ion B at distance R
2 ind a8 5
= = apEgijon = @
S Pa A%™B,ion A 47TEOR B
g e potential energy of atom A e
- ind 2 T4s
— 1n —
Epot = —Pa - EB,ion - _(aAEB,ion) ) EB,ion X EB,ion

www.wmi.badw.de Superconductivity and Low Temperature Physics I

Chapter 1/RG 34



1 1.1.3 Van der Waals Bonding

e assumption:
- field E(pg) at position of atom A is generated by atom B with dipole moment pg
- E(pg) induces dipole moment p, of atom A, which in turn generates field E(p ) at position of atom B

’-l'—-_-.-

’-'_‘..--‘-"'-n\‘ ', '$.~.~
,A I \ .‘\\
e PB K 9. X N
! &‘L.‘%ﬂg %E%A )
I : 7 e’
1 E(pp) = ‘-....__, / ’,, R 1\\ '\\ 1 E(p,) =
3pg cosIp R — ! /’ RN ) (3pacos¥y R—py)
3( PB B pB) / s ~o 7 3 Pa A Pa
4megR t & EB EA S~ 4megR

-
"-..___..--"'"

* Interaction energy (same atoms:py = pg =P, 0y = Ag = )

1 paps—3(R-py)(R-p PaD p ap a
ESt(R) = 7— AP (R3 4)(RPs) ‘ EdS(R) o« — 2 o —— ——
0

R3 R3 R3 RS

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

— attractive interaction
ES&(R) = —C —¢ induced dipole-dipole interaction — weak
— short range
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Van der Waals Bonding
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9
.

................

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

Van der Waals (right) and

Heike Kamerlingh Onnes in Johannes Diderik Van der Waals (1837 - 1923)
Leiden with the helium Nobel Prize in Physics (1910)
'liquefactor' (1908) “for his work on the equation of state for gases and liquids”
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I.1.3 Van der Waals Bonding

* interaction potential with short range repulsion due to Pauli principle:

_ o 12 o 6 .

g Epot(R) = 4€ ’(E) — (E) ] Lennard-Jones potential (two-particle interaction)

£

: 0.06 . . —

g Ne Ar Kr Xe
i Ar 1 e(eV) 0.0031 0.0104 0.0141  0.0200
8 0.04 €=0.0104eV | 4 274 340 365  3.98
g < o=340A Ro/o 114 L1l 110 1.09
2 ) 11.6 K © 1 meV
: S 0.02

% - R, =» Van der Waals bonding is very weak !!

2 0.00

w f

g e _ 4’/
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I.1.3 Van der Waals Bonding

determination of equilibrium distance of atoms in lattice: = minimize total potential energy

8.61016 fcc — structure
Uror(Ro) = —Ne {8.61107 hcp — structure

12 6
N o o Y. = binding energy of a single atom j with all other atoms i.
k Utot = 5 4e T'_ _ T_ Total binding energy is obtained by multiplication with N /2.
% i#] H H
=
5 o\ 12 o\ 6
g we rewrite Utor(R) = 2Ne€ |4y, (E) — 4 (E) R: nearest neighbor distance
§' with A4, = z 1 k=6,12 (latti ) Tij = ain
< k= /) "k =0, attice sum :
g < af k: number of nearest neighbors
g equilibrium distance: dUo(R)/0R = 0 il Tl Ag Ap
E P 1/6 fcc 14.4539  12.1319
- R, = (2 f) o Ry=1.09 ¢ ||:> hep 144549 121323
& ° bec 12255 9.114
:

hcp has lowest energy but fcc is found experimentally for nobel gases
- effect of zero-point fluctuations
- more detailed band structure calculation is required

(modification of Van der Waals binding energy due to overlap of excited atomic states with neighboring atoms in crystal structure)
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R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

I1.1.4 Zero Point Fluctuations

* estimate of zero-point fluctuation amplitude for harmonic oscillator: Ar

€=0.0104 eV
_ oo o=3.40A ]
=S
Eiot = Exin + Epot ‘G‘J’E 0.0
W™
e forx = xpax:
1 0.00 |
— — 2 — 2..2 2
Exin = 0, Epot - Ekxmax — EM(‘) Xmax W= = k/M
002758 10 12 14 16 1.8

. . — . . . R/
spring constant k is given by second derivative of the interaction potential °

.1 : 1 . : .
* by equating > kx2 ., with the ground state energy p hw of the harmonic oscillator, we obtain

‘ X2 = h — h forHe: xpax = 0.3 — 0.4 times the lattice constant a
max

- Mw kM az(v

1/3
L"l) Vinol = mole volume, N, = Avogadro number

Na
(Lindeman criterion for melting of solid: x..,, = 0.3 - a)
=>» Helium stays liquid even at T = 0 due to large zero-point fluctuations caused by

(i) weak Van der Waals forces (small k)
(ii) small mass M
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I1.1.4 Zero Point Fluctuations

* we can use uncertainty relation to estimate the kinetic energy due to zero-point fluctuations:

h h h .
— a = lattice constant

szO.Saza

Ap -Ax=h = Ap~

Ap? h?

‘P 2m 2Ma?

I3

=» large quantum mechanical zero-point energy due to small mass M

=>» kinetic energy due to zero-point fluctuations is comparable to potential energy due to
Van der Waals interaction

due to strong influence of quantum fluctuations, helium stays liquid
down to temperatures, where At = d ~ a

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

= Helium becomes a quantum liquid
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I1.1.4 Zero Point Fluctuations

Epot \ Epot \

g R (R)
O O
3 O @ O o ® O
: . ©
©
g solid: regular lattice liquid: disordered system

—> same distance between atoms —> varying distance between atoms

2 Epor (R) = potential Uy (R) = E, is smeared out due to averaging over various distances

- reduced depth and increased width of E,o:((R))

Why does He not become solid at low T ??
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I1.1.4 Zero Point Fluctuations

* zero-point fluctuations play a crucial role

for liquid helium:
contribution of E;, smaller due to broadened E,
100 : : : . :
§ 50 potential Y zero point i
energy | S~_eneray | _
T | — | T
: CE) 0 g ' '
% ~ i quuid / > -5 \ ‘/
3 S / _— S solid /
rf_'; ~ _50 f—s/ VQ
> ]

g 9 . Epot(<R>)r " 0
g S splid broadened *
o 3 liquid
5 U -100 \ w15 \ 9

Epot(R) ‘ | N~

-150 - - * - : 20 . | . . .
0 10 20 30 40 12 16 20 24 28 32
3
V (cm™ / mole) % (cm3/ mole)
* without quantum fluctuations: * with quantum fluctuations:
“He would be solid at a molar volume of 10 cm? “He stays liquid with molar volume of 28 cm?
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I1.1.4 Zero Point Fluctuations

50 " 1 1 | 1 1 |
! | Comparison of ab initio potential energies for Ne, Ar, Kr, Xe
oL + Ne 1 (symbols) with SAAP calculations (solid lines)

g : U. K. Deiters et al., J. Chem. Phys. 150, 134504 (2019)
3 -50 https://doi.org/10.1063/1.5085420
g o 100 | _
5 - i comparison of “He and Ne:
2 G :
R I N N
- 5]
g 3 [ potential minimum & 1.03 meV 3.94 meV
o -200 |
g interatomic distance R, 0.265 nm 0.296 nm
g [
c 250 F

: _ 1 meV=11.6K

_300'...|...|..T|\...|...|...|...|...
024 032 04 048 6 064 072 08 088
R (nm) 102Epot(R) _ 36¢

curvature determines spring constant: k = > =7 (for fcc)

2
dR R=RO 0
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1.1.4

Zero Point Fluctuations

(E > quantum liquid:
quantum parameter: A= Zp

(Epot) A1
5 liquid | Xe Kr Ar Ne H, | “He | 3He
A 0.06 | 0.10 | 0.19 | 0.59 | 1.73 | 2.64 | 3.05
. L .
; v ~
=
3 large E,,,  identical E oy,
2 butalso  put different E ,,

large E o

mass of 3He smaller than of “He =>» even stronger effect of quantum fluctuations
=>» larger quantum parameter
=» larger molar volume

3He: 40 cm¥mole, *He: 28 cm¥mole

www.wmi.badw.de
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1.1.6

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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Pressure

pT phase diagram of ‘He

A

solid phase

critical pressure
Per

triple point

Py

Tip

* general nomenclature, definitions

compressible
liquid

supercritical fluid

critical point

liquid
phase

gaseous phase

vapour

critical
temperature
Ter

o
Temperature

Superconductivity and Low Temperature Physics Il

https://commons.wikimedia.org/wiki/File:Phase-diag2.svg
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I.1.5 Helium under Pressure

5- . — H=U+pV
— enthalpy: ~ H=U+pV | o \ 0ld liquid . dH = dU +pdV + Vdp
H = min? op N e

TdS—pdV
") \ | dH = TdS + Vdp
5 O,

— use of isenthalpy lines:

(cal / mole)
N2
(//

S H = const. <10 \ o
% “ s \?56 -
g — with U=H-—pV s R<25ps_—
iz -20 - - - - -
3 =>» straight lines with slope —p 2 16 0 A 28 32
& V (cm” / mole) 40 ' ' |
> I senthalov: p > 25 bar melting curve
E — lowest isenthalpy: Q@  <olid *He
g =» tangent with slope —p ¥ hep bee
g p > 25 bar: solid -~ @
= ©
¥ 2 p = 25 bar normal liquid *He
p = 25 bar: coexistence @ %°
2 g
. . Q’ fluid *H -
p < 25 bar: liquid S 4, sk mtindh B
®
p < 25 bar evaporation T.,p
L c? C
0 4— R vapor
0 1 2 3 4 5

temperature (K)
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I1.1.6 pT phase diagram of *He

40 '
® CIGUSiUS-CIapeyron: h C F) i 10° o Sup:_‘lllfir(iitical
_ melting curve ?
apm ASm SOIid 4LHe % 10 Solid Critical point
aT B AVm 30 bCC ; 1

Triple point

i ASm = Stiquid — Ssolid g <7 W Neon
g o m normal liquid*He ' —
E AVin = Viiquid — Vsolid 20 ) Temperature (K)
Z o
3 2
E 0pm . ASm > 0 $ :‘
B oT AV, S ,,| superfluid *He | <
s :
© AS,, -0 for T—-0 4H°(: I evaporation
: [ 4 T, »Pc ]
2 0P, . T,(lbar) [‘5"€

=>—==20 for  T-0 0 = —O—— | vapor

0 1 2 3 4 5

; rd ]
(agrees with 3™ Law of thermodynamics) temperature (K)

Phase diagram of “He at low temperatures. *“He remains liquid at zero temperature if the pressure is below 2.5 MPa
(approximately 25 atmospheres) = no triple point.

The liquid has a phase transition to a superfluid phase, also known as He-ll, at the temperature of 2.17 K (at vapor pressure).
The solid phase has either hexagonal close packed (hcp) or body centered cubic (bcc) symmetry.
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pT phase diagram of 3He

B B+ L B R R e S RN AR R S ) |

34 bar----- R 1N curve big difference in value of T i
N 30 superfluid °*He = ———----- - 29 bar
; — (A-phase) — normal/superfluid transition
% 3 dominated by quantum
g — 20 effects
T Q
g S . — isti I
& S normal liquid 3He quantum statistics matters!!
g A (bosons vs. Fermions)
£ Q
K S — nature of superfluid phase in
© 10 “He and 3He is different
& evaporation
. TC ’ pC

\ T, (1 bar)
0 vapor
log Tscale!ll 10" 10° 10° 10" 10° 10"

temperature (K)

* phase diagram of 3He: note the logarithmic temperature scale. There are two superfluid phases of *He, A and B.

* the line within the solid phase indicates a transition between spin-ordered and spin disordered structures (at low and high temperatures, respectively).
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1.1.6 pT phase diagram of 3He

* Clausius-Clapeyron equation: 40
0p, AS,, - sol o Ay melting |
or —a, —————— [ cune
3 30 : B superfluid *He ~—<————--29 bar
3 op,, AS,, = (A-phase)
N = <0 ©
E or AV, e}
:E» W 20
% > iaquid 3
z since volume of liquid state is 2 normal liguid *He
§ larger, the entropy of the liquid v
@ state must be smaller 2 10
& o evaporation
. =>» more ordered liquid state!? T.,p.
. _ \ T, (1 bar)
=>» explanation follows later: vapor
ordering in momentum space 0 B e m U—
10 10 10 10 10 10

in Fermi liquid
temperature (K)
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1.1.7 Characteristic Properties of Helium Isotopes

boiling point T, (K) 3.19 4.21

(@ p=1bar)

critical temperature T_ (K) 3.32 5.20
§ critical pressure p_ (bar) 1.16 2.29
§ superfluid transition temperature T (K) 0.0025 2.177
E density p (g/cm?) 0.076 0.145
é (for T = 0K)
3 density p (g/cm3) 0.055 0.125
§ (@ boiling point)
2 classical molar volume V_ (cm? /mole) 12 12
s (@ saturated vapor pressure and T = 0 K)

actual molar volume V_ (cm?® /mole) 36.84 27.58

(@ saturated vapor pressure and T = 0 K)

melting pressure p,, (bar) 34.39 25.36

(@T=0K)

strong difference between superfluid properties of “He and 3He
=» different nuclear spin = different quantum statistics
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Characteristic Properties of Helium Isotopes

‘He p* ™ ptd | N nd boson
*He PP ptd n e el | fermion

%
¢y
é

(¢

— '\ AN J
3 YT ch Y
S w b N o) Q
B n i S 9 =5
oo SR g3 ®
s ~ 0~ 0 X o @
E Q S Q S
z g s = =
g = O T “w 3 4]
% ~— =' a. S'.
: ST =3 o
- <,
S 3He: pairing similar to superconductivity in metals a
© . . . o .
2 weak attractive interaction between Fermions = ,,Cooper pairs“
o
5 ‘He: Bose-Einstein condensation of Bosons without ,pairing interaction”
- no attractive interaction required
HE - 3 SUPERFLUID ||HE - 4 SUPERFLUID LOW TEMPERATURE
! SUPERCONDUCTORS
Condensation of Condansation of Condensaticn of Pairs (Cooper Pairs) of
Fairs of HE - 3 Atams Single HE - 4 Atoms Elactrons im o Lattice of Pogitiva lons

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 55



I1.1.8 Specific Heat of ‘He — Lambda Point

e first measurements by Dana and Kamerlingh Onnes in 1923
- anomalous increase of (), at about T) = 2.177 K
- in publication (1926) some data points were omitted, since they were believed to result from exp. artefacts

e confirmation by Clusius and Keesom in 1932 (introduced denotion He | and He Il = phase transition)
- He I: normal fluid, He Il: superfluid

g
g » . ouU
S | - specific heat: =\ 55
.g 22-.. ] ¢ . p V aT V
—f 201 1 :
5 18 j
3 181 ! ] observation: specific heat diverges at T = T
< h'd oy ®
g o - 1t order phase transition ??
o 2 1 - shape: Lambda point
a 5] 1
g 3 10
& o 8f . :
E free energy F: continuous, but shows a kink
(F=U—TS = dF = —SdT — pdV + udN with dU = TdS — pdV + udN)
b T,=2.1768 K oF
2 entropy S = (——) : shows a jump
ol | | | oT/y N

1451005 0 05 10 15 4 -2 0 2 4 6 2010 0 10 20 30 (95 _ 9%F\ . :
(T-T,) K] (T-T)) ImK] (T-Ty) (K] spec. heat Cy = T(G_T)V’N B T(_W)VN' shows divergence

Buckingham, M. J. and Fairbank, W. M.,
"The Nature of the Lambda Transition", in Progress in Low Temperature Physics Ill, 1961.
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I1.1.8 Specific Heat of ‘He — Lambda Point

» comparison of specific heat of “He and that of an ideal Bose-Einstein condensate

2 ' /\ experimental result for “He |

/ ] 2"d order phase transition is expected for
ideal Bose-Einstein condensate

He Il

superfluid _
ideal Bose gas

=>» no divergence of Cy atT =T

measured behavior of *He near T is more
complicated

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

He | 1 (detailed discussion follows later)
normalfluid '

N

1.5 2.0

T/T,
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1.1.8 Specific Heat of ‘He — Precision Measurement

' 1 1 ' e specific heat is measured with very
| ° J.A. Lipa, D.R. Swanson, i high temperature resolution (= nK)
100 ., Phys. Rev. Lett. 51, 2291 (1983)

*

"-.\ e extreme purity of liquid He is important
g ..:"6 y - model system for testing
5 £ 80t . T<T, J hvsi h iy
. E .. physics of phase transitions
] >, N ™.
E 1 \ \\ e experimental problem: SF \ l
ra I o “\ —> hydrostatic pressure \
e ) \ . .
= < 60| - —> space experiments
e O :
& = A ' ' ' NF 0,6 mm
= 8 120} .
= Q.
(3 @ I'—T, ~ 100
g a0t Cy xlog 4 <
o A ©

\ £ 80
1 | i A : =2
-8 -7 -6 -5 ol -3 o sok Specific heat of liquid helium in zero
gravity very near the lambda point
T J. A. Lipaetal.,, Phys. Rev. B 68, 174518
logio|=——1 40t (2003)
T, .

107 107t 107° 1074 1072
[1=T/T,|

=» key result: second order phase transition with logarithmic singularity
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@ " w Cy(T) similar to a metallic superconductor

30|~ 2s3tbars 4 | 29.08 bars 4 | ®  s3sesbors

i 1',.1' iL ’ 1 L y |

. el . - T > TCZ

“r . 20 . 0wl e linear C,(T) of Fermi liquid

- . /’/ 4 } . ,/ 11 : (/‘ -
I I | R C/(T) =T

oot o 0 3nm?
-l 11 4 1ir % - y==———% (Sommerfeld, 1927)

' s Ve B
o//l 1 ] L ’,A’ ] ] 1 ’Ij I L ] ZEF 3

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

x (d) (e) ) .
S 20} 10.25 bars - | 14.95bors 4 | . 20.30 bars -
8 . A ° 4 - —_ .
< . AL . /r”- . N {r’/ i T TC'
N 7 e s /f’ jump due to superfluid transition
0+~ b - - . ” — - N - .
° - L7 s s 7 (as for SCs and predicted by BCS theory)
~ Ve 4
.. e :,’ :/, tT
- Nl /./ b 1.7 ‘
° ”ll 1 ] 1 ”1 1 1 1 ’//f 1 1 1 B T < TC'
20— ——— ————— reduction of €, due to condensation of
| @ obas | | ® sbos | | « satbors Fermions (similar to superconductors)
,/// /’ . /’/’
10 T ’,// 4 F . e 4 F :. ”’z .
! -'//,, - 11 :/ 11 ..",,/’ ] Source:
,/ //’fr‘ ,,f" tTe Greywall, Phys. Rev. B 33, 7520 (1986)
% r 3 + 5 0 1 ) : 3 5 0 n z 3 n s 3He specific heat and thermometry at millikelvin temperatures
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I.1 Summary of Experimental Observations

 specific heat of *He is large: Cy = 1J/g K (compared to about 10> J/g K of Cu, Cy x n - T /Tg)

latent heat of evaporation of “He is small (20.59 J/g), but large compared to specific heat of other materials

—> application as cooling liquid

e strong anomaly of specific heat at Ty, origin unknown for more than 30 years

—> originates from Bose-Einstein condensation (bosonic character of *He, interacting bosonic system)

shape of anomaly resembles greek letter A 2 Lambda point

below T; entropy and specific heat decrease rapidly with decreasing T

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

- condensation into superfluid

for “He temperature variation of C,, below T, determined by collective excitations in superfluid

— phonons, rotons (detailed discussion later)
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R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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I.1 Summary of Experimental Observations

for *He phase transition at T) = Lambda point is due to bosonic character of “He

=» no such transition was expected for 3He due to nuclear spin I = 1/2 (fermionic character of 3He)

only after the development of BCS theory in 1957 (condensation of Cooper pairs into macroscopic quantum state),
the search for the superfluid phase of 3He has been intensified

1963: Theory of superfluid 3He (Anderson and Morel, Balian and Werthamer)

1971: after the temperature regime below 5 mK has been accessed, the superfluid phase of *He has been found
by Osheroff, Richardsen and Lee in NMR experiment

D.D. Osheroff, R.C. Richardsen, D.M. Lee,
Phys. Rev. Lett. 28, 885 (1972)

there is not only a single superfluid phase, but three, depending on

temperature, pressure and applied magnetic field

1977: first experiment with 3He in Germany at WMI
(Eska, Schuberth, Uhlig, ....)
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Contents Part I: Quantum Gases & Liquids

Contents:

I.1 Foundations and General Properties 1.4 Vortices
1.L1.1  Quantum Gasese & Liquids .L4.1 Quantization of Circulation
.L1.2  Helium 1.4.2  Experimental Study of Vortices
1.1.3 Van der Waals Bonding
1.1.4 Zero-Point Fluctuations 1.5 3He

1.1.5 Helium under Pressure

5. rmal fluid 3H
1.1.6 pT-Phase Diagram of “He and 3He : 2 ; nol'd :]H - dd Pe huk effect
1.1.7 Characteristic Properties of *He and 3He e >0 © and romeranthtlic etiec

1.1.8 Specific Heat of “He and 3He 1.5.3  superfluid *He

I:> 1.2 %He as an Ideal Bose Gas 1.6 3He / *He mixtures

1.2.1 Bose-Einstein Condensation

1.2.2 Ideal Bose Gas

1.2.3 Bose Gas with Interactions

1.2.4 Bose-Einstein Condensation of *He

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

1.3 Superfluid *He

1.3.1 Two-Fluid Model
1.3.2 Experimental Observations
1.3.3 Two-Fluid Hydrodynamics

1.3.4 Excitation Spectrum of “He
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I.2 4He as Ideal Bose Gas

* basic assumption

“He is treated as a non-interacting gas of bosons

we already have learnt that there are Van der Waals interactions

=>» treatment of *He as an ideal bosonic gas is only a first order approximation

=>» interactions lead to deviations from behavior of ideal gas of non-interacting bosons

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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I.2 4He as Ideal Bose Gas

e high temperatures:

average distance R of atoms in gas is large compared to de Broglie wavelength Ay = h/p < 1/\/T
=>» classical gas with Maxwell-Boltzmann statistics

thermal de Broglie wave length:

h* [ 2mh?
2rmkgT  |mkgT

compare |.1.1

/1T=

e low temperatures:

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

- quantum mechanical description, as soon as average particle distance R = A

- classical gas of distiguishable particles turns into quantum soup of indistinguishable identical particles

=» quantum gas with Bose statistics for *He (or Fermi statistics for He)

=>» Bose-Einstein condensation for bosons (*He)
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I.2.1 Bose-Einstein Condensation

e o— .° high temperature:
./ ~ \ thermal velocity Vy
Im . N_ 1
\ .\A l density 7N =33
o’ Vv billiard balls

low temperature:

,,J\,\_ Sf‘ de Broglie wavelength Ay
Yy
-’J\/\t

Ay = h/mvyp «< 1/\T

wave packets

T= TBEC:
Bose-Einstein condensation

/\ wave packets overlap

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
decreasing temperature
2 T
_|

T= 0:
pure Bose-Einstein condensate

ySuper“-mater wave
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I.2.1 Bose-Einstein Condensation
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I.2.1 Bose-Einstein Condensation

e phase transition occurs for interactionless bosonic particles

e originates from the indistinguishability of identical particles

Eric A. Cornell Wolfgang Ketterle Carl E. Wieman

R. Gross © Walther-MeiRner-Institut (2004 - 2024)

Nobel Prize in

) N —
Ovenska Veteriskiapskadermicn

Jutrdai o oktoba 2001 bestiat P hyS i CS 2 00 1

it niid det

experimental confirmation in 1995

. . NOBELPRIS "for the achievement o
Albert Einstein und Satyendranath Bose son et i tillaines v som ot f ) ) f
fysikens ompiicde gifort deon viktigaste Bose-Einstein
Hppadeen dler uppfinninge d i in dilut
. . . T qamensiamt belona condensation In dillute
proposed in 1924 that below a characteristic Wil Fana Kettorte _
H ,6 Euult}vm.:u‘ .m"‘mu L\\ili'/.vallxr; g ases Of al kal l atoms/
temp erature TB a macr Oscop Icnum b er Of 10 ’ foruppmuiaunde v Bos Finseitkondonsttion
b d into th tat @ i\ ] i fortunnads gusrav alflictomer sont andf or earl y
osons can conaense into e state of AL 4 3y for tidiga fusidamertiada studiorair H
lowest energy / [ — fundamental studies of
i the properties of the
condensates"
www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 67



Bose-Einstein Condensation

1925. 1925.

SITZUNGSBERICHTE L

DER PREUSSISCHEN

AKADEMIE DER WISSENSCHAFTEN.

SITZUNGSBERICHTE m
DER PREUSSISCHEN

AKADEMIE DER WISSENSCHAFTEN.

Sitzung der physikalisch-mathematischen Klasse vom 8. Januar.

A. Einstein.

Quantentheorie des einatomigen Gases.

SITZUNGSBERICHTE DER PREUSSICHEN AKADEMIE DER WISSENSCHAFTEN
PHYSIKALISCH-MATHEMATISCHE KLASSE 3, 1925.

Sitzung der physikalisch-mathematischen Klasse vom 29, Junuar.,

Quantentheorie des einatomigen idealen Gases. , .
Zwelte Abbandlug. Zur Quantentheorie des idealen Gases.

Von A. EmsTrIN. Von A. EinsteIN.

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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Quantentheorie des einatomigen idealen Gases.

Von A. EINSTEIN.

Iaine von willkiirlichen Ansiitzen freie Quantentheorie des einatomigen idealen
Gases existiert bis heute noch nicht. Diese Liicke soll im folgenden ausge-
filllt werden auf Grund einer neuen, von Hrn. D. Bose erdachten Betrachtungs-
weise, auf welehe dieser Autor eine hochst beachtenswerte Ableitung der
Praxckschen Strahlungsformel gegriindet hat’.

Der im folgenden im AnschluB an Bose einzuschlagende Weg liBt sich
so charakterisieren. Der Phasenraum eines Elementargebildes (hier eines ein-
atomigen Molekiils) in bezug auf ein gegebenes (dreidimensionales) Volumen
wird in »Zellens von der Ausdelinung A* eingeteilt. Sind viele Elementar-
gebilde vorhanden, so ist deren fiir die Thermodynamik in Betracht kom-
mende (mikroskopische) Verteilung durch die Art und Weise charakterisiert,
wie die Elementargebilde iiber diese Zellen verteilt sind. Die » Wahrschein-
lichkeit« eines makroskopisch definierten Zustandes (im Pranckschen Sinne)
ist gleich der Anzahl der verschiedenen mikroskopischen Zustinde, durch
welche der makroskopische Zustand realisiert gedacht werden kann. Die En-
tropie des makroskopischen Zustandes und damit das statistische und ther-
modynamische Verhalten des Systems wird dann durch den Bovrzmaxsschen
Satz bestimmt.

Quantentheorie des einatomigen idealen Gases.
Zweite Abhandlung.

Von A. EINSTEIN.

ln einer neulich in diesen Berichten (XXII 1924, S. 261) erschienenen Ab-
handlung wurde unter Anwendung einer von Hrn. D. Bose zur Ableitung der
Pranckschen Strahlungsformel erdachten Methode eine Theorie der » Entartung«
idealer (iase angegeben. Das Interesse dieser Theorie liegt darin, daB sie auf
die Hypothese einer weitgehenden formalen Verwandtschaft zwischen Strah-
lung und Gas gegriindet ist. Nach dieser Theorie weicht das entartete Gas
von dem Gas der mechanischen Statistik in analoger Weise ab wie die Strah-
lung gemi dem Praxckschen Gesetze von der Strahlung gemiB dem Wien-
schen Gesetze. Wenn die Bosesche Ableitung der Praxckschen Strahlungs-
formel ernst genommen wird, so wird man auch an dieser Theorie des idealen
Gases nicht vorbeigehen diirfen; denn wenn es gerechtfertigt ist, die Strah-
lung als Quantengas aufzufassen, so muB die Analogie zwischen Quantengas
und Molekiilgas eine vollstindige sein. Im folgenden sollen die fritheren Uber-
legungen durch ecinige neue ergiinzt werden, die mir das Interesse an dem
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I.2.1 Bose-Einstein Condensation

Bosons Fermions

Pauli exclusion principle
does not allow further
compression of fermions in
momentum space
atlow T

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

240 nK

J. R. Anglin und W. Ketterle, Nature 416, 211 (2002)
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I.2.1 Bose-Einstein Condensation

* degenerate multiparticle system: Bosons and Fermions (cf. 1.1.1)

at given density n:

particle occupies cube with d = 1/n1/3

classical gas (liquid): At <d

particles are distinguishable

quantum gas (liquid): At > d

particles are indistinguishable
= degenerate quantum gas (liquid)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

Bosons: (*He, ....)

=» Bose-Einstein condensation

Fermions: (3He, e, p, n, ....)

= Fermi sea

www.wmi.badw.de Superconductivity and Low Temperature Physics I

A /d

“He:n=4-10% cm?,

T (K)
1 2
quantum classical
>__
10000 20000
T (K)

e:n=36-102cm3
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I.2.1 Bose-Einstein Condensation

* cooling down atoms

3 3

23/d
_ . hase space
S 1 3 p :
3 temperature density (1/cm?) o
.% atomic oven 500 K 101 1013
P Laser cooling 50 pK 101! 106
? evaporation cooling 500 nK 1014 2.612
g Bose-Einstein condensation 1015 107
5

h? 2mh? 1
AT = (08

ZﬂkaT - kaT vmT
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I.2.1.1 Laser Cooling

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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Laser cooling:
techniques in which atomic and molecular samples are cooled down to near absolute
zero through the interaction with one or more laser fields

Laser cooling techniques

» Doppler cooling (Schawlow, Hansch)
T.W. Hansch, and A.L. Schawlow, Cooling of gases by laser radiation, Optics Communications, 13, 68 (1975)

» other techniques

Sisyphus cooling

Resolved sideband cooling

Velocity selective coherent population trapping (VSCPT)

Anti-Stokes inelastic light scattering (typically in the form of fluorescence or
Raman scattering)

Cavity mediated cooling

Sympathetic cooling

Nobel Price in Physics 1997:

.for the development of methods to cool and trap atoms with laser light”
for Steven Chu, Claude Cohen-Tannoudji und William D. Phillips

Superconductivity and Low Temperature Physics Il
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I.2.1.1 Laser Cooling — Doppler Cooling

* in Doppler cooling, the frequency of light is tuned slightly below an electronic transition in the atom

* because the light is detuned to the "red" (i.e., at lower frequency) of the transition, the atoms will
absorb more photons if they move towards the light source, due to the Doppler effect

— a stationary atom sees the laser neither red- nor blue-
shifted and does not absorb the photon

— an atom moving away from the laser sees it red-shifted and
does not absorb the photon

an atom moving towards the laser sees it blue-shifted and
absorbs the photon, slowing the atom

— the photon excites the atom, moving an electron to a higher
quantum state.

— the atom re-emits a photon,
as its direction is random, there is no net change in
momentum over many absorption-emission cycles

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

pogoe
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http://en.wikipedia.org/wiki/File:Doppler_laser_cooling.svg

I.2.1.1 Laser Cooling — Doppler Cooling

* Doppler shift (how does the moving atom see the laser frequency)

Vs
< PR
€so
atom = observer (O laser = signal source (S) with frequenc
S
fixed position moving at volocity vs towards atom
f _ fS laser frequency seen by the atom is blue-shifted,
0 1— Vs - €50 if laser and atom move towards each other

Cc

=>» red detuned laser light becomes resonant if atom moves towards the laser

* momentum/velocity change of atom due to photon absorption

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

A hk A hk
p _ ph _ v o Ap = ph
P mv v m
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I.2.1.1 Laser Cooling — Doppler Cooling

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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* atom-laser detuning with atom at rest:

50 = Wqtom — Wiaser

* atom-laser detuning with atom moving at velocity v:

V- €gp

5Doppler = 2n(fo — fs) = 2nfy c
effective detuning between atom and laser
Oetf = 0o — 5Doppler =09 —k-v
 force acting on the atom:

I 1/1
F=hky = hk= YL, 5

2 1+ I + (&eff

Iy I

large intensity I >> I:

F hkF
ﬁ —_—
2

Superconductivity and Low Temperature Physics Il

thk-v K fo = fs
= ZTT = -V 0o — .
Ohwo 1_Vsceso
we use:
_E _E hw ho
=" C_p_mv_hk

y = absorption rate

[' = line width of atom transition,
spontaneous emisson rate

I = saturation intensity
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I.2.1.1 Laser Cooling — Doppler Cooling

S  velocity distribution of an atom beam
o before and after (dashed line) the
interaction with a laser beam of fixed
frequency

Anzahl Atome

-  velocity distribution of an atom beam
Lo before and after (dashed line) the
interaction with a laser beam of
continuously decreasing frequency

Anzahl Atome

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I.2.1.1 Laser Cooling — Doppler Cooling

* achievable minimum temperature in Doppler cooling:

- spontaneous absorption and emission are random processes

—> the average force acting on the atoms is statistically fluctuating
— Brownian motion in phase space

- minimum temperature is given by the compensation of heating effect due to the
random absorption and emission processes and maximum cooling rate

hr
kBTDoppler — 7

- €.8. Tpoppler = 240 pK for Na corresponding to average velocity of 1 km/h
Tpoppler = 140 K for Rb

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I.2.1.1 Laser Cooling — Optical Molasses

* optical molasses (Steven Chu, 1985)

e an optical molasses consists of 3 pairs of
counter-propagating circularly polarized laser
beams intersecting in the region where the
atoms are present

* while for simple Doppler cooling the
minimum temperature for Na atoms is about
250 uK, optical molasses can cool the atoms
down to 40 pK, i.e. an order of magnitude
colder.

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I.2.1.1 Laser Cooling — Optical Molasses

» force acting by two laser with opposite directions

r /1 r /1
: F= +hk (1/1p) k s (/o)k :
£ 1+L+(2(6°_ 'V)) 1+L+(2(5°+ 'V))
I ) I )
| F/(hkT)
R total force
—+— Sa—
2 —_— 1 kv /T
§
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Contents Part I: Quantum Gases & Liquids
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I.1 Foundations and General Properties 1.4 Vortices
1.1.1 Quantum Gases & Liquids [.4.1 Quantization of Circulation
.L1.2  Helium 1.4.2  Experimental Study of Vortices
1.1.3 Van der Waals Bonding
1.1.4 Zero-Point Fluctuations 1.5 3He

1.1.5 Helium under Pressure

5. rmal fluid 3H
1.1.6 pT-Phase Diagram of “He and 3He : 2 ; nol'd :]H - dd Pe huk effect
1.1.7 Characteristic Properties of *He and 3He e >0 © and romeranthtlic etiec

1.1.8 Specific Heat of “He and 3He 1.5.3  superfluid *He

1.2 %He as an Ideal Bose Gas 1.6 3He / *He mixtures
.2.1 Bose-Einstein Condensation

I:> 1.2.2 Ideal Bose Gas

1.2.3 Bose Gas with Interactions
1.2.4 Bose-Einstein Condensation of 4He

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

1.3 Superfluid *He

1.3.1 Two-Fluid Model
1.3.2 Experimental Observations
1.3.3 Two-Fluid Hydrodynamics

1.3.4 Excitation Spectrum of “He
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I.2.2 Ideal Bose Gas

« consider a gas of N (= 1022) non-interacting bosons of mass m in a cube of volume V = L3 (= 1 cm3),
canonical ensemble (given T, V, N)

. . h’k? _ h? (”)2 2 ith n2 =n2+n2 + n2
e eigen energies: = = — with n2 =n2+n2+n
e Ac/kgT <1071 - level spacing small compared to thermal energy (e.g. He @ 10 K)

= no influence on experimental result

1
e occupation probability: n; = Bose-Einstein distribution
f €k — K : .
eXP\ThoT )~ 1 4 =chemical potential

important note:
- 1 < g for all k to avoid negative occupation probabilities
- usually one sets ¢y = 0 for the lowest energy state

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

* energy and particle
number: U(T,v,p) = zgk Ny N(T,V,u) = an

k k
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% 1.2.2 Ideal Bose Gas

» derivation of Bose-Einstein distribution (1)

v (2m\*/? D(e)
— we use the single spin density of states of free particles in 3D: D(e) = 272\ 72 Ve, N(e) = v

— total entropy of the particle gas: S=kglnQ Q = number of the available states at given total energy E

— (is determined by the number of possibilities to distribute the N particles on the available states
— we divide the k-space into spherical shells with the shell s containing M, states
— the number of possibilities to put N, particles on M, states is given by

_ (Ng + Mg — 1)! (we use Mg = D(¢&)d¢, for the number
s N (Mg —1)! of availble states in the shell s)

— the total number () of possibilities is obtained by multiplying the numbers ()

N, + M, — 1)!
a=TTa. - (Ns + M; — 1)
H N (M, — 1)!

S S

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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. I.2.2 Ideal Bose Gas

» derivation of Bose-Einstein distribution (2)
— we use the Stirling approximation InN! = NIn N — N and for N, (0, > 1 we obtain
S=kglnQ = kg Z[(NS + M) In(Ng + M) — NoIn Ng — M In M|
S

— in thermal equilibrium the particles are distributed on the shells to maximize S under the boundary
conditions N = )¢ N; = const. and U = ) e,Ng = const.

— we maximize S for N = const. and U = const. we obtain (dU =TdS + udN)
as 16U+uE)N_0_E)S . E)U_I_k dN 1k
oN. Ton, TTan, = O T on, T kePon, ThePrgy. B =1/ks

(Lagrangian multipliers)
— performing the differentiation we obtain
1

exp(B(es —u)) — 1

In(Ng + Mg) —InNg — fes +Bu=0 = N, = M

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

-1
: : : E— U
— average particle number occupying state in shell s ngg = |exp -1
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% 1.2.2 Ideal Bose Gas

2k2.

: : .
* how to get rid of the summation over k ? for free bosons with dispersion &, =

v 2 = @y

Z S jZ(k)dSk — jd3k
S (2m)3 Vv /(2 3/2
S k e
. o= (22)
g 412 \ h?
8 v (2m\*/?
P K
é
: v (2m\*? ok Note:
z Ur,v,w = z & = 32\ 72 j e— U de we assume that the states
g k exp( kgT ) =1 are not degenerate,
2 otherwise we have to

V. 2mn3/? 1/2 multiply with degeneracy gy
N(T,V,u) = z n = — (—2) j — de
= 4me\ h exp (ng_’If‘) -1 = weassume g =1

crucial point: the integral is bounded!!
If the particle number N is too large and the temperature too low, the equation can no longer be satisfied
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I.2.2 Ideal Bose Gas

e evaluation of the equation for the particle number

Vo 2m32 [ el v (2mkgT\*? [ ye*
N(T,V,u) =— (—) J de = 5 j ! x1/2 dx
4112 \ h? exp (8 — #) _1 4%\ h? 1—ye™
0 kT 0
with x = ¢/kgT = [e and fugacity y = exp (#)
B

Gamma function: I'(t) = fooo e Vyt~ldy

—X

ye

— to solve the integral we use the series expansion T—vex

=ye *(1+ye ¥ +y%e?+...)= z yPe Px

— plugging in this expression we can perform the integration by using

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

1 1 Jz - x p

Je PXxl/2 dx = 7 jeyyl/zdy iy £ =>j re xl/zdx:ﬁ Y
ypx P p 2, 1—ye™X 2 p3/2

0 0 r'(3/2) 0 p=1
Gamma function: r(t)=[, e Yyt-lay 93/2(y)
=D N,V ) = v (e - (1) =25 932
) uu - 2T[h2 1g3/2 V) = A:;’- g3/2 ) 4 l:> n(T}M) /1% = 93/2()/)
1/23
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I.2.2 Ideal Bose Gas

* analysis of the function g3, (y)

co

yP I. |y] <1: the series converges
932(y) = W ii. |y| > 1: the series diverges
- p=1 iii. |y]=1: the seriesconverges and has the value g5, (1)
: 1 3\ 3
g gz/2(1) = Z W =< 2]~ 2.612 {(3/2) = 2.61237 .. BEpr-—--—---mmommrmo oo
p=i
& %4
? o 1 2 *N(T;V)M) =/1_393/2(V)
: T
g {(s) = Z E (Rieman Zeta function)
p=1 /
= dgs;2(z) 1 yP _ ! (¥) //
p - ;2 W slope diverges fory =1 93/2 ) 4 e
p=1 ///
.----""'""""/
0
important fact: g3 ,,(y) has maximum value 2.61 fory — 1, resp.lny — 0 -2 -1 0
particle number N at given T is bounded to maximum value !! Iny = u/kgT
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I.2.2 Ideal Bose Gas

 what happens with decreasing T ? 3
— A increases < 1/\/T = g3/2(y) has to increase to keep N(T,V, ) constant " (3/2 =2.61237 ... -
e problem: 5 4
g3/2(¥) has maximum value g3 ,,(1) = {(3/2) = 2.61 fory = 1, resp. u = 0, N(T,V,p) = E 93/2v)

2 93,2 (y = 1) is related to maximum value Ay = As grc,
resp. to minimum temperature Tgg(

22 ppc n = g3 =1) ={(3/2) = 2.61237 ... 93,2(¥)

defines the characteristic temperature Tgg(:

for T < Tggc it is not possible to satisfy the equation N(T, u) = /113 93/2(¥) ) 1 0
T

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

* with AT,BEC = h/\/ZﬂkaTBEc, we obtain:

2mh? ( n

2/3
Bose-Einstein condensation temperature
2.612 ) P

mkgT; 3/2
B4 BEC
n=2612 (W) l:> TBEC — ka

> A%BEC -n = 0(1) =2 criterion for the importance of quantum effects or degeneracy
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. I.2.2 Ideal Bose Gas

how to solve the problem ?

— physical solution of the problem that we cannot satisfy the equation N(T,V, u) = /113 g3,2(y) below Tggc
T

=>» we have to put a significant number N, of the particles into the ground state k = 0
=>» this is in agreement with the Bose-Einstein distribution

=> setting e(k = 0) = g5 = 0, the number of bosons in the ground state is

1 1 kT
No(T, ) = = = = No(T, 1) — o for |u| =]gg—pul -0
0—pu _ K |ul
-1 1 1 H
€xp kBT kBT
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I.2.2 Ideal Bose Gas

Qx \

No mmp 1 N ¥ = 05,4 = =069 kyT
_ | g

NO ‘ :\y: 025,‘[1 = —1.39 kBT \\

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

e ——
0.0 0.5 1.0 1.5 2.0
Eog = 0 Sk/kBT
if |eg —u| =10—pu| =|u| = 0, the occupation number N, = n(k = 0) of the ground state £, = 0 strongly increases
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Ideal Bose Gas

T > Tggc T < Tggc

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

n
macroscopic occupation
of ground state
e calculation of Ny(T) = N(&,, T) for (eg—) = (0 —pu) = —u - 0: Note:
1 1 kgT = L) ke
No(T, ) = p— = T =—5" o for gg—pu—0 0 kBTln<1+NO> N,
exp( (I)CBTM) -1 1+ ?(T —1 %% ~—H =>» difference between ground

state and chemical potential is

=> N, (T, 1) grows dramtically for (¢g—u) — 0, that is, for u —» 0 much smaller than kgT
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I.2.2 Ideal Bose Gas

* detailed analysis of the chemical potential

3/2

3/2 1 2mh?
93/2(V) = E 93/2()’) = 93/2()/) = mkgT n(T, u)

N(T,V,1) <kaT

T ) = =
n(T, 1) 4 2mh?

— for high temperatures T and/or small particle density n we can use the approximation g3, () =y + - =Pt 4 ...

B Zﬂhz 3/2 3 kaT ] kaT
= ePh= —— n(T,n) =) = o B S e 23
3

{3/2 == 261237 # """"""""""""""""""""""

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

2
e forT — oo:

Ar > 0, u > —0,y - 0,Iny - —oo and therefore g5 ,,(y) > 0 gg/z(y)

e for decreasing T':
Ar increaes, p/kgT increases — 0, y increases — 1 and therefore g3 ,,(y) — 2.61

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 92



I.2.2 Ideal Bose Gas

* what happens if we decrease T to values below Tggc?
— for T < Tggc, there is no solution of equation n(7T, i) = /%3 9s/2(V) as g3, (y) has maximum value g5, (1) fory - 1
T

= for T < Tggc, the particle number Nyin the ground quantum state (¢, = 0) must become large (first recognized by Einstein)

1

occupation of the ground state ¢y = 0: Ny =
exp(—u/kgT) — 1

1 1
0 0

— from the total particle number N a macroscopically large number N, has to be placed in ground state ¢,

— macroscopically large means that N is proportional to system volume V

L

— if the fraction of particles in the ground state
becomes finite at T = Tggc, then in the
thermodynamic limit IV = oo the particle number
Ny — o0 and hence the chemical potential u — 0 0 | -

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

-),u=0forTSTBEC

as u corresponds to the average energy required to add a particle to the systems,
the result is evident: we are adding particles only to the ground state g, = 0
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I.2.2 Ideal Bose Gas

* forT < Tggc: how are the N particles distributed among the available states ?

3/2
- N=2 (zm) ) Ve de vields u— 0forT - Tgec
0 =

T am? \ p2 E- 1k
exp(kBT
: 1 kgT
— foru — 0 (T - Tggc), we obtain Ny = — ~ — 0
o)t W

— (M) e L1250 for N oo (thermodynamic imit
€ = —(7 27 X N2 or (thermodynamic limit)

below Tggc: macroscopic occupation Ny >> 1 of the ground state is required

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

e key result:
— atT < Tggc a finite fraction of all particles occupies the ground state
— this phenomenon is called Bose-Einstein condensation

— the name ,,condensation” is used since in analogy to the gaseous-liquid transition the condensed
particles do no longer contribute to the pressure (see discussion below)
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I.2.2 Ideal Bose Gas

* forT < Tggc: occupation of the first excited state

foru > 0and T ~ 1 K: level spacing for 1022 atoms in a box with L = 1 cm: Ag/kgT = &, /kgT < 1071

. 1 1 LY
I:>n1()_ El_,u _1+81_H_1_€1_H~
1+ exp kT -1 “kgT

n, and all ny~; are small compared to N, and the total particle number N = 10%2

(justifies why only the ground state was singled out in the calculation of Tg()

— more detailed calculation: n;/Ny o« N=1/3,i.e.n;/Ny = 0 for N - oo

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

! = kBT -go_uz—Lz—ﬁz kBT weuse No(T,u) = kB_T =kBT

No & —p  kgT & —HU €1 Nog& T K TH

for T < Tggc/2 we can use the crude approximations Ny = N, T = Tggc < N2/3:

nq 1 1
N, x N1/3 x 7173 =>» already at T = Tggc/2, we have Ny > nq, gy

— forT — 0: &4>o/kgT = o and hence ng~g 2 0, u/kgT = 1/Ny = 0: all bosons occupy ground state
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I.2.2 Ideal Bose Gas

* forT < Tggc we have to treat the ground state £, separately

. Eexp(

co

~1
) = Nog + Nex = Ny [eX <K> - 1] = Np + j D(e)n(e) de

_1/ '\ k=0 0

E particles in particles in
£ ground state excited states
.%J
£ e we obtain for free bosons:
2 " .
© Vo 2my\3/? gl/? V ka T 3/2 with x = Be and
g ex_F(F) j prp— d8=4 _[1 — /2 dx B )
2 T . exp( — ) 1 2 . Ve fugacity Yy = exp <kBT) =1
B
=I'(3/2) {(3/2)
mkgT 22 no 3/2 no: condensate density
I—> N =ny+nNy =ny+ 2.612 — — . : :
8 ex L < 21h2 ) n <TBEC> Neyt NOrmal fluid density

. Znhz n 2/3\
=
BEC = kg 2612

2mh? >3/2

n=2612
<kaTBEC
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I.2.2 Ideal Bose Gas

we assume constant particle number:
N = Nyo(T) + N_,.(T) = const.

* Summary: temperature dependence of N, and N,

— T >Tggc: No=0(Q) =>» can be neglected

v (2m\** NG o
—\ = de is valid
4me \ i jex (—8_“)—1

0 p kBT

N =N, =

— T=Tgge: p-0, Ajggc-n=2612 > N=N, =2612-
T,BEC

3
AT,BEC

3 13
AT AT,BEC

T 3/2
TBEC BEC BEC

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

%
=N, + 2.612 -

— T<Tgec: H=0 N=No+Nex=No+2612 5
T
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. I.2.2 Ideal Bose Gas

1.0

 normal fluid density (T < Tge()

() \{\/o (T)/N

SJoN\ /
() / \\

0.2 ]
_ /Nex (T)/N

<3
(o))
o
N
1
<
=}
=]
o
L d
=]
b=
=]
7]
=
T
S
]
=
<@
(]
=
-
(']
<
=
g
@
(7]
%]
o
S
O
&

2 h? n \2/3
Tgec = P ( ) 0.0 ' ' ' ' ' '
mkg \2.612 0.0 0.2 0.4 0.6 0.8 1.0 1.2
o ﬁz 3/2
N = 7§ T/ Toec
kaT
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1.2.2

Ideal Bose Gas

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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12 .
0.8 gl k
‘.'-

0.6 4 ‘.f'
< \ 00 05 10 15
ZO 04} .\

0.2F

00 . L - Ve .

0.0 0.5 1.0 15

T/T,(N)

Total number N (inset) and ground-state
fraction Ny /N as a function of T /Tgg.

The solid (dotted) line shows the infinite
(finite) N theory curves. At the transition, the
cloud consists of 40 000 37Rb atoms at 280 nK.

Bose-Einstein Condensation in a Dilute Gas: Measurement of Energy and Ground-State Occupation
J. R. Ensher, D. S. Jin, M. R. Matthews, C. E. Wieman, and E. A. Cornell

Phys. Rev. Lett. 77, 4984 (1996)
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I.2.2 Ideal Bose Gas

b u

N TBEC k+0

5 1

e =

P €k — M)

2 ex 1

& p( kgT

=

g

©

(%. O e
oc SO Sk

Tgec T
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I.2.2 Ideal Bose Gas

* Bose-Einstein condensation can be viewed as condensation of gas in momentum space

=>» all atoms have the same momentum

g * Bose-Einstein condensation corresponds to order-disorder phase transition (first order phase transition)
% 8 A £ A
: 0000——
g Q00—
©
: -O-O-0-0-0-000000000000 -O-O0-0-0-0-0000000
£ €o €o
r=20 0 < T< Tgge
only ground state still macroscopic
is occupied occupation of the

ground state
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I.2.2 Ideal Bose Gas

T> Tgec 0<T< Ty =0

s excitations —— condensate

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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I.2.2 Ideal Bose Gas

decrease T at u = const. decrease u at T = const.
16 — : : - - - 24 : : :
g =0 | =0

3 p=-0.1Ae Asg/kgT = 0.2
? 12 18
g = Ag/kgT = 0.1 = u=—0.01A¢
5 = 8 \ < 5
s X w
3. Q \\ aQ
g Ae/kgT =Q. 2
: \ Ae/kpT =0.2 6 L= 017
Ae/k o1 — | pL=—Ag
% E B == —— — !
z 0 ’\\ ; . 0 r'
3 0 1 2 3 4 5 6 0 1 2 3 4
o &/ Asg g/ Ae

Znhz( n )2/3

we defined the Bose-Einstein temperature Tggc as the temperature, where N,,.,/N = 1:  Tggc = 5 612

ka
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I.2.2 Ideal Bose Gas

free bosons:

21,2
* thermodynamic properties of ideal Bose gas: inner energy U £, = htk
2m
3/2 3/2 3/2
V [2m 3 V (2m
U:ZEknk = U=jD(e)ede=m<ﬁ) jex (8-#)_1618 D(E)_W<F> Ve
g f _ P\ TpT
3 v 2mkgT 3/2 ye™* 3/2 . B B _ - U
g U= 4_7T2kBT 72 j 1=y e x> dx with x = ¢/kgT = fe and fugacity y = exp (Q)
g 0
% we use again 11/5:; =ye *(1+ye ™+ yze—2x 4. = Z§°=1 yPe P*¥ and f0°° e~ PXy3/2 dy = psl/z fOOO e—yy3/2 dy = ps_l/z %
E’ r(t)= f0°° e'—yy'—‘—1 dy F(?/JZ)
g 0 _x ® 3/2
° ye 3/2 4o _ 3V yP 3 mkgT
g = J 1—yex ™ dx = —— |y =1(5/2)g952(y) m=pU=V SkeT(——5| 95,201
. 0 res/28— —=
gs/2(¥) 1/23

with V = NA3/ g3/, (y), resp. V = N3} ggc/gs /2 (1) we obtain

3 gs/2(¥) 3 T \*?
U= =NkgT / U= > NkgT | —— 95/2()/)
2 g3/2(¥) 2 Tec) 93/2(1)
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. I.2.2 Ideal Bose Gas

_ o a I Caly =1)
 thermodynamic properties of ideal Bose gas: inner energy U " " =

; o) 1.5  /7/2 = 0.886 2.612

. 9s/2\Y 2 1 72 /6 = 1.645
i. T>Tgge: U(T)= ENkBT 2.5  37/4 = 1.329 1.341
g3/2(¥) 3 2 1.202
3.5 15/7/8 = 3.323 1.127

4 6 /90 = 1.082

ii. T > Tggc: itis sufficient to use only the first term in the series evolution of g: I' = Gamma function
oo Vp o0 )/p . — . .

95/2()/) — Zp:lm = y; 93/2 (]/) — Zp=1p3/2 = y since y . 1 ( = Riemann Zeta function

result for gas of classical non-interacting particles
(quantum statistics does not play any role at high T)

3
U(T) = 5 NkgT

<3
(o))
o
N
1
<
=}
=]
o
L d
=]
b=
=]
7]
=
T
S
]
=
<@
(]
=
-
(']
<
=
g
@
(7]
%]
o
S
O
&

3 95/2(1) 5 3
iii. T <Tggc: U(T) ==NkgT 1) =(|=|=1.341, 1)={|=)= 2612
3 gs,2(1) 3 T \** gs,2(1) T \*?
U(T) = =N, kgT ==N|—— kgT = 0.770 N| —— kgT

2 g32(1) 2 \Tggc g3/2(1) TBEC

N T \2 T \*?

weuse "9 q_ <—> =>N,, =N-N,=N (—) particles in ground state &, = 0 do not contribute!
N TBEC TBEC
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I.2.2 Ideal Bose Gas

3

1.0 U(T) = E]\lkBT classical result
g 0.8 d
. ~
) o0
E <
% i 0.6 /  U(T) decreases towards lower T since more and
zf, P / more particles condense into the ground state ¢,
g N
£ 0.4
S D
©
- 0.2 (T \*/?

o ( )
TgEc
0.0
0 1 2 3 4
T/TBEC
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I.2.2 Ideal Bose Gas

oU
* thermodynamic properties of ideal Bose gas: specificheat C,(T) = <8_T>
V.N

I. T >Tggc:u <0,y <1,gs,2(y) and g3,,(y) are functions of T and n = N/V

3 U(T) = 3 iy 952
S with V = NA3./ g3/2(y), resp. V = NAB},BEC/ g3/2(1) we obtain 277" g32()
3 U = ENkBT< T )3/2 gs2(y) _ ENkBT< T )3/2 gs/2(¥) 932(1) = 1(3/2)
I 2 TgEC gs2(1) 2 TgEC {(3/2)
: c,(T) = vy _ 15 952 ( T\ -3 Nk — T\ 0952t 0y
s oo\er), 4 T iB/2) \Teee) T2 4(3/2) \Tee oy _\or),
© Y~ 19s3,2(v)
2 deri ay 23 N 23 . 1 = 932(0v) _ 932(0) (T 3/2
to derive (E)N we use A7 - = A7 n = gz y) =>1= Hn = 23/2) \Tane

3/2 3/2
e n_39352N( T 1 T 9932(y) (dy\ _ 3 -1 dy
temperature derivative yields: 0 = — ( ) + Z ( ) =l (—)N = 593/2(7) +v191,2(9) (E)N

2T {(3/2) \TBEC (3/2) \Tgec oy oT
Y~ 191,2(v)
> <0_V> _ 3y 93/2(¥)
aT ), 2T g1/2(v)
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R. Gross © Walther-MeiBner-Institut (2004 - 2024)

I.2.2 Ideal Bose Gas

ou
 thermodynamic properties of ideal Bose gas: specificheat C,(T) = <_0T>
. V,N
l. T > TBEC:

ou\ 15 g5 ( T \7* 3 T (T \'*0gs.() [0y
GrtT) = <6T> RN TCYF) (TBEC> ta ks 6(3/2)<TBEC> ay <6T>N

(6)/) o 3y 93/2(¥)

or N - 2T g1/2(v)
Y~ 19s,2(v)
15 s 2V (T 23 T T \*? 93/2(¥) 3y 93/2(¥)
Cy(T) =Nk "2 + = Nkg -
/2) \Tggc 2 {(3/2) \Tgkc Y 2T g1/2(y)
3/2
s 2V (T 15 993/2(¥) 93/2(¥)
Cy(T) = Nkg =2
{(3/2) \Tggc 4 495/2()/) 91/2()/)
3/2
T 15952(1) 9 952(0) g3,2(¥) 9320 _ g3 (T )P
™ = N 1o AS N /1 — 1 = /2 — J3/2 ( )
Cr(T) = Nk <TBEC) 4 3B/ 4 ((3/2) 9120 We Use n=0320) = n . ¢(3/2) \Taee
(TBi)yz
T
3/2
15 T 9
C,(T) = — Nikg < ) 95/2()’) — 2 Nkg 93/2()’)
4 TgEC ((3/2) 4 91/2(¥)
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. I.2.2 Ideal Bose Gas

oU
 thermodynamic properties of ideal Bose gas: specificheat C,(T) = (ﬁ)

V,N
ii. T > Tggc:

result for classical gas of non-interacting

particles
(quantum statistics does not play any role at high T)

3 3 3 3
Cy(T) = ENkB, C{/nOl(T) = ENAkB = ER U(r) = ENkBT

iii. T < TBEC:

TgEc gs/2(1)

3. (TN gsp(D)
Y 4 P {3/2(1) \Tggc ' B\ Tagc
9s,2(10) =¢(5/2)  93/2(1) =(3/2)
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3/2
interpretation: all Noy = N (TT ) non-condensed particles contribute O(kg) to the specific heat
BEC
5U(T 5U(T 2
oM =350 ——n sm=220 < > F(T) = —20U(M)
Cy =T 0S/dT F=U-TS
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I.2.2 Ideal Bose Gas

oU
 thermodynamic properties of ideal Bose gas: specific heat C,(T) = (0_T>

V,N

2.0
% 1.5 Cy(T) = ENkB classical result
E ~ * Cy(T) decreases towards lower T since more and
2 5 1.0 more particles condense into the ground state ¢,
§ U> * temperature Tggc represents phase transition
© temperature
E—’f{ ! / - \3/2 * Cy(T) shows cusp at Tggc, indicating that the free

0.5 [ // X \T_ energy is not analytical at Tggc

e » phase transition is usually interpreted as 2" order
phase transition
0.0 0.5 1.0 1.5 2.0 2.5 3.0
T/TBEC
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|

.2.2 Ideal Bose Gas

F=U-TS

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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thermodynamic properties of ideal Bose gas: pressure p = (W dF = —pdV + pdN — SdT

oF\ oF\ (0F\ ¢
av) ~7Pl\an) TH\or) T
. N,T V., T N,V
— we discuss only the case T < Tggc:

oF 2 (0oU 3 gs/2(1)
<av>w 3 (av)N’T 27 g3p(D)

F(T) = —%U(T)

aF> dF = TdS — pdV + udN — TdS — SdT
N, T

with V = N7 ggc/g3/2 (1) we obtain

3 95/2(1) 3V 95/2(1) 3V
U= =—NkgT = —— 1) kgT = ————kgT 1
2 B 93/2(1) ZA:’;’BEC g3/2( ) B 93/2(1) ZA%IBEC B 95/2( )
_ E B_U _ kgT 1) pressure of the gas does not depend on V in the BEC regime
P 3\aV NT /13} Ys/2 =>» compressibility of the BEC phase is infinite

this pathological behavior is removed by the inclusion of finite interactions
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I.2.2 Ideal Bose Gas

* experimental realization with ultra-cold atomic gases
— first realization in 1995 with trapped alkali metal atoms, e.g. 8/Rb (Eric A. Cornell, Carl E. Wieman, Wolfgang Ketterle)

— typical densities: n =~ 1011 — 10> cm™3 = Tggc =~ 10 nK — 1 pK due to large atomics mass (compared to *He)

. . 1 . 3 .
— 87Rb: electron configuration: (Kr)5s! =] = > nuclear spin [ = 5= total spin is even = boson
similar behavior: “Li, 23Na

— important: alkali metal atoms interact (short-range repulsion, attractive Van der Waals interaction)

» atoms do not cluster since most interactions are elastic two-particle interactions:
—> particles cannot bind since they cannot get rid of their kinetic energy

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

» rate for three-particle interactions is very small

» description of pairwise interactions: V(r; —r,) ~gé(r; —ry) (interactions
and effect of
g = strength of the scatterer trapping
potential will
_mg _ , be discussed
as =, —3 = s-wave scattering length later)
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I.2.2 Ideal Bose Gas

velocity distribution for a gas of
condensate - i rubidium atoms, n = 2.5 x 1012 cm-3

the measured distribution confirmed
the existence of a Bose-Einstein
condensate.

s

+¢:;‘.E: R

Left: T > TBEC ~ 170 nK
Center: T < Tggc
Right: nearly pure condensate

experimental technique:

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— switch-off the trap potential and let the
condensate freely expand

— image the position of the atoms after a
specific time by absorption of laser light by

Anderson, M. H.; Ensher, J. R.; Matthews, M. R.; Wieman, C. E.; Cornell, E. A. the atom cloud

Observation of Bose-Einstein Condensation in a Dilute Atomic Vapor — measured spatial distribution is proportional

Science 269, 198-201 (1995). to velocity distribution in condensate
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I.2.2 Ideal Bose Gas

Velocity (cm/s)
r— e
< velocity distribution for a gas of sodium
S J
R atoms, n ~ 101% ¢cm-3
) 0.68 MHz
o
b g T i . :
2 g the measured distribution confirmed the
2 (=1
g & looi . o .
: 3 0.83 Mz~ \\_v existence of a Bose-Einstein condensate.
: E
E - =
5 Absorption 70% 0.53 MHz \-\ww Left: T > TBEC =~ 2 IJ-K
s is anter: T < Tggc |
© Right: after further evaporation
a 0.46 MH2 .
& 0 & : . cooling
= 0.0 0.5 1.0
Position {(mm)

K. B. Davis, M. -O. Mewes, M. R. Andrews, N. J. van Druten, D. S. Durfee, D. M. Kurn, and W. Ketterle
Bose-Einstein Condensation in a Gas of Sodium Atoms
Phys. Rev. Lett. 75, 3969 (1995)
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R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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condensate \ .
i

Tgec = 170.nK f”fl),‘,‘l

normal
component

Anderson, M. H.; Ensher, J. R.; Matthews, M. R.; Wieman, C. E.; Cornell, E. A.
Observation of Bose-Einstein Condensation in a Dilute Atomic Vapor
Science 269, 198-201 (1995).

Superconductivity and Low Temperature Physics Il

expected:

— delta function distribution since
condensate atoms occupy the same state

observed:

— finite width Ax of the condensate due to
trapping of condensate in trapping
potential of finite width Ax

— resulting finite momentum distribution:
Ap =~ h/Ax = Av = h/mAx

— width of the normal component:

%m (v2) = %kBT = Av = . /kgT/m
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<A 1.2.2 Ideal Bose Gas
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Space Station Experiment (2018)

Changing density of a cloud of rubidium atoms as it is cooled to lower and lower temperatures (going from left to right) approaching
absolute zero. The emergence of a sharp peak in the later graphs confirms the formation of a Bose-Einstein condensate occurring
here at about Tggc = 130 nK
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I.2.2 Ideal Bose Gas

e concluding remarks

— until today, Bose-Einstein condensates have been realized with many different atoms
— ideal model system, as most parameters can be well controlled and changed
— it became evident that the finite interactions between the particles has an important impact

» ideal non-interacting Bose gas is not a superfluid that can show frictionless flow
=>» no persistent current of the condensate
=» no quantized vortices

» we will see later that this is due to the fact that the so-called Landau critical velocity of the ideal BEC is zero

» finite Landau critical velocity is obtained only for interacting Bose gas
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Contents Part I: Quantum Gases & Liquids

Contents:

I.1 Foundations and General Properties 1.4 Vortices
1.1.1 Quantum Gases & Liquids [.4.1 Quantization of Circulation
.L1.2  Helium 1.4.2  Experimental Study of Vortices
1.1.3 Van der Waals Bonding
1.1.4 Zero-Point Fluctuations 1.5 3He

1.1.5 Helium under Pressure

5. rmal fluid 3H
1.1.6 pT-Phase Diagram of “He and 3He : 2 ; nol'd :]H - dd Pe huk effect
1.1.7 Characteristic Properties of *He and 3He e >0 © and romeranthtlic etiec

1.1.8 Specific Heat of “He and 3He 1.5.3  superfluid *He

1.2 %He as an Ideal Bose Gas 1.6 3He / *He mixtures

.2.1 Bose-Einstein Condensation
1.2.2 Ideal Bose Gas

I:> 1.2.3 Bose Gas with Interactions

1.2.4 Bose-Einstein Condensation of 4He

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

1.3 Superfluid *He

1.3.1 Two-Fluid Model
1.3.2 Experimental Observations
1.3.3 Two-Fluid Hydrodynamics

1.3.4 Excitation Spectrum of “He
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I.2.3 Bose Gas with Interactions

 How to treat the finite interaction between particles ?

> description by pairwise interaction: V(r; —r,) = gé6(r; — ) g = strength of the interaction
__mg
S 4mh?

= s-wave scattering length

» modeling of pairwise interactions by average ,,mean field” potential seen by every particle due to
interaction with all others
Vese(r) =~ g n(r)

» in addition, particles may see finite trapping potential Vtrap(r) of e.g. a magnetic trap

» Schrodinger equation for particles in trap:

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

particle density and number:

-1
ne =) [exp ((E’;BT“ )) - 1] ()
k
important:

o _
Schrodinger equation is nonlinear since V(1) depends on N = Jn(r)d3r = z [exp <( ';( T#)> — 1]
n(r) and hence on wave function () itself (see below) K B

=>» Gross-Pitaevskii equation

hZ
<_ —V? + Virap (r) + Veff(r)> Y (r) = gy (r)

2m
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I.2.3 Bose Gas with Interactions

* Now: more detailed discussion of finite interactions between particles

assumptions: (i) weak interaction (allows perturbative treatment)
(ii) repulsive interaction (attractive interaction may lead to instability)

we will show: repulsive interaction stabilizes the Bose-Einstein condensate
(counter-intuitive, as a repulsive interaction is expected to push particles out of a single-particle ground state)

* we start with a simple Gedanken experiment:
we consider two bosons and show that in the presence of a repulsive interaction, it is more favorable to put them
into the same eigenstate
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I.2.3 Bose Gas with Interactions

* We first consider the case without any interaction:

— bosons = particles in a box described by normalized wave functions ¢(r) = exp(ik - r), ¢(r) = exp(li( : r),

> two bosons in the same eigenstate Y(ry,r) = dr)e(r,) = exp(tk- (r; + rz))
k=Kk ¢ =09, o) =lp)|* =1)

symmetric wave function: ¥ (ry, r,) = Y (r,, ry)

j [ (ry, 1) dPryd3r, = 1

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

> two bosons in different eigenstates: Y(ry,ry) = % [(/b(rl)(ﬁ(rz) + (p(rz)(ﬁ(rl)]
k#k ¢+, |op)|?= |g75(r1)|2 =1) symmetric superposition of the two possibilities

¢ (r)p(r,) and p(r,) P (ry)
jhb(rp r,)|? d®rd3r, = 1
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I.2.3 Bose Gas with Interactions

» what happens if we add a repulsive potential V' (r; —r,) between the two bosons?

> energy change for the two bosons in the same eigenstate: 1 (r;, ;) = ¢(r;)p(r,) = exp(tk - (ry + rz))

k=k¢ =0 lpa)*>=lp@)* =1)

(Eint> = jd3r1d3r2 |¢(r1’ I‘Z)|2V(l‘1 - rZ) = deT'ldSTZ V(I‘l — 1‘2) = d37‘ V(I‘) = EO >0

/

weuser=r; —r,andR = (r; + r,)/2 and d3r,d3r, = d3Rd3r

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

note that [ d®r V(r) = E, > 0 for a purely repulsive potential
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I.2.3 Bose Gas with Interactions

> energy change for the two bosons in different eigenstates: Y (r,r,) = \/—15 lp(r)d(ry) + P ()P (ry)]

SE = f d3ryd3ry [ (ry, 1) |2V (r, — 1) k=Ko #d lpa)? = |ga)|* = 1)

1 - - - -
=2 | @nn [l9GORIFEI[ +16@P|B0 [ + d0FEI9" )F w) + .. ]V - )

o since |¢(r;)|? = 1and |¢(r,)|* = 1, the first two terms in [] yield the contribution [ d3r V(r) = E,

o the last term in [] comes from the fact that the wave function must be symmetric with respect to the exchange of
particles (bosons) since they are indistinguishable = results in additional exchange energy

o since ¢(r)p(r,)p ()¢ (r;) = expli(k — k) - (r; —r,)], last term in [] results in an energy change V. /2

with _ [ By kR Fourier transform of V(1)
Vk—i( - f re V(I') (we assume V(r) = V(—r) so that the FT is real: Vi, = V), = the complex
conjugate yields the same contribution Vy_i./2)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

> (Eint) = Eg + Vie_ic (if we assume two bosons with different wave numbers)
2> (Eine) = Ep (if we assume two bosons with the same wave number)

due to the bosonic nature of the particles, it is energetically favorable to put them into the same
guantum state in the presence of a repulsive interaction potential
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I.2.3 Bose Gas with Interactions

* description of the finite interaction between particles within second quantization
formalism

B;E, Eq : creation and annihilation operators

= — bl b b
Hine 2 Z k2+q/2 k1+q/2 ~kzt+q/27ki+q/2 Vo > 0: repulsive interaction

ki,kz,q

terms in ), describe the following scattering process:

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

particle |k; + q/2) is destroyed and | —k; +q/2) created and
particle | =k, +q/2) is destroyed and |k, + q/2) created
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I.2.3 Bose Gas with Interactions

e continuum limit

- quite frequently, we take the continuum limit, where r lives not on a lattice, but in a continuum
- in this case, it is convenient to replace the creation and annhilation operators B;E, Bq with the continuum field

operators 1/3T (r), P(r)

~ 1 _
blt = \/_Vj dr e**T 97 (r) [1/3(1‘),1/7r (r),] =8 —r) (commutation relation)

- any orbital basis {¢} can be written in terms of the continuum field operators as

Bl = j dr ¢y (r) 1 (1) BT = ) (@ B, = ) i) B,
k k

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I.2.3 Bose Gas with Interactions

* non-interacting BEC as a coherent state

- in BEC we put many bosons into the same orbital state ¥,
- coherent state for many bosons in the same orbital

) = 3“5‘1;'0 |0) with (Ng) = |a|?> (mean particle number)

- effect of field operator #(r) on coherent state
) @) = )y (O by, la) = @ Wo(0)]a)
K

=> using a coherent state turns the field operator ®(r) into a scalar

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

lﬁ(r) - YP) = a¥(r) = \/Wo Yo (r)
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I.2.3 Bose Gas with Interactions

* description of the finite interaction between particles within second quantization formalism

Hine = Pl z bkz+¢l/2 k1+Q/2b k2+q/2bl‘11+¢1/2
kq.k2,q
we have made the following simplifying assumptions:
> we assume a local interaction V(r; —r,) = Fourier transform Vk, k,,q does not depend on k; and Kk;:
VlikZJq = [/q
» since we are at very low T, the involved velocities and hence wavevectors q are very small

» if the interaction range R of the potential is small, gR «< 1, then the FT Vq is essentially independent of q and
we can use the approximation I, = V/, (valid for short-range repulsion)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

» as above, we assume two bosons with the same wave number K; = Kk, and set it equal to zero (ground state)

» we describe the two states of the interacting bosons with the bosonic operators band b

S0
S

=I5
@‘l)
@‘l)

thth

@‘l)
@‘l)

V ~ Ay AA A Q A~ A~ C Ay = A
— }[int=7°[b1“b’rbb + bt bth *bb + bt bthb)|

)
O

~

we do not include terms like b bbb, as we do not consider states occupied with two b bosons
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1.2.3

Bose Gas with Interactions

* relevant relations

> both states occupied with single boson: |1,1) = bThT |0)

> (1,1]1,1) = <o|f513 B+Z+|o> _

> (2,012,0) = (0|pbbTht|0) = (0|b(1 + bThH)bT|0) = 2,
= [2,0) = 715 (15*)2|0) is the correctly normalized state

— interaction energy for the states |1,1) and |2,0):

/\

12,0): only the first term in — [b bt

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

+ bt bthh + bt

S
S
S
—=
S0
@‘)

th

@‘l)

bb + bt

S
S

(0|55(B 5*BB)515|0) = 2(0|55(BT 51)|0) = 2

/'\

11,1): all four last terms in 2 |5t 51bb + bt bthb + bt bThh + bt

@‘)

> one state occupied with two bosons and the other is empty: |2,0) = bThT|0) =

with |0) = normalized vacuum state

as b and b commute and bbT |0) = 0

(6%)"10)
as [b,bT] = 1and bbhT|0) = 0

@‘l)
@‘)

EB] contributes

= (2,0[Hne12,0) =V,

contribute equally, since b and b commute:
|5,6] = [b%, 5| =0
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I.2.3 Bose Gas with Interactions

e generalization to states with N bosons (without calculation)

(N, 1| IN, 1) — (N + 1,0|F ;0 IN + 1,0) = N V,,

> it is energetically more favorable to put an additional boson into the same state as occupied by all the
others rather than putting it into another state

» energy difference scales with the particle number N and is therefore an extensive variable

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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I.2.3 Bose Gas with Interactions

* Bogoliubov theory of weakly interacting Bose gas (N.N Bogoliubov, J. Phys. USSR 11, 23 (1947))

— we start by considering a set of ground states |[N) with N > 1

» since ground state k = 0 is occupied by large particle number, we have to deal with large quantum numbers

o (N|b{bo|N) = N and (N|bohl|N) = N + 1 = since N > 1: (b b,) =~ (bob}) and ([by, b]1) < N

- we can set [EO, Eg] ~ (), i.e. the operators commute like classical quantities

- we can treat the creation and annihilation operators as classical (complex) numbers

o as Bg and 130 are complex conjugate, we can take them real by eliminating an irrelevant phase factor:

N = (blh,) = b2 and b} = by = VN

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— interaction energy (lowest order in powers of 130):

dominating term is the one with all wave

+ bt bbb + bt bThb
numbers equal and zero

S

V A~ Ay AA A~ =, AR = Ay A
7O =?° bt bthh + bt bthb + bt bth

int
B353=N3

V
(0) _ 02
—) EY = — N
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I.2.3 Bose Gas with Interactions

— interaction energy, next order term in powers of b:

—> we cannot have three b, factors due to momentum conservation

- we have to consider only terms with two b factors in the next order
- momentum conservation requires that we have factors Bf;l;k (4 possibilities), Bf:l;fk (1 possibility) and
bib_y. (1 possibility)
Vo ~ ~h ~h ~ ~
3 = 2B Y (4B + BiBY + Bib i)

int
k+0

}[l(nt) contains a contribution B(Z, Yk BEBk = Ny 2k fik, Where 7l is the particle number operator for bosons in state k

=>» we have to take into account the bosons that are not in the ground state K = 0 (as already done for the non-interacting Bose gas)

e VooV v, .
N =No+ > BB =2 (B3)" = N3 < - ) b bk>= <N2 2N ) b bk> —°1v2 = 22N ) b

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

k=0 k=0 k=0 k=0
(0) Vi
Eint 70Ng
V. the last two terms do not conserve
) H= E exbpbic + N E (2biby + b\b", + byb_y) particle number:
Kk . - k=0 . additional states are excited out of the
kinetic energy additional ground state energy

condensate or absorbed into the condensate
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I.2.3 Bose Gas with Interactions

discussed in detail

e diagonalization of the Hamiltonian by Bogoliubov transformation i lecture SC+LTP 1

— introduction of new operators being linear combinations of the original bosonic operators

— appropriate unitary matrix to make transformed energy matrix £, = U;: Ek Uy, diagonal:

3

3 - - . t_ (o1 _ et _ t Y = gt

S spinors of Bogoliubov operators: B = (¢, 5_) = Cp Uk By = (ay,By) = U Cic
<

o ~F =~ o~ T
g (BB (Bu BL,)
s oy = ukbk — vkb—k Ay = uﬁbk — Uﬁbik

=

2 B_y = vibl 4 u;b BY = by + b’

5 ~k = VD T UD_ _k = Vikbg by

g

©

hy

o

*
Uk Uk

Uk — ( *>
—Vk uk

-I- * *

UT = uk Ek

k (U u )
k k

Ul el 1 = & = ( Ex Dy ) choose ug and vy such that
— k&k Bk =Sk =\ D —Ey off-diagonal terms vanish
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I.2.3 Bose Gas with Interactions

* diagonalization of the Hamiltonian by Bogoliubov transformation (without detailed calculation)

1 (g + NVp) 1 (g + NVp)
py +1 Vk = |= -1
2" E 2" Ey

|:>uk

ug + v =1

with E ek + NVp)?2 — (NVp)? = ek (ex + 2NV, note:
k \/( k O) ( O) \/ = ( k 0) the term NV, can be interpreted as the chemical potential of the
condensate, as adding one more particle absorbs the interaction

energy V, multiplied by the local number N of particles

resulting Hamiltonian

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

_ + g ot elementary excitations of the interacting Bose gas
a 7;? it * Z{Ekakak i k'B—k'B_k} are non-interacting bosonic quasiparticles
gmeunrérgya - described by the creation and annihilation

elementaryvexcitations + ¥
operators apa, and f_, f_k
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I.2.3 Bose Gas with Interactions

 nature of excitations

— large k: kinetic energy dominates: g > NV, = Ep =~ g, ug =~ 1, v, = 0,

.l.
Ay

ukB;: - ka—k = Bl-l;
excitations are identical to bare bosons with quadratic dispersion

— Kk — 0: kinetic energy vanishes: & K NV, = Ey = /2NVyex = /NVy/m hk = hk c,

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
(6)]

1 T — 7 ¢, = sound velocity
sl Ex = \/ek (ex + 2NV,) / guasiparticle spectrum that is linear in energy
\ / _ =>» gp become “propagating sound waves” for interacting system,
GE= AR guantized sound waves: phonons
S | E(k) =& + NV, / _ .
N . o~ i o~ =
X, s Uk = v Withuy = v =1/2
[ 1 //"(’E(k) 3 excitations are equal superpositions of Blt and b_,, (Bik and by ) both
e - ~ K adding (removing) a momentum hK to the system
=> consistent with excitation of quantized sound waves
0.0 0.4 0.8 1.2 1.6 2.0
K/ ks N
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I.2.3 Bose Gas with Interactions

* topological excitations

— Bogoliubov theory:
in first-order approximation, excitations of the superfluid can be viewed as non-interacting Bogoliubov
guasiparticles

— if we go to higher order approximations, we may obtain interactions among these quasiparticles

there is an additional type of excitation that cannot be described by going to higher order approximations:

topological excitations (e.g. vortices, see section 1.4)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
I
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I.2.3 Bose Gas with Interactions

Gross-Pitaevskii equation (e. p. Gross, Nuovo Cimento 20, 454 (1961), L. P. Pitaevskii, Sov. Phys. JETP. 13, 451 (1961))

— the total wavefunction of a system of N bosons all in the same state W is taken as the product of single-particle functions
(trial wavefunction)

Y(ry,ry, ..., ry) = Y(r))¥P(@r,) - P(ry) = H‘P(ri) r;: coordinate of the i-th boson

— atlow T, the de Broglie wavelength is large compared to the interaction range
=> scattering processes can be approximated by s-wave scattering (hard-sphere potential o §(r; — r;))

2
5 4th*a, a2
H = — _V + Vtrap (r;) + T 5(1'1' — l']) Uy = nm %s. effective interaction strength
0

— expectation value of Hamiltonian for state ¥ (ry, 15, ..., I'y) in steady state with all N particles in state W

h? N -1
=N [av (—% VR0 [2 + +Verap (O P @) + TUOHJ(r)ﬁ)

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

in the interaction term, N(N — 1) /2 is the number of term:
= interaction term = number of ways of making pairs of bosons times the interaction energy [ dV U, |W(r)|* of two bosons in the state ¥(r)

> NN —1)/2 [ dV Up|®(r)|* =~ %NZU0 since [ dV |[¥(r)|?2 = 1and N > 1
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I.2.3 Bose Gas with Interactions

* Gross-Pitaevskii equation (e. r. Gross, Nuovo Cimento 20, 454 (1961), L. P. Pitaevskii, Sov. Phys. JETP. 13, 451 (1961))

— minimization of energy by variational method (variation of E with respect to ¥ and W*) leads to
Gross-Pitaevskii equation (GPE) for single-particle wavefunction

.;::

£

>

§ h2 5 ) u: chemical potential

o _—— — 2

B m Ve + Vtrap (r) + U0|LI-’(I')| YY) =pu¥rt U= %: effective interaction strength
s

S

< » GPE = classical model equation for the ground-state single-particle wavefunction in a BEC.

(=]

< » GPE has a similar form as the Ginzburg—Landau equation and is sometimes referred to as the nonlinear Schrodinger equation

% » eigenvalue of the GPE is the chemical potential and not the energy per particle

g » for a non-interacting system with all particles in the same state the chemical potential would be equal to the energy per particle,
g but not for the interacting systems

g > fora uniform Bose gas: u = Uy |W|? = Uyn, withn = N/V being the particle density

=

©

8

G

&

same result is obtained if one uses a coherent state as the trial wave function
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I.2.3 Bose Gas with Interactions

e discussion of the Gross-Pitaevskii equation

— in analogy to the coherence length in a SC resulting from the 1t GL equation, the GPE yields a characteristic
healing length ¢ of the superfluid (changes of p(r) = |Y(r)|? are impossible on a length scale smaller than &)
h

§ = —— & = 0.1 nm in superfluid “He and therefore of the order of the interatomic distance
2mUyp

— meaning of the phase of the wave function
by using YV2yY* — Y*V?y = V - [p*Vip — V1 *] we obtain from the GPE

dpo(r,t) 1h v
dt  2m

[$*(r, OV (r, ) — P (r, YVYP ™ (r, )]

— by defining J(r,t) = — oy, [Y*(r, ) VY (r, t) — Y(r, t)Vy* (I, t)], we obtain the continuity equation of the particle density
2m

dp(r) +V-J(r,t) =0 =2J(r,t) = p(r,t)vs(r, t) = particle current density

dt

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

— using the notation Y(r,t) = /p(r, t) e we obtain the superfluid velocity v(r, t) = %ng(r, t)
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R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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I1.2.4 Bose-Einstein Condensation of 4He

 What do we already know about *He?

— “%He does not become solid at ambient pressure due to the weak Van der Waals interaction and the large
zero-point fluctuations

— “He is a boson and shows superfluidity
discovered in 1937 by Pyotr Kapitsa ("Viscosity of Liquid Helium Below the A-Point”, Nature 141, 74 (1938))
and John F. Allen, and Don Misener (“Flow of Liquid Helium 11, Nature 142, 643 (1938))

— the properties of superfluid “He often deviate from those of an ideal Bose-Einstein condensate
> Cy o T3 instead of Cy < T3/? atlow T
» behavior of C; around Tgg( is different — sharp A-shaped peak instead of “cusp”: *He shows critical
behavior consistent with 3D-XY universality class

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— description of superfluid “He by macroscopic wave function Y (r,t) (coherent state)

l/)(rr t) = 1/)0(1': t)elg(l',t), |1/J0(r, t)lz = no(r, t), NO = JllpO(rl t)lz dgr

N , o
no = — = particle density in condensate
4
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I1.2.4 Bose-Einstein Condensation of 4He

« How well does the ideal Bose gas describe the normal-superfluid transition temperature?

» Tggec = 0.5 K by using data of gaseous “He

T _ 2mh? n Zy (is well below normal-superfluid transition temperature)
- BEC — mkg \2.612 » Tggc = 3.1 K by using data of liquid *He
§ (agrees only qualitatively with measured T ) = 2. 17 K)
z, “He is not an ideal Bose gas: 12— Without //\\
3 interaction of He atoms 1.0 Interaction [ _ _ -l
: / N
. » hard core repulsion o8 /
G. E 0.6
> admixture of higher K-states (is equivalent to larger = / pair correlation or
k-uncertainty) 0.4 radial distribution
o / function
» reduction of particle number in ground state J J J
0'00 1 2 3 4 5 6 7
r (A)
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I1.2.4 Bose-Einstein Condensation of 4He

* superfluid fraction of *He is only about 14% forT — 0: ny(T =0) ~0.14n

T D T T T J

. : experimental observations
MAYNARD (1976) =

T K Ty: ng(T) =ng(0) — AT® with a = 4

" B(T,—T)? for T<Ty

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

- T ~ Tgge: no(T) =
- peci Ms(T) =, for T>Ty
| (- ng(T)[2-ng(T)]
O.4I 5 "O(O)ﬁ'"ofoﬂ —
0.2 ©048 ng FROM glr) _
es n, FROM n(P)
00 rT data obtained from x-ray scattering
0.2 , | l L | J and neutron scattering
08 10 12 14 16 1.8 20 2.2 24
TEMPERATURE (K) J.S. Brooks and R.J. Donnelly, J. Phys. Chem. Ref. Data 6, 51 (1977) .
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I1.2.4 Bose-Einstein Condensation of 4He

 superfluid fraction of *He

0.10 (— T v ' ' I ' ' ' T
g No / N } . condensate fraction of superfluid “He as a function
: 4 of the density. Open circles are experimental results
§ 0.08 |- 7 obtained from deep inelastic neutron scattering, squares
E are HD predictions at the same densities. The star
:f ® diamond, and hexagonal points correspond to quantum-
2 0.06 | - field hydrodynamics (HD) results using the experimental
%’ ) measures of the static structure factor S(p)
= 0.04 | é -
(2 3D He: % .%
g O experiment [PRB 85, 140505(R) (2012)]
s D HD + S(k) PIMC
0.02 F 9 HD + S(k) exp. [PRB 21, 3638 (1980)] -
@ HD + S(k) exp. [PRB 24, 159 (1981)]
@ HD + S(k) exp. [PRB 35 89 (1987)]
0.00 2 ] M ] 3 ] M ] M 1
0.022 0.023 0.024 0.025 0.026
deHSity, A_3 Lozovik, Yurii & Kurbakov, |. & Astrakharchik, G. & Boronat, J. (2020).

Universal relation between the static structure factor and the
condensate fraction.
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I1.2.4 Bose-Einstein Condensation of 4He

 superfluid fraction of *He — more detailed treatment (1)

— reduced superfluid fraction is caused by the fact that superfluid 4He is a strongly interacting Bose gas
described by

— solutions are symmetric N-particle wave functions
Y(ry, oy e, g, e, Iy ) = (1, o X, o T, o, Ty)
:7‘[1/)(1'1, I, .., rN) = Enl/)(l'l, I, .., rN)

— occupation probability of eigenstate with energy E,

1
P, = 7 exp(—E, /kgT) with partition function Zy = Z exp(—E, /kgT)

n

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

(N)
E
— if particle number is not fixed (grand canonical ensemble): Z, = z exp (—kn—T — ,uN)
B
n,N
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I1.2.4 Bose-Einstein Condensation of 4He

 superfluid fraction of *He — more detailed treatment (2)

— for grand canonical ensemble:

Q(T,u) = —kgTInZ grand canonical potential
dlnZ _
(N) = kgT p average particle number
U
dInZ
U= (H)=u(N)—kgT 3p inner energy (with 8 = 1/kgT)

— calculations have to be performed numerically, e.g. by perturbation theory (if interactions are weak) or
quantum Monte Carlo simulations in the case of strong interactions (as for superfluid “He)

key result: superfluid *“He forms a condensate of He atoms in the ground state, however, not all atoms
occupy ground stateatT =0 see e.g. D.M. Ceperley, Rev. Mod. Phys. 67, 279-355 (1995)

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I1.2.4 Bose-Einstein Condensation of 4He

 superfluid fraction of *He — more detailed treatment (3)

— single particle density matrix: p(r; —r{) = N ft/){",(rl,rz, e, I (], Ty, o, Ty ) A3, L 3Ty

- corresponds to correlation function between the many-body wave functions at the coordinates (ry, 15, ..., Iy) and (r{, r,, ..., Ty)

- by integrating over all coordinates despite r; and r{, we average over all configurations of the particles despite the first ones

— properties of the single particle density matrix:

» depends only on relative coordinate r; — ry due to translational invariance

: N
» forr; = r{ we obtain: fpl(O) d3r, =N = p,(0) = y=n

— for ground state of an ideal non-interacting Bose gas, we have Y,(ry, 1y, ..., Iy) = Yo (r Yo (ry) ...y (ry)
since all particles occupy the same state i,

p(r; — 1) = Nipo(r)po(ry) f|¢0(r1)|2|¢0(r2)|2 WJO(FN)lZ dB7"2 dBTN = No(r)po(ry)

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

N 1 1
ry —r,) =—=mn since r)=—exp(ik-r) =— fork =0
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I1.2.4 Bose-Einstein Condensation of 4He

 superfluid fraction of *He — more detailed treatment (4)

— for interacting Bose gas we obtain a more complicated result

» p(r; —ry)is no longer independent of r; — 1y

» p(r; — ;) decreases with increasing r; — r{ and converges towards a constant value at large r; — r{

— condensate density:

no = lim r, —r,
0 |r1_r{|_)oop( 1 1)

ideal Bose gas, T = 0

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

=
I
for superfluid *He: 5 interacting Bose gas,
= T < Tggc
ng(T=0)=0.14n
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I1.2.4 Bose-Einstein Condensation of 4He

 superfluid fraction of *He — more detailed treatment (5)

— plausibility consideration by considering spatial distribution function

1.2 ithoth /\
interaction / \ ideal Bosegas, T =0
1.0 _\ ,__/"_"'
" =
0.8 1
I
S [ -
5 / radial = interacting Bose gas,
04 distribution Q T < Tggc
/ function
0.2
U.DO 1 2 3 a4 5 6 7 0 E - T > TBEC
r (A) h—-n

— without interactions particles can be described by plane waves with k = k,
= g(r; —r,) = 1, all particles in ground state: n, = n
— in the presence of interactions, g(r; — r,) # 1 for short distances
=>» we have to admix states with higher k to describe the situation: spatial localization requires finite Ak
=>» some states with k > k, are occupied: ny < n
= n, becomes smaller, if g(r; — r,) deviates more strongly from g(r; — r,) = 1, i.e. with increasing
interactions

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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Contents Part I: Quantum Liquids
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I.3 Superfluid 4He

 nomenclature and history
» superfluid “He can flow through tiny capillaries without any friction =» nomenclature superfluidity

* discovery of superfluidity in 1937 by two groups: (i) P Kapitza, Nature 141, 74 (1938)
(i) J.F. Allen, A.D. Misener, Nature 141, 75 (1938)

* theory of superfluidity:

F. London (1938): superfluidity caused by ordered state in momentum space
F. London, Nature 141, 643 (1938); Phys. Rev. 54, 947 (1938).

L. Tisza (1938): two-fluid model: prediction of second sound
L. Tisza, Nature 141, 913 (1938).

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
°

L.D. Landau (1941-47):  two-fluid hydrodynamics of superfluid *He

—> superfluidity as a consequence of the excitation spectrum
L.D. Landau, J. Phys. USSR 5, 71 (1941); ibid. 8, 1 (1944); ibid. 11, 91 (1947).

R.P. Feynman (1953): excitation spectrum postulated by Landau follows from quantum mechanics
R.P. Feynman, Phys. Rev. 90, 1116 (1953).
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I.3.1 Two-Fluid Model

* two-fluid model allows phenomenological description of superfluid *He
microscopic description is difficult 2 treatment using hydrodynamics

— already in 1938: anomalous properties of superfluid “He can be well described by two-fluid model:
mixture of two non-interacting fluid components (I. Tisza, J. de Phys. et Radium 1, 164 (1938))

— formal description of superfluid *He as the sum of a normal and a superfluid component

P = Pg + Pn Ps, Pn, = superfluid and normal fluid densities

- T=0: p,=p and p, =0

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— T=T): p;,=0 and p, =p

> superfluid component: no entropy: S; = 0 zero viscosity: ng = 0

> normal fluid component:  carries total entropy: S,, = S, finite viscosity: n,, = n
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I.3.1 Two-Fluid Model

e superfluid component

— description of superfluid component by macroscopic wave function

as done in superconductivity for electronic system: charged superfluid

P(r) = ll'o(l')ele(r), w)o(r)lz = ny(1), Ny = j|¢o(l‘)|2 d3r ng = % = particle density in condensate

— use guantum mechanics to derive expression for the particle current density (probability current density in 3D)

Jo = 5 0 (O(E) — (I (1)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

h .
]p — % \/n_O e—10(r) (ele(r)v\/n—o + l\/n_oelg(r)vg(l‘)) _ \/n—o atf(r) (e—LG(r)V\/n—O _ l\/n—oe—le(r)vg(r)
P (r) ) $(r) v (r) '
Jo(r) = nqg m VO (r) = novs(r) current density — phase relation (as in superconductivity)
s v, = superfluid velocity
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I.3.1 Two-Fluid Model

* what is the ratio of the normal und superfluid component? How does it depend on temperature?

— torsional pendulum experiment: 50 Al disks, thickness: 13 um, diameter: 3.5 cm, disk separation: 210 um
(E.L. Andronikashvili, Zh. Eksperim. i. Teor. Fiz. 18, 424 (1948))

» only normal component is moved during rotation

» skin depth of viscous wave:

- large compared to disk separation below T,
V210 /pn@ - complete normal component is moved

» moved mass of normal component results in change of moment of inertia
- change of oscillation frequency: w « 1/mass

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

0 \\ / _ empirical relation by fitting data:
0.8 \ 56
S \/ e (1)
0.6 / = _—
o >< | p(T) \Ty
E 0.4 \ | | |
Q” / \ : cf. normal fluid density of ideal BEC:
0.2 / 3/2
o\ (T
>0 o4 o.;‘/m 16 20 24 P TgEC

temperature (K)
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I.3.1 Two-Fluid Model

* physical consequence of macroscopic wave function description
h h
Jp(1) = no— VO@) = novs(r) = () =— VO(r)

— since the curl of the gradient of a scalar function vanishes, we obtain

VXv,(r)=0 v.(r) cannot take the form X r corresponding to a rotating liquid

= it is impossible to set the superfluid into rotation

note:

we will see later that this is true only for slow enough rotations of the vessel containing the superfluid.
At large rotation speed, we are generating vortices (topological excitations) in the superfluid

=>» the critical rotation speed corresponds to the lower critical field in superconductors!!

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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I1.3.2 Experimental Observations

* boiling of liquid helium

T > Ty - liquid He is boiling
- latent heat of evaporation is removed from bath
- temperature is decreasing

T ~T;: - temperature is decreasing only slowly - large specific heat
- temperature does not stay constant - no latent heat, 2. order phase transition

- boiling suddenly stops !1!!

boiling of ,,normal” liquid: boiling of superfluid helium:

evaporation > very high thermal conductivity

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

\ \ / \ /- » low T not only at surface, but also
<+« | lowerT atsurface: within liquid
vapor pressure decreases » no vapor bubbles in liquid
O O . e .
o \_\ higher T within liquid: =» evaporation only from
fo vapor pressure > hydrostatic pressure surface, no boiling
\ J =>» generation of vapor bubbles

vapor bubbles in liquid
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I1.3.2 Experimental Observations

* viscosity 17 of superfluid *He: two different measuring methods

flow through narrow capillary torsional pendulum

-l b

capillary

7z

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

n < 10711 poise 7 ~ 107> poise
(cf. water: 8.90 x 10~ poise @ 25°C)
e flow without measurable friction e damping of oscillation: n > 0
e viscosityn = 0 e scattering of phonons and rotons
=>» superfluid component flows out =» normal component picks up
(1 Poise=1g/cms=0.1Pa-s) momentum
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I1.3.2 Experimental Observations

* viscosity 17 of superfluid *He: experimental results

»  flow through narrow capillary » torsional pendulum
g 12 1.2x107’m \
B gy »n 10
(=] \ o - B
g = experimental result S
E L depends on e
T D s measuring method !! S
& S — -> —
S S 7.9x107 m ) =
§ v explanation by two- =<
= . >
S - fluid model B I
© S A 1
2 & * — 8 \ |
¢ & — 3.9x 106 m D —
o > I
' ' ' ' 10" : : '
J.F. Allen, A.D. Miesner, 0 4 8 12 5 16 0.8 1.2 1.6 2.0 1‘
A

— flow velocity v about independent of pressure
— flow velocity increases v with decreasing diameter a of capillary

expected for viscous flow through tube of length L and diameter a: Ap/L ~ n(v/a*) (laminar flow, Hagen-Poiseuille law)
experimental result of Kapitza: Ap =~ 0 independent of flow velocity v = n =0
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I1.3.2 Experimental Observations

 superfluid film flow

» helium film covers container via absorption of atoms (\ /\'
from the vapor phase (van der Waals forces) I I
» superfluidity of He: ,mobile” film

. -

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

\_/

container fills up container is draining out container drips empty

overshooting during fill up and draining out = oscillation of filling height
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I1.3.2 Experimental Observations

* superfluid film flow: estimate of superfluid film thickness

— in equilibrium chemical potentials are identical: g, = [y, = Ko (for filmin saturated vapor)

> for film: Heoom = Ho + mgh -a /dn (n = 3 ford < 5 nm, a = Hamaker constant, « is
\ \ Y 0 4 determined by dielectric properties of wall and He atoms)

§ bulk liquid gravitation van der Waals potential
TZ » for vapor: Hyap = Ho + mgh
:
: % equilibrium condition: [ = [,
s Heim = Ho + mgh-a /d" .
2 a
2 B} B = ot mgn 4= (m—gh>

vapor h typical values:

film d (nm) = 30/[h (cm)]*/3
- U= U h=5cm =2 d=20nm
bulk liquid normal fluid blocked in thin film
= superleak
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I1.3.2 Experimental Observations

* superfluid film flow: acting as a heat leak

helium pump — film creeps up along the container walls and pumping line
A — film creeps up to the position, where T = 2.18 K

g — evaporation from film dominates, since vapor pressure at height h is much lower
; — estimate of film thickness for ,unsaturated film“
8 § § =>» d depends on gas pressure p (kinetic gas theory)
2 S S
= Q O
B S S
I S > mgh kgT . (p(h)
2 (h) = ex <——> = h=——ln<
E p psat p kBT mg psat
= | — ey =
2 mgh kgT In(p/Ppsat)
b:l:h » estimate of the flow of liquid for a critical superfluid velocity of v, = 30 cm/s:

W Vliq = 2nRdv, = 1 cm¥h for R=5mm => V:gas ~ 11/h

» min. pressure achieved by vacuum pump with Vpump ~ 10% I/h

Pmin = P I./gas/Vpump ~ 10™* bar ——> Thin = 1K
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I1.3.2 Experimental Observations

* thermomechanical effect: generate AT by applying Ap

A 5 — starting point: same filling level and temperature T of container A and B

— apply Ap =» only superfluid component flows through capillary from A

S to B, but cannot transport heat from Ato B

g T — temperature decreases in B and increases in A, since normal fluid

F Ap fraction increases in A and decreases in B

Tg l T+ — remove Ap =¥ original state is recovered

& AT

E r capillary or tube — note: mass flow is not accompanied by heat flow since only superfluid

s filled with powder component can flow

S B B e

:

- only superfluid can flow from A to B similar experiment:

vacuum isolation

through narrow capillary e only superfluid flows

through powder
¢ increase of normal fluid
concentration Y
e increase of T in container _

_ . ~ thermometer
increase/decrease of normal fluid

concentration in A/B
powder
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1.3.2

Experimental Observations

G=U—TS+pV
* thermomechanical effect: generate AT by applying Ap dG = TdS — pdV + udN — TdS — SdT + pdV + Vdp

dG = —=SdT + Vdp + pudN

— the configuration can be considered as two systems A and B in equilibrium:

= Uy = Ug = W and particle number is conserved: N = N, + Np

— Gibbs-Duhem relation:

G(T,p, ua, pig) = Napiy + Ngugp = Nu
= dG = udN + Ndu (dG =0 - udN = —Ndu)

— comparison with dG = —SdT + Vdp + udN yields

—SdT +Vdp — Ndu =0

A B
2 Ap
T+
2 AT
z capillary or tube
5 T | filled with powder
S B B e
5 only superfluid can flow from A to B

through narrow capillary

> §=5,, o,= % = %” (entropy per mass)

Sh Spm
APZVATZEVAngmPnAT
Ap = o pn AT

www.wmi.badw.de

—S(Tg — Ty) + V(PB - pA) — N (ug —puy) =0
=0
V(pg—pa) = S(Tp—Ty)

= compensating
with mass flow heat Change

» since superfluid flow does not carry heat, there is no mechanism
to equilibrate T4 and Tp

2> Ap->0 for p,—>0 » nevertheless, the particle flow results in uy = ug = u

Superconductivity and Low Temperature Physics Il Chapter 1/RG 164



1.3.2

Experimental Observations

* thermomechanical effect: generate AT by applying Ap

A

> §=8,, op= % = %” (entropy per mass)

Sn S,m
Ap=7AT=E7AT=O'm,OnAT

B
T
Ap
l T +
AT

capillary or tube
filled with powder

Ap = o, p, AT 2> Ap—->0 for p,—0

12

10 -

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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AT (mK)

AR (cm) Enns, Hunklinger,
Low Temperature Physics, Springer (2000)
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I1.3.2 Experimental Observations

* inverse thermomechanical effect: generate Ap by applying AT

— heating generates increase of normal fluid concentration

— superfluid components flows through capillary to establish
balance

— analoguous to osmotic pressure
Ap = oy pn AT
— superfluid flows very rapidly through capillary so that a

l fountain pressure can be generated
\a/\heauer

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

= fountain effect

/ capillary
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I1.3.2 Experimental Observations

Vessel

\
Liquid He II

Radiatio

Powder Cotton wool

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— light is absorbed by emery powder - heating
— lower opening is closed by cotton wool = only superfluid can enter

— a He fountain is generated by the thermomechanical effect J. Allen 1970
(typical height up to 30 cm)
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I1.3.2 Experimental Observations

e thermal conductivity

30Watt-cm-2

VT (mK/cm)

— thermal conductivity of superfluid “He is by more than five
orders of magnitude larger than that of normal liquid “He

— explains disappearance of boiling below T;

— heat conduction through narrow capillaries has maximum
at=1.8K

— heat current density varies as J, o« VT*/3

(if we would use Jo = —A4 VT, then 4 occ VT ~%/3 and would diverge for
small VT)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— linear Jo o< VT dependence only for small heat current densities

heat current density /, (W/cm?)

=» no Umklapp (U) processes possible in superfluid *He 0 — ® =0 .
(no periodic lattice) temperature T (K)

. i L W.H. Keesom, B.F. Saris, L. Meyer, Physica 7, 817 (1940)

=>» excitations (phonons, rotons) move ballistically,
only surface scattering
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e thermal conductivity: comparison to thermal conductivity of solids T //

n
T
B~

solids at low T:

3 - = #/ iy
g => ballistic phonons /'.f/ [ gmEs
g =>» N processes do not cause /} .0 cmas s
s . 2 ]
5 momentum relaxation 10% T single crystal -
3 > . - superfluid “He "
g only surface scattering C 4 , ,
2 * — 2 bar * T Zrewverarom wotmees xem . *
% 101 3 o — 20 bar :’ =
= - *° 5
o [ S er
2 kinetic gas theory: ool G LA
n E E o ooc' o -
n %) - .' o° :
g x o ...oo ..,0? —
~ o ¢ o -
& 1 = i o’ o0 o
. . . . = -1 L * o o* °
:> K= § (v) '4 Cy thermal conductivity kK is proportionalto « '© o ot 3
F . o ..°o° ]
- mean velocity of the particles S -
- mean free path 1072 e o T3 3
. H . C * o q
function of d n- C; - dens:ty Of the pr'tIC/GS F o phonons 1 Dennis S. Greywall
(e.g. Hagen-Poiseuille) - specific heat carried by particles 1073 : e Phys. Rev. B 23, 2152 (1981,
0.1
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1.3 Superfluid *He
1.3.1 Two-Fluid Model

1.3.2 Experimental Observations

I:> 1.3.3 Two-Fluid Hydrodynamics

1.3.4 Excitation Spectrum of “He
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I1.3.3 Two-Fluid Hydrodynamics

e two-fluid hydrodynamics

— starting point for hydrodynamic description are Navier-Stokes equations:

» normal fluid: entropy per mass

Dv, Pn PsPn

pp——=— — Vp — PnOm VI — V(Vn — VS)Z AL TanZVn Ps, Pn, = superfluid and normal fluid densities
Dt P tme m V,, Vv, = superfluid and normal fluid velocities
inertia pressure gradient add. term due to y N, = normal fluid viscosity
gradient compressibility

terms have unit force/volume

with the definition of the material derivative Dv/Dt:

Dv,, 0v, ov,, av v, ||
= — - and ) = n
Dt 6t+<6x> vy <6x> V( > +\(V><\(r:)><v?

v

~0

curl of the velocity (called vorticity)
disappears for irrotational flow
(no vortices)

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

- if vis small, quadratic terms
in v can be neglected

the tensor derivative of the velocity vector
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1.3.3

Two-Fluid Hydrodynamics

e two-fluid hydrodynamics

» superfluid (no viscous friction):

Dvg Ps PsPn
2 2
Ps - Vp - PsO0s VT — V(Vn — Vs) + UsV Vs
T — =0 as superfluid — . _ =0 as
Inertia pressure carries no add. term due to viscosity
gradient entropy compressibility Ns=0

with the definition of the material derivative Dv/Dt:

A'S
dt

Dv,

Dt

Ps, Pn. = superfluid and normal fluid densities
V,, V,, = superfluid and normal fluid velocities
N, = normal fluid viscosity

terms have unit force/volume

+ (V X vg) X v

)

0V v VAR
—2. and _ S| = S
+ <6x > VS <aX > V< Z L
~0 \ Y

the tensor derivative of the velocity vector

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

=>» Euler type equation for superfluid (if there are no vortices)

=>» detailed treatment including vortices: Gross-Pitaevskii equation

Superconductivity and Low Temperature Physics Il

www.wmi.badw.de

curl of the velocity (called vorticity)
disappears for irrotational flow (no vortices)
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I1.3.3 Two-Fluid Hydrodynamics

* basics on the hydrodynamics of a normal liquid:

— state of local thermodynamic equilibrium is defined by five variables

i. pressure p(r,t)
ii. temperature T(r,t)
iii. three components of the velocity field v(r, t)

— to determine these five variables, we have five equations (each linear in time)

i. two scalar continuity equations for mass density p and entropy density ¢ = ,,,p (0,, = entropy per mass)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

dp(r, t) da(r, t) Jo(r, ) = p(r, ) v(r, )
g~ V(@D ot~ V() Jo(r,8) = o(r, ) v(r, ©)

ii. three components of Euler’s equation for the mass current

a,(r,t)
T = —Vp(r,t)
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|

3.3 Two-Fluid Hydrodynamics

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

www.wmi.badw.de

basics on the hydrodynamics of a fluid composed of normal fluid and superfluid:

— state of local thermodynamic equilibrium is defined by eight variables

i. pressure p(r,t)
ii. temperature T(r,t)
iii. three components of the velocity field v, (r, t) plus three components of the velocity field v, (1, t)

— to determine these eight variables, we have eight equations (each linear in time)

i. two scalar continuity equations for mass density p and entropy density ¢ = ,,,p (0,, = entropy per mass)
Bp (l', t) 00(1‘, t) ]p(r; t) = ps(r,t) vg(r,t) + pp(r, t) vu(r, t)
—— ="V ], 1) —— ="V ] t) _ _
at at ]a(r: t) - U(I‘, t)Vn(I‘, t) - [pn(r; t)am] Vn(r; t)

(superfluid does not carry entropy, as condensate

.. . is associated with a single one-particle state)
ii. two vector equations for J ,(r, t) and v(r, t)

M = -V p(l' t) M - — i \v} ,Ll(l', t) 1 = chemical potential, depends on p(r,t) and T(r, t)
ot ' ot m
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I1.3.3 Two-Fluid Hydrodynamics

. : i i . ovg(rt 1
 derivation of expression of equation of motion for v, using VS;Z ) — _ — Vu(r,t)

— exact derivation of equation of motion of normal and superfluid phase is difficult
- we use approach following ,,Gedanken” experiment of Landau

— we are adding superfluid component at constant volume and consider change of inner energy

= the resulting operation only changes the mass of the superfluid component, no entropy and volume change)

d
dU = TdS — pdV + pdN = TdS — pdV + o dm = —V(u,dm) = F = dm—2
=0 =0 potentizrenergy dt
per mass

— since adding particles to the superfluid does not change the energy, we have

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

0 =TdS — pdV + py,d S WD g Ay vwr-lv
= —_ m — R — — =
— with % = % + v - Vg = % (neglecting quadratic terms in vg) we obtain

Ns g VT -2 > m®_svyr—vy

ot °m b P Mot~ P
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I1.3.3 Two-Fluid Hydrodynamics

* derivation of expression of equation of motion for v,,
— for the normal fluid component we obtain

alp d(pnVn + PsVs) vy 1 ps Vs 0V 1
ot ot P t t " Y

with % =0, VT —% Vp we then obtain

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

aVn 1 Ps ps 1 Ps Ps — P Ps 1
e vp-20, VT+2_Vp=—"20, VT + Vp=-"06,_ VT —=-Vp
ot Pn pn Pn P pn Pnp pn p
aVn pS 1 avn ps

ot pu T ph ™ot o p

— equations of motion
note:

—S =g VT - 1 Vp — = _ s VT - le the equations of motion are
at p at Pn p valid only for the linear regime !
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I1.3.3 Two-Fluid Hydrodynamics

* example: explanation of thermomechanical effect:

dv, - 1 v
— = 0. — —
g A B at m p p
% . dvg
2 T — in steady state: e 0
8 Ap 1
g l T+ 0=0, VT —; Vp
. AT
g T capillary or tube Ap = 6,0 AT = o AT
2 filled with powder m
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% 1.3.3 Two-Fluid Model

* two-fluid hydrodynamics can be used to understand sound propagation in superfluid helium

— first sound:
normal and superfluid component move in-phase: VU, = Vs v, = 238m/sforT = 0
P — second sound:
& : —_ Y1
3 normal and superfluid component move out-of-phase: p,v, + psvs = 0 V2 =537 137 m/sforT — 0
3 (Peshkov 1944)
g
©
) — third sound:  waves propagating in thin He films use two-fluid
hydrodynamics to
— fourth sound: compression wave propagating in a super leak understand this behavior

(super leak: very small opening or capillary, in which normal fluid
cannot move because of its finite viscosity)
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I1.3.3 Two-Fluid Hydrodynamics

* two-fluid hydrodynamics — sound propagation (1)

— in the two equations we have four variables: p, g,p and T = only two of them are independent, we choose p and &

— dependence of p and T on p and o can be expressed as

. . . %, . . d
_ — take time derivative of 22 = —V - J, and insert into L pv-Vv =—-Vp
g ot p ot T _
£ ~0
=
g d%p d] d%p
- P 2
5 _ _V ¢ —_— —V . —V ﬁ — = V
| dt? ot (=Vp) dt? 4
? L . . 3ds  d(po v 1
5 — elimination of terms with v, and v, in — = (gtm) = -V - (po,,) v, and a_ts =0, VT — p VP (cannot be observed experimental
: —> after some steps and neglecting higher order terms one obtains IV 1
S — =0, VI —— Vp
= 52 dt p
.‘é Gm pS
= EYS) = O',% V2T vy s - 1V
: i ot pam o
2
g
©
©

ap dp aT oT we insert relations into expression
op=|7) dp+|z—] Oopn OT=|=—] 6p+|=—] Oop 2p 2a,,
o o p

dp 0om) , for — and —
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I1.3.3 Two-Fluid Hydrodynamics

* two-fluid hydrodynamics — sound propagation (2)

— insertion yields 02 0 0 92
pz(p> V2p+<_19> 2o, 7 _ 05
. dt Pn

(aT) - +<0T) - ]
— | Vip+|5—] Vionm
ap - do,, )

2"d oder partial differential equations

— to solve these equations we use the ansatz (1D for simplicity)

S X X
< p = po+ p1exp |lw (t - ;)] Om = 0 + 01 exp |lw (t — ;)]
fg — inserting the ansatz yields
E [< v >2 : X < dp > <5p> ) with abbreviations
S — | — 1P EYR 2] 01 =
. v do 0
p linear system 1 m/p \OP/ 2 = (6_p)
5 of equations P/ o
- oT oT
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I1.3.3 Two-Fluid Hydrodynamics

* two-fluid hydrodynamics — sound propagation (3)

— constraint equation for coefficients

) -1 [G) | -G2), ), (), %),

— the r.h.s. can be rewritten by using known thermodynamic relations

C

2 2
(1) —1l- (1) — 1l = Cp — v Cp, Cy: specific heat at constant pressure/volume
Uq V> D

— for superfluid helium the difference C, — Cy is very small = we can use the approximation

2 2
aT
=) —1]-{(=Z) =1f=0 v12=(@) v§=&02<—>
V1 vz 0P/ 6 Pn dom o

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I1.3.3 Two-Fluid Hydrodynamics

240 A S — S

* two-fluid hydrodynamics: first sound

— propagation of usual sound waves with velocity v = v, is given by i
[ @ |l ﬁ\v\
g 2 2
g = W) (|22 0 if Oandoy =0 = | N
> — — | 01 = IT we set # Uando; = - |
g v p1t+ 60 ap 1 P1 1 < I \
: o oif ) &
2 | A.Van Itterberr \
s ey . IIN Ci 9, 291-296 (1958
? under these conditions we have VT = 0 as for a usual sound waves (first sound) il uovo timerjto ( )
2 i I =N
b d] ov 1 . T (K
S — from =2 = —Vp and == = ¢g,,, VT — = Vp we obtain (K)
8 dat dat p
2 240
E V, = Vs (acoustic mode) R T
g 235 | ey
|2 =>» normal and superfluid component move in phase (first sound) = 2307 %?\
g » density changes are adiabatic = o5t *,
§ » superfluid He behaves as usual liquid 990 | \
- » sound velocity v = v, = 238 m/sforT — 0

bo
<o

0.9 1.1 1.5 1.5 1.7 1.9 2.1
T(K)
L. Djadaojee, A. Douillet, J. Grucker, Jules, J. Low Temp. Phys. 203 (2021)
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I1.3.3 Two-Fluid Hydrodynamics

e two-fluid hydrodynamics: second sound

— ifweset p; = 0ando; # 0 we obtain temperature wave propagating with velocity v = v,

(), (3,7 +[) 1]~

2

? f a_p — 72 H —
- — from — = V<p we obtain Vp =0
E _ _ 0 - d] d(p, v, + pVe)
g — together with Euler’s equation Tp + pv - Vv = —Vp we obtain: p_ ZPn¥n T PsUs) _ 0
< ot — ot ot
g — since J, cannot be constant in a closed container 2> J, = 0
£ PnVn + psvs = 0 (optical mode)
=
(©)
‘ — velocity of the temperature wave
O

P oT p T

v =—o} <—> = =02 —, v, = 3—i ~ 137 m/sforT —» 0
Pn 00m), Pn = Cp 3
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1.3.3

E heat

€

z pulse

g substrate
s ™~
x

S

<

S e
o resistive
= heater

Q

=

= oT
2

©

4

&

[

Two-Fluid Hydrodynamics

He [l

——
— -

an

Diffusion

——
—-—
—
P~
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v
[

S

v, (m/s)

e two-fluid hydrodynamics: second sound — experiment

measurement of R(7)

O\ SC close
toT, -

7 250
é \
< 15t sound
>_‘ 200_
e
Q)
g 150 -
A 2"d sound
% 100 -
O (m]
UI') O
O 50+
5
150 I , ; ] HEsRaeans
% 0 1 I 1 |
0.5 1.0 1.5 2.0
TEMPERATURE (K)
100
50
0

0.0 0.5 1.0 1.5 2.0 Enns, Hunklinger,
temperature T (K) Low Temperature Physics, Springer (2000)
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I1.3.3 Two-Fluid Hydrodynamics

e two-fluid hydrodynamics: second sound — experiment

£ pulse experiment 140 ----1-—--1.,\ ‘ L 1 ' . I ‘ !

2 « phonons

> ST 120 + -
- | ocT*

% + . 1/\~ £ n, phonon

E 1.17K | .
:‘If E 80 —
E \_’./\-——J E’ p o eXp _ AI’O'[

Tg: 0.75K 60 n,roton /(BT .
% rotons strong

F 40 interaction 7
i 0.26K /

? > 2{] = I —
g ] i i 1 1 1 I i | 1

2 0 02 04 06 08 1.0 1.2 14 16 1.8 20 2.2
c T —Ty: T/K

—> collision probability increases
—> picture of elementary excitations no longer valid
-> vortex rings
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I1.3.3 Two-Fluid Hydrodynamics

* two-fluid hydrodynamics: third sound — thickness waves in thin helium films helium pump
— we already discussed the thickness of helium films on surfaces £ £
L ( —a >1/3 ) ( o >1/3 E_ _2
kgT In(p/psat) kgT(Inpsar — Inp)

=>» film thickness depends on pressure and temperature -

bath

1.2 K
=>» local periodic heating causes thickness variation propagating along surface U

_______/__/__\X\XYK_____\_ _______________ » viscous normal component is fixed at surface
» superfluid component oscillates freely parallel to surface

d
v v wave crest: surplus of superfluid = cold

V. V.
cold «—— hot —2 5 cold «—— hot —» wave valley: deficit of superfluid > hot

~ Coppersubstate sound velocity: vs ~ 10... 100 ms

detailed discussion complicated due to additional evaporation and condensation at surface

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I1.3.3 Two-Fluid Hydrodynamics

£ T T ! | T ™

: 1.0 *\%o:p\ _______/__’_3.\‘7/%_\_*_\__ _______________
s ~

: 0.8 \ oS d

g . Vs Vs Vs Vs
¢ — cold «— hot — 5 cold «— hot —>
S ~

; E 08 “He- ~ Coppersubstrate
s ~

N

p 2 1 3a p oT

g > O 0,44 cm 2 =% Ps (07

: = oD 123 P& p L

; 0.2 |- o Cm

= A 13 cm

= L = latent heat

g 0.0 | | |

: 12 14 16 18 20 22

temperature T (K)

Enns, Hunklinger,
Low Temperature Physics, Springer (2000)
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I1.3.3 Two-Fluid Hydrodynamics

e two-fluid hydrodynamics: forth sound — compression waves in superleaks

(super leak = very small opening or capillary, in which normal fluid cannot move because of its finite viscosity)

— only superfluid can move, whereas normal fluid is blocked due to its finite viscosity

— compression waves are not only density oscillations, but also oscillations of the superfluid density ps/p,,, the
pressure p, the temperature T, and the entropy o

:
2 o . 300 . ,
B — sound velocity (without derivation)
() i first sound
2 P P e,
vi = —vi +—v} . T~
I P P 200 |- N. -
: — ™
2 O 1
|2 = forth sound
g N
© < 100 |- i
(G) - .
o second sound

0 1 x

1.0 1.5 2.0 2.5

Enns, Hunklinger,
temperature T (K) Low Temperature Physics, Springer (2000)
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I1.3.3 Two-Fluid Hydrodynamics

* two-fluid hydrodynamics: heat transport

— example: mass flow V,, through capillary of diameter d:
» the normal fluid component flows from hot to cold side
» this mass flow is compensated by opposite flow of superfluid component

» due to different entropies of both components this results in a finite heat flow (limited by 1,,)

— mass flow I/, of normal component according to classical hydrodynamics

- 'g Ap Ny viscosity of normal component
Vo ="— A L: length of capillary
Nn

Ap: pressure difference

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— the parameter § depends on the geometry of the capillary: e.g. f « r* according to Hagen-Poiseuille law

— heat flow = mass flow times heat/mass: Q = p,,V,, - 6, = V,,aT

= VL r_, B . pT ,
On = Pn m Oml = pn% To-m with Ap = ppo, AT = Q, = T]_L (pnO'm) AT
n
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I1.3.3 Two-Fluid Hydrodynamics

* two-fluid hydrodynamics: heat transport

. BT ,
Qn = L(pnGm) AT

n

— experiment:

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

www.wmi.badw.de

heat flow is found to be proportional to § « d3 (for slit of width d)

A. Broese Van Groenou, J.D. Poll, A.M.G. Delsing, C.J. Gorter
Physica 22, 905-910 (1956)

heat flow (erg/s - K)

108

10

C oL Y

[N
[N
o
~—

h 1 10 micron 10?2

| capillary diamter (um)
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I1.3.3 Two-Fluid Hydrodynamics

e two-fluid hydrodynamics: momentum flow associated with heat flow

— momentum flow (momentum / area and time): p vV - Vv

«— Wire support _
heater — resulting pressure on heat source:

D = PpVf + psvé

‘He

— with heat flow per area:

— recoil Jn =pon T vy

— and the fact that there is no mass transport,
T lens P

PnVn + psvs =0,
we obtain pressure

(fixed position)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

glas plate Newton’s rings D= Pl _ Ji
pspT?ay,  v3 pCpT

heater generates normal fluid: phonons and rotons
radiation to the left

recoil to the right

measurement of displacement of the glas plate via
Newton’s rings between glas plate and lens

VVVYVY
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1.3.3

Two-Fluid Hydrodynamics

e two-fluid hydrodynamics: momentum flow associated with heat flow

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

www.wmi.badw.de

‘He

heater

glas plate

2 2
_ pidn Tk
| P pepT262 ~ vZpC,T
«—— Wwire support PspL“0m VU Plp
1 2.0 | T T T
P :TA
4 I
He-ll ® 022 |
— recoil 1.5 m 022 |
0 0,40 |
T lens A 0,52 |
(fixed position) 0 0.75 ]

Newton’s rings

o
(6]
]
o

.

FA/B Q% / 10°°Nm°W™
>
[

;?f.

0.0 | | [

1.4 1.6 1.8 2.0 2.2
Enns, Hunklinger,

Low Temperature Physics, Springer (2000) temperature T (K)
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Contents Part I: Quantum Liquids

Contents:

I.1 Foundations and General Properties 1.4 Vortices
1.1.1 Quantum Fluids [.4.1 Quantization of Circulation
.L1.2  Helium 1.4.2  Experimental Study of Vortices
1.1.3 Van der Waals Bonding
1.1.4 Zero-Point Fluctuations 1.5 3He

1.1.5 Helium under Pressure

5. rmal fluid 3H
1.1.6 pT-Phase Diagram of “He and 3He : 2 ; nol'd :]H - dd Pe huk effect
1.1.7 Characteristic Properties of *He and 3He e >0 © and romeranthtlic etiec

1.1.8 Specific Heat of “He and 3He 1.5.3  superfluid *He

1.2 %He as an Ideal Bose Gas 1.6 3He / *He mixtures

1.2.1 Bose-Einstein Condensation

1.2.2 Ideal Bose Gas

1.2.3 Bose Gas with Interactions

1.2.4 Bose-Einstein Condensation of *He

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

1.3 Superfluid *He

1.3.1 Two-Fluid Model
1.3.2 Experimental Observations
1.3.3 Two-Fluid Hydrodynamics

1.3.4 Excitation Spectrum of “He
www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 197




I1.3.4 Excitation Spectrum of Superfluid 4He

* important question: Does the formation of a condensate automatically result in superfluidity?
Does an ideal Bose-Einstein condensate show superfluidity as superfluid *He?

Answer: Structure of the excitation spectrum is crucial for observability of superfluidity
(Lev Landau, 1947)

— note:

» we have used a phenomenological two-fluid model to describe superfluid current density in *He-ll

h
Jp(1) = o — VO(r) = novs (r)

~—————
Vg

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— still unknown:
> is there a maximum value for the superfluid velocity v ?
> if yes, what determines the value of v, ?

» is there a qualitative difference between a condensate of a non-interacting Bose gas and an interacting
Bose gas ?
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I1.3.4 Excitation Spectrum of Superfluid 4He

* Gedanken experiment by Lev Landau

— what happens, if we move an object (e.g. sphere) of mass M at velocity v; through the condensate/superfluid ?
- at T = 0, the deceleration of the object is possible only by the generation of excitations
— at which velocity can the moving object generate an excitation of energy E, and

momentum p = hk ?

— with velocity difference v; — vy of object we obtain
(energy and momentum conservation):

1
EPZEM(viZ—vf) p=M(vi—vf)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— elimination of vy yields

1 1 E,

Landau
e e = o e ()| = I
Ep=p- Vi~ P 0<M> —> VL mm{|p|} critical velocity

» there may be a minimum value of v; for which the equation can be satisfied

v; = smallest v; for momentum p of
> mass of object can be large = we can neglect 2" term on rhs L L P

the excitation parallel to v;
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I1.3.4 Excitation Spectrum of Superfluid 4He

* Gedanken experiment by Lev Landau E,=p- V- %pz =p-v,—0 (%)
— for free bosons: E;, = p?/2m  (m = mass of the boson) ' {Ep}
VUV, = miny—
) : - pl
equation always satisfied for cone of momentum
om P Vi vectors |p| = 2mv; cos 9, where 9 = £(p, Vv;)

=>» object (e.g. a sphere) moving in superfluid can always transfer momentum to superfluid and is

thereby decelerated = v; = 0

ideal Bose-Einstein condensate of free (non-interacting) bosons with
dispersion E,, = p?/2m does not show superfluidity !!

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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I1.3.4 Excitation Spectrum of Superfluid 4He

v, = Landau critical velocity

vy, = min(vpn ) min(vpy,) = 0 for free bosons

. .. - . 1
motivation for Landau critical velocity E,=p-v;— sz ~ p-v,
— deceleration of moving object by generation of excitations with energy E,, only — min{EP}

2 L = _

S possible if ;—m = p - v; can be satisfied Pl

g 0E,

E — E, = hw = op PT hv; -k = hvik cos9 < hv;k how to obtain the blue dispersion curve ??

: (s S

g \4 dispersion of

2 > , free particle

é v = = Vph Vpn = Phasengeschwindigkeit {',g )

2

©

no deceleration of object, if v; < v,

Laudau:

in order to have a superfluid, we need a dispersion
relation differing significantly from that of free
bosons ! p = hk

v, = 0 for free particles !!

»
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I1.3.4 Excitation Spectrum of Superfluid 4He

. . . . . dispersion relation must deviate
» excitation spectrum of superfluid 4He: historical aspects (1 from that of free bosons. E. —
' =p

p?/2m, as in this case v, = 0 !!

Nikolai Bogoliubov (1947):
- interaction effects drastically change the nature of elementary excitations
collective excitations (many particles move at the same time)
- even for weak repulsive interaction: £, = ¢ |Ip| (phonon-like dispersion)

Lev Landau (1947) and Richard Feynman (1953):
—> discussion of situation for superfluid *He (stronger interaction)
—> postulation of the following excitation spectrum (phonons and rotons):

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

(i) small p: }?i_f}g) E, = c|p| phonon-like collective excitations
. . (Ipl = po)? roton-like collective excitations
(ii) higher p: lpl|1_r)r2190 EP = Aror + 2M ot (finite energy gap Aot for excitation)

expression ,roton” used by Feynman due to analogy with ,,smoke ring”, since it is connected with a forward
motion of a particle accompanied by a ring of back-flowing particles
=» however: detailed nature of rotons still not clarified
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I1.3.4 Excitation Spectrum of Superfluid 4He

interacting Bose gas
- finite stiffness
- solid like excitations

 excitation spectrum of superfluid *He: historical aspects (2)

weak interactions:

phonons
[Bogoliubov, 1947]

strong interactions:
phonons and rotons
[Landau, 1947, Feynman & Cohen, 1957]

(Ipl = po)?
2Mpor

E, A, = Bt

rotonis /

NN EEN B B B NN N . e

zlaig(l)Ep = 5| p|

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

|
|
|
phonons i
I

0 Po P
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I1.3.4 Excitation Spectrum of Superfluid 4He

 excitation spectrum of superfluid *He: historical aspects (3)

Richard P. Feynman:
(from: ,The beat of a different drum“
Jagdish Mehra, 1994)

‘g

§ ,| cannot remember, how it happened.

N | was walking along the street... and

g zing! | understood it!“ ...

= 0.5 .
fg .. ,But of course, that is just what liquids o

< must do. If you measure X-ray diffraction, 30l 2 N .
E then because of the spatial structure of ¢ F

s the liquid, which is almost like a solid, L 200 . .
© there will be a maximum corresponding °;

5 to the first diffraction ring of the X-ray S '° x i
- pattern! That was a terriffic moment!“ . o o
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I1.3.4 Excitation Spectrum of Superfluid 4He

 excitation spectrum of superfluid *He: plausibility considerations

physical interpretation of the phonon and roton part of the excitation spectrum

3
PRS- 2
@@959 &

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

roton
* wavelength A = 2 /k > atomic distance * wavelength A = 2 /k = interatomic distance
* coupled motion of group of atoms * central atom moves forward while closely packed neighbors
(like for acoustic phonon in solid) move (backward) out of the way in circular motion (like

smoke ring)

in both cases we have collective excitations with dispersion E,,(k) = quasiparticles
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I1.3.4 Excitation Spectrum of Superfluid 4He

 excitation spectrum of superfluid *He: measurement by inelastic scattering experiments

2001
a — experimental study:
<
N ______ — — —
N inelastic neutron scattering
Q . .
S (coupling to density) 50+ maxon |
E I
= — experimental parameter: = !
2 ~ I I5F
(<=}
T A o _ m l 3
2 —rot — 861K, 2=192A"1 m, =0.14my, o~ 100} : =
E kB h ~— o _ A - - 2 10}
B Q rot ™
§ TABLEIV. Zero pressure roton parameters (this work) compared L4 roton Lqp"
© to previous results: Woods ef al. [58], Stirling [14,62,64], Andersen I 5|
@ etal. [68-72], Gibbs eral. [73,74], and Pearce etal. [76]. ApatP =0 °_1
5 (shown below in italics) is taken from Refs. [62,64] in our instrument 50 1 ! p/ h (A )
o calibration procedure. phonon I — D
- | p 1 2 3
Ap(meV)  kx (A7) e 0

This work 0.7418(10) 1.918(2) 0.141(2) 0.0 . L i N B L —_— .

Woods 1977 0.7426(10)  1.926(5)  0.126(30) 0.0 1.0 2.0 3.0 4.0

Stirling 1991 0.7418(10) 1.920(2) 0.136(5) 2 -1

Andersen 1992-1994 0.743(1) 1.931(3) 0.144(3) p/h (A )

Gibbs 1999 0.7426(21) 1.929(2) 0.161(4)

Pearce 2001 0.7440(20) 1.926(-) 0.166(10)

R. J. Donnelly, J. A. Donnelly, R. N. Hills, Inset:
J. Low Temp. Phys. 44, 471 (1981). L. D. Landau, J. Phys. U.S.S.R. 11, 91 (1947).

H. Godfrin et al., Phys. Rev. B 103, 104516 (2021)
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I1.3.4 Excitation Spectrum of Superfluid 4He

 excitation spectrum of superfluid *He: measurement by inelastic scattering experiments

4

—
o

Liquid helium excitation spectrum S(Q, zZw) from
inelastic neutron scattering measurements.

O
o

Main panel, excitation spectrum in 4He for 1.5<T < 1.8 K.
Data for wave vector Q =2 2.3 A1 are reproduced from ref.
13, data at smaller Q are from C.L.B. and S.-H. Lee,
unpublished results. Solid black line, dispersion from ref.

13; red circle with cross, spectrum termination point at Q =
Q. and 7w = 24. White line, Feynman—Cohen bare

dispersion in absence of decays; horizontal red line at o =
24, onset of two-roton states for iw = 2A4. Inset, excitations
0.2 near termination point, at Q = 2.6 A1 = Q, for several
temperatures.

[=)
o
S(Q, fiw) (meV-1)

0.4

Q (A

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

Quasiparticle breakdown in a guantum spin liquid
Matthew B. Stone, Igor A. Zaliznyak, Tao Hong, Collin L. Broholm and Daniel H. Reich
Nature 440, 187-190 (9 March 2006)
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I1.3.4 Excitation Spectrum of Superfluid 4He

* excitation spectrum of superfluid *He: qualitative understanding

- l l , l l ’,t l
_ periodic crystal: experimental data w
S 16 .
B k and k + G are equivalent ol
8 [ * | linear
£ 12 * \ chain -
= liquid: — : * x :
g : . — | I *x % | .
2 only short distance ordering ~— I \ |
E, =>» a becomes smeared out x g l ' \
s =» also G = 2m/a is smeared out \Q ' \ G / =:
?, - N\
‘ \ !
: a=36A>> 2m/a~18A4"1 n/a !
(reasonable agreement) ' : :
O L s L L P
0.0 0.8 1.6 2.4 3.2

p/h(A")

TATAY
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I1.3.4 Excitation Spectrum of Superfluid 4He

!
* excitation spectrum of superfluid *He: qualitative understanding S{'
I .
S/ aver. solid
S
0) r 3 8 P

smearing of G = 21 /a
- modelling by average solid + continuum

other liquids:
- rotons strongly damped

» K

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
o

superfluid He: 0 (n/a) (2m/a)
—> no damping, since there are no 0.6 (e
single particle excitations ' o Ar 120K
0.5 oooo oo ® He 4.2K g
e critical velocities: 04k or e/, % | % He 2.3k
> v, = 238 m/s for phonons T L
» x
2> v, = 60 m/s for rotons = 0.3F ox * o ©
g “x maxon roton
S o2t .
0.1F S s Teto |
. )
measured v, usually smaller 0o ¢ ° e
o C o . T S N U U NSNS W~ W S VN WS
= excitation of vortices 00 05 10 15 20
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I1.3.4 Excitation Spectrum of Superfluid 4He

* measurement of Landau critical velocity 5 : l : . :
s
o
o
o
measurement of drag . o |
= - o)
g . . 4 _ 4
S on ions in “He-ll — 4.0K e
3 "2\ o
] =» no generation of excitations S, o
g forv <wv, Q 3 i
Sl 0
g = no friction > 035K " ¢
g O o
£ — o
E S 21 °
© o
@ O
5 key result: 0
o
1+ o -
there is a finite Landau critical v, ~ A5 m/s | 0
velocity in “He-Il! ‘E ©
1
0 I L | ! kj
0 20 40 60
The breakdown of superfluidity in liquid 4He : an experimental test of Landau's theory
D. R. Allum, Peter V. E. McClintock, A. Phillips, R. M. Bowley V> (m/S)

Philosophical Transactions of the Royal Society of London A 284, 179-224 (1977).
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1.3.4

 excitation spectrum of superfluid *He: pressure dependence

e average distance a becomes smaller

e He becomes harder
—> sound velocity increases

e ordering increases
—> roton gap decreases

v(THz)

0.4_
0.3
0.2
Ol

00

Excitation Spectrum of Superfluid 4He

/7 :
SFREE “He ATOMS

7 (y=0126 Q%)

I 1 1 1 |

-

05

Superconductivity and Low Temperature Physics Il

1.0 1.5 20
Q (A™)

25
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I1.3.4 Excitation Spectrum of Superfluid 4He

 excitation spectrum of superfluid *He: pressure dependence

g(A™1)

10
ke s * ' ' I The experimental INS phonon-roton curve for
z Liquid para-hydrogen molecular para-hydrogen at T = 15.7 K. The
g 8 - Temperature 15.7 K 0 filled symbols (inverted triangles, diamonds
E X and crosses) depict data measured at
g S 6 { 0 ~ 1 different spectrometers and the open circles
= = % ° } L © with a dot show the simulation results.
S ~— - | =0
. T P |
g S 41 !{I}% ¥ © =
8 % 2 OiF
= »
E 2 ‘& - il
% (o]
E. o
£ ! | l l 1
= 0 0.5 ! .S 2 2.5 3

J. Dawidowski, F. J. Bermejo, M. L. Ristig, B. Fak, C. Cabrillo, et al., Phys. Rev. B 60, 15154 (1999).
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I1.3.4 Excitation Spectrum of Superfluid 4He

s

3 12 | -
@©

£

>

g

S 10 | -
£

g

g —

a > 08 -
- O

S E

(=] —_— =

< 2 0.6 | P=0 -
3 S P=0.5

g & ——P=1

2 04 |- —pP=2 -
£ P=5

- 02 | ——P=10 -
g ——P=24

g

é OO 1 1 1 N | 1 1 1 1 | 1 1 1 1 1 1 1 1 1 |

S 0.0 0.5 1.0 1.5 2.0

© Wave-vector (A7)

S

- FIG. 17. Dispersion curves €(k) measured for several pressures

in the 0 to 24 bar range. The individual data points are represented

by small circles (best seen on-line). Accurate values for the pressures H. Godfrin, K. Beauvois, A. Sultan, E. Krotscheck, J. Dawidowski, B. Fak, and J. Ollivier

are given in Table L. Phys. Rev. B 103, 104516 (2021)
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I1.3.4 Excitation Spectrum of Superfluid 4He

 specific heat of *He revisited

deviations from ideal Bose gas are
experimental result for “He | expected due to finite interactions
3 / = collective excitations: phonons, rotons
He i - c,(T)d ined by f f
. etermine reeze out o
superfluid ’ Y

ideal Bose gas phonons and rotons at T < T},
D

2"d order phase transition is expected for
interacting Bose gas

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

He |
: =>» however, no jump of C, at T = Ty is
normalfluid observed, as expected for 2" order phase
. 1 L l - transition
1.5 2.0
T/Tl
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R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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1.3.4

* specific heat of *He revisited: temperature dependence below T ;

. T <0.6K:
in this temperature regime the dominant excitations are
long wave length phonons

CV,ph o T3 (corresponds to Debye model in solid state physics)

Cy _ 2 m?kg V

M 15 h3v3 M
Cvph _ 2 m’kgV 53
M 15 A3v3 M

T3 single crystal, for single acoustic phonon branch

phononic specific heat of “He-l

thermal conductivity:

k== Cyvf==Cyv f(d) xT3

3 \3
absolute value of k depends on details:
e.g., k « d3 for flow through narrow slit of width d

if £ =~ d (sample dimension, Casimir regime)

Superconductivity and Low Temperature Physics Il

C, (mJ/mole K)

Excitation Spectrum of Superfluid 4He

103 T T T T T T T TS
F d
5 00 4
2 3
10°F ¥ 3
101 3 :.0. E
F 27.579¢m® ]
[ (V.P.) ]
o
1 OO E ooo -
- E o° . 3 3
C c,z:)':' o 23.553cm 3
i ooo°° Iy (~22bar)
-1 i oooo ....
10 3 & o E
X ° .'. ]
o @
L o°° ..o .
2 [ ° i
107 & e
E o ]
10'3 | } ] TR W T B T
005 0.1 1
T (K)

Specific Heat and Phonon Dispersion of liquid “He
D. S. Greywall, Phys. Rev. B 18, 2127 (1978);
see also Phys. Rev. B 21, 1329 (1979)
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I1.3.4 Excitation Spectrum of Superfluid 4He

* specific heat of *He revisited: temperature dependence below T ;

. 0.6 K<T<1.2K:
in this temperature regime the dominant excitations are rotons,
number N of rotons increases with T = thermal activation

Cyp &« Np iexp (— Amt)
V,R R \/T kBT

.  1.2K<T<T;:
- lifetime broadening of roton states comparable to Aot
- additional excitations
- more complicated behavior

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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I1.3.4 Excitation Spectrum of Superfluid 4He

* normal fluid density

— within two-fluid model, the normal component can be considered as formed by the excitations out of the
ground state (quasiparticles)

=» normal fluid density is determined by phonon and roton density

— temperature dependence of phonon and roton density is given by

1
Prph = % J Dph () nph(E' T) dE Nph, Nrot = OCcupation probability

Dyh, Drot = density of states

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

1
Pnyrot = V J Dyot (E) nyot(E, T) dE

experimental parameter:

rot

— after some math Ty 8.61K
Zﬂzkg T4 ng Mot ( Ar‘ot) p—; = 1.92 A1
Pnph = 7 -73.5 Pn,rot = exXp\ —
45h3vph 3h° (27‘[)3kBT kgT Mo = 0.15 my,

Vph = 238 m/s
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I1.3.4 Excitation Spectrum of Superfluid 4He

* specific heat of *He revisited: temperature dependence close to T ;

experiment:
120 space experiments -+ second order phase transition with logarithmic singularity

i L theory of phase transitions:
8. — 100 -
E X | £ g4l T itht = — — 1
z O Cp=a—+b—7(1—c—t +) wi T,

5 _|
3 g 80 a =~ —0.0127 + 0.0003 (critical exponent), § = 0.529
E = ; at, b%, ¢t = constants (agree well with 3D XY universality class)
© O L s
= O
M 60 _ note that t™® = exp(—alnt) = 1 — alnt,sincealnt < 1
(% b o - +
= T—-T, Y + t b= +

. . - = C, x b+ = —b*Int
40 F Cy < In ] . p a a
. \‘ o
2 [ a ] a L 2 . a1l . q
1 0_,10 1 0—8 1 0—6 1 0_4 1 0_2 T, depends on pressure, i.e. on the filling height of the He container
- results in an experimental broadening of the cusp
T 1 =» presicion experiment in space shuttle

Specific heat of liquid helium in zero gravity very T_ - o ) ) )

near the lambda point y  deviations also appear, if the size of the container becomes smaller than

J.A. Lipa et al., Phys. Rev. B 68, 174518 (2003) the coherence length, which diverges at T;
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I1.3.4 Excitation Spectrum of Superfluid 4He

* specific heat and thermal conductivity of “He revisited: temperature dependence close to T ;

120 0.10

Log-log plot of thermal conductivity vs reduced
temperature above the lambda point. Filled circles: data,
curve: theory model.

Averaged data close to the transition. Line shows
the best-fit function.

s &

=3

£ < 2

B o 100 =

a o) =

. £ S

3 2

g o 8 0.01}

5 s |

80 =

£ @

5 L

< =

sll.l L 1 1 -5 P .....l_8 P ......._7 A .....l_6
E -0.2 0 0.2 10 10 10 10
: T-T, (K) T, -1

©

Specific heat of liquid helium in zero gravity very near the lambda point
J. A. Lipaetal.,, Phys. Rev. B 68, 174518 (2003)
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Contents Part I: Quantum Liquids

Contents:

I.1 Foundations and General Properties |:> 1.4 Vortices

1.1.1 Quantum Gases & Liquids [.4.1 Quantization of Circulation
1.1.2 Helium 1.4.2  Experimental Study of Vortices
1.1.3 Van der Waals Bonding
1.1.4 Zerg-Point Fluctuations 1.5 3He
1.1.5 Helium und.er Pressure 151 normal fluid 3He
1.1.6 pT-Phase Diagram of “*He and 3He 3
1.1.7 Characteristic Properties of *He and 3He .5.2 solid *He and Pomeranchuk effect
1.1.8  Specific Heat of 4He and 3He 1.5.3  superfluid *He
1.2 %He as an Ideal Bose Gas 1.6 3He /*He mixtures
1.2.1 Bose-Einstein Condensation
1.2.2 Ideal Bose Gas
1.2.3 Bose Gas with Interactions
1.2.4 Bose-Einstein Condensation of “He

1.3 Superfluid *He

1.3.1
1.3.2
1.3.3
1.3.4
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Two-Fluid Model
Experimental Observations
Two-Fluid Hydrodynamics
Excitation Spectrum of “He
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Vortices
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1.4 Vortices

* vortices in superfluid “He

» in the discussion of the two-fluid model, we assumed the absence of turbulenceinJ;: = VX v, =0

» 1941: Landau proposed to check this assumption in experiments with superfluid He in rotating containers
» 1949: Onsager predicted the appearance of vortices in rotating superfluid He

» 1953: Feynman noted that circulation in superfluid *He should be quantized

» 1961: first experimental proof of quantization by Vinen

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

=>» quantized vortices in superfluid *He in the same way as in superconductors (flux lines)

=>» difference: superfluid “He is not charged, neutral circulation

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 226



I1.4.1 Quantization of Circulation

* vortices — nomenclature and some definitions ',
A
— ideal vortex in z-direction at positionr = 0: VXv(r) =T:8(x) - 5(y) ] J
- — circulation I
b Vxv(r)dA = f v(r) - dr =T’ = const. v, ov,]
Z A / S I |0y 0z ’
] dv, 0Jv,
5 _ , Vxv=||=2--2|y
2 Stokes Thomson circulation theorem |6z ]
a [0v, O]
s ox  oy|”
3 . . .
— ifAisacircle,then I =2nr-v 4

: v Yo 1022
5 . r . rdp odz| "
2 and Vp =5— € N . 0v,],

V= oz or |

. e 1[0 ovy| |
note that V X v, = 0 apart from the vortex core infinite range 13, (rvp) —%I 2
=» for superfluid He: circulation I' is quantized Vortex core r
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R. Gross © Walther-MeiBner-Institut (2004 - 2024)

I1.4.1 Quantization of Circulation

* description of superfluid component by a macroscopic wave function

(as done in superconductivity for electronic system: charged superfluid)

Y(r) = l/Jo(l')ele(r), |1/J0(l')|2 = ny(1), Ny = J|1/Jo(l‘)|2 d3r ng = % = particle density in condensate

— phase is related to velocity v, (r) of superfluid:

J,(r) = ng - VO(r) = ngvs(r)  current density — phase relation (as in superconductivity)

He
T v v, = superfluid velocity, n, = superfluid density
B h qs h qs
— analogy to superconductors Jo(r) = nyq, [—VO(r) ——A(r) v.(r) =—VO(r) — —A(r)
¥ms mg mg s
Vs
superfluid He is uncharged: g, = 0 ve(r) = Vo (r)
Mye
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I1.4.1 Quantization of Circulation

* circulation of superfluid component

h
F=fvs(r)-dr= fve(r)-dr= 2mn = ‘n
J Mye J Mye Mye
= = K

=2mn
=>» circulation is quantized in units of h/my. = K (vorticity)
=» quantum number n corresponds to topological winding number

(counts the 2w windings along a closed contour)
— generation of vortices by rotation:

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

angular frequency Q =T'/A & magneticfield B = ®/A
Coriolis force F ., = 2myeVs X ) & Lorentz force F, = g,v, X B

there is a critical angular frequency Q.pt in
analogy to the critical field B4 in superconductors

ZmHeQ L= qSB

. 21TRV 1 m
for circularvortex: T =2nrv, = Q... ="—=%t~ 5= forR =10cmand vy =~ 45—
(0] crit TTR2 S L S
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I1.4.1 Quantization of Circulation

e consequences of macroscopic quantum description of superfluid

— superfluid velocity:  vg(r) = Vo(r) = Vxv(r) =

He Mmye

VXxVo(r) =0
=0

— 35 vir)-dr=T=0 an uncharged superfluid cannot rotate homogeneously

— experimental observation:

» if we rotate a cylinder filled with superfluid “He at angular frequency w, the surface of the superfluid

does not stay flat but shows curvature due to centrifugal force

2 A
parabolic radial height profile: z = (;—g r? Us

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

» apparent contradiction is caused by the presence of vortices
x 1/r
» V X vi(r) = 0 is satisfied apart inside the vortex core at r = 0:
in vortex core:
macroscopic wave function |14(0)|?> = 0, phase 8 is not \
defined, superfluid density J; = nyv, = 0

v

vortex core
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I1.4.1 Quantization of Circulation

* some estimates (1) Vo

— magnitude of the superfluid velocity (in circular vortex)

x 1/r
F=fv(r)-dr=

n = 2nr Vg

Mmye

v

—> v, = Mie N 2mr T - vortex core

o1 K 1.5% 10°8 [m] \
= n

S

— radius 1y, of vortex core (defined by the radius at which v, exceeds the Landau velocity)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

h 1 K . forn =1and vy = 452 = critical (Landau) velocity for
C—) Ty = n = n~3A _ s
Mye 2V, 2TV roton formation

— energy of vortex is proportional to v(f,

Ey = Exjp X K% o« n? =>» it is more favorable to generate two vortices with n = 1 instead

of a single vortex withn = 2
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I1.4.1 Quantization of Circulation

* some estimates (2) Vo |
— energy per unit length of vortex
(circular vortex in cylinder of radius R, p is assumed constant) «1/r
2T R R
EV 1 2 1 K 2
7 =3 jdgo jv¢rdr:§2npj(z—wn) rdr \
0 Tvc Tvc >
, vortex core r
Ev 1p , , (R 1 (h/mye) R
— L= In|— ) == 21n| —
L 22 VMR T 2P 2 T G

— energy of two parallel vortices at distance d > 7,

Ey(d 1
— v(d) _ ~ L ok2n2n
L 221

R?2 vortices repel each other as energy increases with decreasing d
- d (decreasing mutual cancellation of their velocity fields with decreasing d)
VC

d

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

— anti-parallel vortices attract each other
(due to the increasing mutual cancellation of their
velocity fields with decreasing d)
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I1.4.1 Quantization of Circulation

* how many vortices are there in thermal equilibrium ?

— excitation energy = Ey;, should be as small as possible for large number:

- minimum v, - >n =1
- minimum length - vortex rings
- smallest ring - atomic dimension

— vortex still macroscopic object

= Ey >» kgT exceptforT ~ Ty

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

- momentum is large =» critical velocity v, = E / p is small for vortex rings

— critical velocity v, is determined by excitation of vortex rings
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1.4.2 Experimental Study of Vortices

first experiments by Vinen in 1961

 cooling down a rotating *He container below T ;

The detection of a single quantum of circulation in liquid helium I,
W.F. Vinen, Proc. Roy. Soc. (Lond.) A 260,218 (1961).

=

3 > aboveT;: | |

% rigid rotation | |

z |

: weak circulation strong circulation
2

s

©

g > belowT;: | _ flat surface |

o

1
penetration of circulation

-screening of circulation
O < Qi
crit ,Mixed State”

»Meifner State” 0> chit

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 235



1.4.2 Experimental Study of Vortices

* what is the density of vortices inside the container ?

— circulation at the edge of the container with radius R:

= jﬂ v(r) - dr = 27R v(R) = 2nR QR = 27 R2Q
S

— circulation must be equal to number of vortices Ny, X vorticity k X area TR?

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

['= Ny k TR* = 2mR*()

_ZQ_ZmHeQ_mHeQ - 20
7k h - 7h
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1.4.2 Experimental Study of Vortices

rotating cryostats

(A)
(b)

E A (1 =
8 Rotating
S unit
S
S
z
5
c
2
g g

o~
a - (H
=
E (©
© ] i
S
© — LI
e (1)

\ 4

Fig. 1 a Schematic vertical section of the rotating cryostat: (a) Steel frame, (b) rotating o-ring seal, (¢) ball
bearing, (d) aluminum/FRP dewar, (¢) 1K cryostat insert, (f) sample space, (g) instruments, (/) duralumin
round tables, (i) slip ring for power supply, (j) AC servomotor, (k) GPIB-USB interface and wireless USB
device server and (/) wireless LAN access point. b Photograph of the rotating cryostat (Color figure online)

A Compact Rotating 1K Cryostat for “He Studies
Takahiko Makiuchi, Satoshi Murakawa & Keiya Shirahama
J. Low Temp. Phys. 187, 633-638 (2017) http://Itl.tkk.fi/research/applied/rotating3he.html
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1.4.2 Experimental Study of Vortices

* imaging of vortices in superfluid *He

» He is covered by electrons
» electrons are trapped in vortex cores
» on applying an electric field, electrons are () (b) (©)

extracted to fluorescent screen

pattern and .
camera are
rotating (e) (f) (8)

(i) 1) (k)

E.J. Yarmchuk, M.J.V. Gordon, R.E. Packard, Phys. Rev. Lett. 43, 214 (1979)
E.J. Yarmchuk, R.E. Packard, J. Low Temp. Phys. 46, 479 (1982)

(d)

(h)

T = 0.1K

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

pinning of vortices
at bottom of
container

()
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1.4.2 Experimental Study of Vortices

Formation and decay of a
vortex lattice. The condensate
was rotated for 400 ms and
then equilibrated in the
stationary magnetic trap for
various hold times. (A) 25 ms,
(B) 100 ms, (C) 200 ms, (D)
500ms, (E)1s,(F)5s, (G) 10
s, and (H) 40 s. The decreasing
size of the cloud in (E) to (H)
reflects a decrease in atom
number due to inelastic
collisions. The field of view
isabout 1 mm by 1.15 mm.

R. Gross © Walther-MeiRner-Institut (2004 - 2024)

Observation of Vortex Lattices in Bose-Einstein Condensates
W. Ketterle et al., Science 292, 476 (2001)
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A sheet of laser light Quantized vortices arrange themselves in a triangular A still image captures the vortex lattice along the axis
lattice pattern. of rotation in a vat of superfluid helium. A perfect

lattice is not observed due to waves and other
boundary effects.

illuminates frozen hydrogen
particles trapped on vortex
cores, which are then
captured on video.

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

https://engage.aps.org/dfd/resources/virtual-pressroom/2009-pressroom/language-papers-2009/tornadoes
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1.4.2 Experimental Study of Vortices

* generation of persistent current

— rotatea normal fluidatT > T,

— cool down the rotating normal fluid to T < T; =@ the rotation is frozen in and does not decay

e generation of circulation jumps or phase slip events

— start with a non-rotating fluidatT < T): k=0, n=0

— rotate the cylindrical vessel containing the fluid:
=» normal fluid rotates at the speed of the vessel
=>» superfluid stays in rest

— reduce the temperature:

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

=» more and more particles of the normal fluid enter the superfluid
=>» the lost angular momentum is transferred to the superfluid, which starts to rotate

=>» the circulations and the vorticity k do not change continuously but in jumps of h/my,

=» jumps are associated with additional vortex corresponding to phase change of 2 called phase slip

=>» phase slips correspond to transition between two guantum states with different quantum number n
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R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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* basic properties of 3He

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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p*T ptl nT nl

eT el

boson

p*T ptl nT

eT el

fermion

3He has spin %4 =» Fermion

fluid 3He: interacting Fermi gas - Fermi liquid (ideal non-interacting Fermi gas with finite interaction)
- theoretical description by Landau (1956-1958)

L.D. Landau, Soviet. Phys. JETP 3, 920 (1957)
L.D. Landau, Soviet. Phys. JETP 5, 101 (1957)

solid 3He shows nuclear magnetism

=>» due to different quantum statistics:

liquid 3He has completely different properties than liquid *He
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I.5.1 Normal Fluid 3Helium

* first approximation: description by an ideal Fermi gas (non-interacting Fermions)

1

— Fermi-Dirac distribution: flex) = €
oo

1'0 \s{o W' e | kyT - 200

0.8 O
\ degenerate
0.6 \2 \

0.4 : ] ~

/
%

/

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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/

i 05 ]
0.2 T
— 0.9887-T \
\ \ . F
Boltzmann
0.4 0.8 1.2 1.6 2.0
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I.5.1 Normal Fluid 3Helium

 ideal (non-interacting) Fermi gas 1.01 . - 72 [ T\?
' T)=¢g|l——|—
| 60 L /\ Maxwell-Boltzmann 17 i |
60 ‘ Maxwell- o / \ f 1.00 -
S Boltzmann \ - L \ T 1
< 50 T 40 \ i “ \ '
§, X % 30 \\ -' = 1 | \
E <40 20 1 099+ — for metals: R
7 ~ 1] i |
_i zZ \ 10 \\ Fermi-Dirac I T/TF ~ 0.01
é 530 0 . — 1 _ =» at room temperature u(T) =~ &g
2 0 2 4 6 8 _ J J J
5 20 =/ keT 0.98 —— - - - -
< _ \ e ] 0.00 0.02 0.04 0.06 0.08 0.10
g 10 \ Fermi-Dirac TIT,
: o L— — [ [ ]
= 0 10 20 30 40
el kgT

_ d
N = j D(e)f () de d_’Z — D(&)f(e)
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I.5.1 Normal Fluid 3Helium

 ideal (non-interacting) Fermi gas

21,2 2
&f = 15 — L (3m%n)?/3 Fermi energy

2m 2m
Ty = €p/kg Fermi temperature ,

N = particle number

Ap = 21 /kp Fermi wavelength n = particle density [1/m?]
Vg = PE _ % Fermi velocity

m m

m = my,islarge & expected Fermi temperature (energy) is small: Tz ~ 3.8 K (forp = 0.055%3

n =110 x 10%2¢cm™3

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

. . at boiling point)
comparison to electron gas in metal:
electrons in metals:
n =~ 1023 cm3islarge, m = m,is small
~ 105K i
2> Tr = 10°Kis large flzk% 52
3He: Ty = _ (32n)2/3

2m kaB

n =~ 1022 cm3is slightly smaller, m = my, is large
> Tr = few Kis small
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I.5.1 Normal Fluid 3Helium

 ideal (non-interacting) Fermi gas: specific heat

a(U) 1
— classical: C&lass =27 | = N-2-3 -EkB = 3Nkg (Dulong-Petit)
v / _ \ =~ contribution per
— spin  kinetic degrees
N degree of freedom
o 0o of freedom . .
o (equipartition theorem)
g — quantum mechanical: U = J eD(e)f (e) de
0 m
3 _ T2 C‘? 2 2 T
E’ Sommerfeld expansion U = U(T =0) + (kBT)ZE D(ep) | > 0 == nkBg_ =y-T
5 12 — . . . . . | D(ep) _3n E
§ T = 0 1 |4 2 EF
© 10 - m? _ D(ep) m*nkg
2 - - Sommerfeld coefficient y = kB =
S 0.8 T >0 3 |4 2 &g
w
g 0'6_ SE ~ k.T _>\( : | > only small fraction = T [Tg of particles in energy interval
0.4 B kgT around Eg contributes to specific heat
\ » energy change per particle = kgT
0.2
\¥ | » total energy change = kgT - Nkg (%) « D(Ep)T?
000 02 04 o6 o8 10 12 14 ’
c / e > CV 0.8 D(EF)T
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I.5.1 Normal Fluid 3Helium

measured Fermi temperature Ty < 1/m* /

is significantly smaller than expected

S Col ~ 28y T =y*T /

,’IIIII /
— 3He

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— interacting Fermi gas —> Fermi liquid (Landau) 0.2 ,"
— increased effective mass m* /
= smaller Fermi temperature Tg o< 1/m” 0.0 . : . i . .
m*/my. = 2.8 (@ p =1 bar) 0.0 0.4 0.8 1.2 1.6 2.0 2.4
~ 5.5 (@ p = 30 bar) T (K)

— additional contribution due to spin fluctuations (paramagnons)
- strong repulsive interaction at short distance = antisymmetric orbital wavefunction
- symmetric spin wavefunction = parallel orientation of neighboring spins
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I.5.1 Normal Fluid 3Helium

* intuitive argument for increased effective mass:

O OO
ooo
ooo

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

interaction causes , backflow” of particles =» increased effective mass m*

=>» reduced Fermi temperature T o< 1/m*
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I.5.1 Normal Fluid 3Helium

* magnetic susceptibility: nuclear spin I = 7, determines magnetic properties

— T > Tg: non-degenerate Fermi gas =2 magnetic susceptibility follows Curie law: y « C/T

oM ponusg C gn = Landé factor
X = = == Heff = Inlin _ ; 3
0Bext - kgT T U, = magnetic moment of >He

— T < Tg:. degenerate Fermi gas =¥ temperature independent Pauli spin susceptibility (only fraction T /T contributes)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

o oM , D(er) _ 3 ponud
for electron liquid:  Xp = Ho 9B e = HoHB—, =35 kT = const.
ex TV
o D(e
for 3He liquid: Xp = Mol (VF) with s = gnlin
A s
\ — \ —D(SF)
/
x
M = @ = Heff AN
« » An = pefr Bext D(EF)/V
2
= D(eg)/V
MoBexe X = tokageD (er)/

N~ D(¢) D(gp) x m*
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I.5.1 Normal Fluid 3Helium

* magnetic susceptibility - - ; - - -
1.0 o © WH)M—O—|
g° °
| 3He °§33 xT = const. > y=C/T
0.8 _ »°® (Curie law)
2 ' o
S fo
5 0.6 39:8
s P
2 ~ °§6
2 xR &
5 0.4 f
S cannot be measured for an i éﬁ
(Z electron gas system in a metal 9 N
S since Ty >> melting temperature 92 % xTe<T = x = const.
: (Pauli susceptibility)
0.0 : J - J : - - .
0.0 0.2 0.4 0.6 0.8 1.0 1.2
T (K)
degenerate non-degenerate
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I.5.1 Normal Fluid 3Helium

* transport properties

— description by kinetic gas theory:

1
g —> viscosity: n=3pv £ (£ = mean fee path)
= - diffusion coefficient: D = §v g (self-diffusion)
:
z - thermal conductivity: K = 3 Cyvt
=
©
: — classical gas: vy, = thermal velocity vy, = ./ 2kgT/m (Maxwell-Boltzmann statistics)
—  Fermi gas: vg = Fermivelocity — vp = %(?mzn)l/3 (Fermi statistics)
— Fermi gas, with £ = vpT ,
-1 1
1 1 1 1 1 1 ree (TF)
n==prvg X — D=-1v%«— K ==CyT V& X — . . .
3 F =72 3 “F T2 3V T particle-particle scattering rate
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I.5.1 Normal Fluid 3Helium

« comparison of properties of liquid 3He with those of ideal (non-interacting) Fermi gas

2 3He Fermi Gas ratio
crol/N kT 2.78 1.0 2.78
Vg (M/s) 56 157 2.80
X/ ol M3 | 3.3-105 | 3.6-10% 9.2

/

significant deviations due to finite interactions - Landau Fermi liquid
- effective mass

mole volume: Vo =36.84cm® @p=0bar,T=0K = n=163x10%8ms3
mass: M3y, = 3.016 amu = 5.006 X 10727 kg
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I.5.2 Solid 2He and Pomerantchuk Effect

« comparison of phase diagrams of 3He and “He 10

- phase diagram of ]
4He and 3He fcc

— “%He mostly hcp, small region with bcc, i \L
at high T: fcc

— 3He shows bcc-hcp transition at 100 bar, 10t 7
at high T: fcc 3He

— 3He shows minimum in melting curve at
T = 0.32K

p (bar)
%“

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

=>» can be used for cooling of 3He
Pomerantchuk effect

bcc

Isaak Jakowlewitsch Pomerantschuk
(Ucaak Skoenesuy NomepaHyyK;

geb: 20. Mai 1913 in Warschau;

gest: 14. Juli 1966 in Moskau) 10 — e
russischer Physiker. 0.1 1 10

T (K)
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I.5.2 Solid 2He and Pomerantchuk Effect

d Stig — S AS A
— Clausius-Clapeyron equation: IPm —_la sol _—om _ O and Viiq > Vsol
oT melting Viig— Vsor AVl AV T
0Pm . o :
forT < 0.32K: 3T <0 = Sig<Ssol =» disorder larger in solid than in
melting liquid phase ??

— explanation:
- solid phase: atoms are ordered,
—> spins are disordered and determine entropy: Sco1ig = NakgIn2 = R1In2
at low T': antiparallel ordering of spins, S decreases towards zero

- liquid phase: atoms are spatially disordered, but ordering in k-space (Fermi liquid)
= entropy of Fermi liquid:

A

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

S
RIn?2
| _Rhmz__ /
C, T
Sliquid = deT OCT_ solid
J F
/ iquid 320 mK
. . m
drop due to interactions / ‘
0 InT
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I.5.2 Solid 2He and Pomerantchuk Effect

* Pomerantchuk cooling T ' ‘\ T T T

stamp stainless steel S
_ ' \ bellow o \\
o . . m ! \
S liquid S 3, \
: q / = ]/
=, N
: solid pressure cell o i ‘!r’/Tmin
E’ — precoolingto T < Tyin 5
: solid | | /
3 — adiabatic compression i
- > solidification and cooling i

S/R

— lowestT: =1.5 mK

=>» limitation due to antiparallel
spin ordering in solid 3He

10 10
T (K)
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I.5.2 Solid 2He and Pomerantchuk Effect

 Pomerantchuk cooling

Liquid 3He

Pressure >
Richardson,
l Nobel Prize Lecture (1996)

AV
A ~ 50y volume change for complete conversion of liquid to solid

Pomeranchuk's suggestion for cooling a melting mixture of 3He:

The solid phase has a higher entropy than the liquid at low temperatures. As the liquid-solid mixture is
compressed, heat is removed from the liquid phase as solid crystallites form. The fractional change of volume
required to completely convert liquid into solid is approximately 5%. Unlike melting water, the solid phase forms
at the hottest part of the container.

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I.5.2 Solid 2He and Pomerantchuk Effect

P B iar -
73100 o212
4 !

* solid 3He: single crystals

computer-generated shape of a
bcc crystal presented together
with an elementary patch of a
crystal habit where the facets are
labeled with Miller indices.

25 min

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

Sequence of interferograms of a growing 3He crystal at 7= 0.55 mK. The
H. Alles et al., PNAS 99, 1796-1800 (2002) dashed white lines outline the identified facets marked with Miller indices.
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1.3 Superfluid *He

1.3.1 Two-Fluid Model
1.3.2 Experimental Observations
1.3.3 Two-Fluid Hydrodynamics

1.3.4 Excitation Spectrum of “He
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I1.5.3 Superfluid 3He

* history of superfluid 3He

— initial believe: no superfluid 3He due to Pauli‘s exclusion principle for fermions
- no Bose-Einstein condensation of 3He, no superfluid phase

— after development of BCS theory: pairing of *He atoms to Cooper pairs ??
- problem: liquid 3He is system of strongly interacting particles
- formation of Cooper pairs out of ,,naked” 3He atoms not possible (nature of exchange boson ??)
- Landau: weakly interacting quasiparticles in Fermi liquid

— 1963: critical pairing temperature of about 100 mK was expected

— 1971: discovery of superfluid 3He at T < 2.7 mK by Osheroff, Richardson and Lee (used Pomerantschuk cooling)

(Nobel Prize in Physics 1996 ,for their discovery of superfluid *He")

D.D. Osheroff, R.C. Richardson, D.M. Lee, Phys. Rev. Lett. 28, 855 (1972),
D.D. Osheroff, W.J. Gully, R.C. Richardson, D.M. Lee, Phys. Rev. Lett. 29, 920 (1972)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— initially: two superfluid phases A and B
later: three phases (in magnetic field additional A, phase)

— experimental result: pairs have spin S = 1, spin triplet pairs
- pairs with S = 1 must have L = 1 (see below)
— occupation probability for same position is negligible (reduction of short length repulsion)
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1.5.3

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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Superfluid 3He

Douglas D. Osheroff, David M. Lee, Robert C. Richardson,
Stanford University, Cornell University, Ithaca, Cornell University, Ithaca,
Stanford, California, USA New York, USA New York, USA

The Nobel Prize in Physics 1996

"for their discovery of superfluidity in helium-3"

Superconductivity and Low Temperature Physics Il
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I1.5.3 Superfluid

1 H H I RESEATA E NR B R BB RE
* discovery of superfluid 3He in 1971 ‘ HEHE R
-4+ November 29, 1971 , SEamRnnas (larure \‘7“';/1
e i BRI N
by 941 ;
o Pl ] ¢
[ AN |
l El et
S £ I . ,g/‘ F | | it
S & 5k 265 = N UERN o 3 IRARERE |
< e r 30 Y HE RS BoRd hau RS EuRan saual s 164 BBRHI |
§ c f - L ! ;fz.ig::i
~ —_ - w bt . i R BN
E Tyl w 3 R e R
: St 3 HER e
a - & E BE 84 ik ek cved
) | . < N : 7 an|
é i 50 H {144 N I
(] 15 1 I L 1 v . S \ ;,A...l
E o] 10 20 30 40 50 60 TO ; bt { — 152 8 2 ]
< TIME in MINUTES / S & ' :
J ' o i
= 2 £ !
© o ‘9. i "
g / 3 9y ! 1 10 minutes |
© '. g b i 350 3 P '
g s, FHCELRHLERE T TR TR
(-4 t 1 t 1
H!
| The Experiment .
In a cryostat designed and const ructed _ — cool down of 3He via Pomeranchuk effect
by Lee, Osheroff and Richardson a container ERRT
3 uf’Hu was cooled with the Pomeranchuk 5 . .
i " method to about 2 mk. e — observation of melting curve
- e e e e § . . i .
: was messured. Whe the maximum preseure o B -> anomalies give hint to phase transitions
E continu adawwh:: ::: heli I‘JII'I uw:.l:::::::iiu :x:sand. =& b

Asthe volume decreased and then increased,
small changes inthe slope of the pressure curve wera
observed, and also small kinks. These observations

were the first evidences of transitions to superfluid phases
in *He. Two superfluid phases were discoverad, "A” and "B". -

’ 2 o L —— source: Nobel Prize Lecture Lee/Osheroff (1996)
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I1.5.3 Superfluid 3He: phase diagram for B = 0

40
e melting
e
34 bar----- R 1N curve big difference in value of T i
4
g 30 superfluid °\He @ ——%----- - 29 bar compared to “He
. — (A-phase)
% g — normal/superfluid transition
g - 20 is dominated by quantum
T D)
2 S 1 effects
3 = normal liquid 3He o
= A — quantum statistics matters!!
§ %‘i (bosons vs. fermions)
3 10 — nature of superfluid phase in
5 evaporation I p “He and 3He is different
\ T, (1 bar) o
0 vapor
log Tscale!!l 10" 10° 10° 10° 10" 10

temperature (K)

* phase diagram of 3He: note the logarithmic temperature scale. There are two superfluid phases of *He, A and B.

* the line within the solid phase indicates a transition between spin-ordered and spin disordered structures (at low and high temperatures, respectively).
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1.5.3 Superfluid 3He: phase diagram for B = 0

40

pressure increases

airing interaction
P g 30

R. Gross © Walther-MeiRner-Institut (2004 - 2024)

=
(qV)
o 20
— polycritical
Q point (PCP) .
21.5 bar, 2.5p mK
10 .\{\0‘5‘
linear T scale !!! normal liquid *He .
O ) ) ) )
0.8 1.2 1.6 2.0 2.4 2.8
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1.5.3

30

Superfluid 3He: specific heat

10+

o
y |
! O: vapor pressure
' 2|
igl
ig: AC
It =—=19 .
g | oo
§ 4 |
; i ecaad 6\‘&
IR

o

measurement under saturated

p = 28.7 bar

T. A. Alvesalo et al., ]

JLTP 45, 373 (1981)

| L

www.wmi.badw.de

Nw-
B

A .
g N
L o\\ =2

)
A
\d
%

2. order phase transition = jump of C, as for superconductor
: 1. order phase transition - small change of temperature dependence of C,,

6

- hysteresis, latent heat

. first and second order phase transition merge

Superconductivity and Low Temperature Physics Il

AC,/Cp = 2
@ p = 30 bar

AC,/Cy, = 1.4
@ p=1bar

weak coupling
BCS theory:
AC,/C, = 1.43
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other experiments:
- persistent flow experiments:

viscosity changes
by 5 orders of
magnitude

normal fluid
freezes out

10 ° .
L ]
..
102 ot
/"
10 3
| | | 1 ! L Ll | ]
012 016 02 03 06 1 2 2
T (mK)

- viscosity of B phase changes at least by 12 orders of magnitude
- persistent flow in A phase decays slowly (appearence of textures)
- small critical velocity: 1 to 100 mm/s

Persistent-Current Experiments on Superfluid He 3 -B and He 3 -A
J. P. Pekola, J. T. Simola, K. K. Nummila, O. V. Lounasmaa, R. E. Packard,

Phys. Rev. Lett. 53, 70 (1984)

Superconductivity and Low Temperature Physics Il
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I1.5.3 Superfluid 3He: pairing

— 3Heis strongly interacting Fermi liquid (different to electrons in metals)
—> exchange interaction favors parallel spin alignment
—> Fermi statistics favors anti-parallel spin orientation

— 3He forms Cooper pairs with spin S = 1 (spin triplet pairs)
in contrast to electrons in metals: S = 0 (spin singlet pairs pairs)

— note the general requirement: antisymmetric pair wave function for fermions

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

symmetric spin wave function =>» antisymmetric orbital wave function (L = 1,3,... )
antisymmetric spin wave function =>» symmetric orbital wave function (L. = 0,2, ... )
examples: (i) Cooper pairs in metallic superconductors (L. = 0,5 = 0) = s-wave, spin-singlet pairs
(ii) Cooper pairs in high T, superconductors (L. = 2,5 = 0) =» d-wave, spin-singlet pairs
(iii) Cooper pairs in superfluid 3He (L. = 1,5 = 1) = p-wave, spin-triplet pairs
Y .
complex behavior due to
> + |:> 3 x 3 combinations for L, /S,

p-type orbital wave function minimizes hard core repulsion
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I1.5.3 Superfluid 3He: in B # 0

spin triplet pairs have magnetic moment = phase diagram depends on magnetic field

B=0 O0<B<06T B>06T
g Pl 3 PP 3 P, 3
. Solid He Solid He Solid He
- He-A
| 3 3 3 3 3
He-B He-B He-Al | “HoA He-Af
S
(3 ~ 20 pK
: 3 3 3
Normal He Normal ~ He Normal ~ He
T T T

-new phase A, -phase B disappears
-phase A gains,
-phase B looses
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I1.5.3 Superfluid 3He: in B # 0

e specific heat

3.0 T T T T T
I 3 i
: He ]
: © | : Pl oo B
: = :
i ! i ! 1
E >~ | ;
s ~ ; | ] 3 3
2 T 5 0.2 ~ He-A He-A1
: S 1ot ——-ARtiRo 0o
© —/ P P L _
2 a ) Al A, IN ]
; © B=0.88T P - 3
P = pmelting 1 ' Normal HB
1] . 1 1 1 1 i 1 1 t i T
0.90 1.00 1.10
T/T,

W.P. Halperin et al.,

. . I
clear demonstration of existence of A, phase !! Phys. Rev, B13, 2124 (1974)
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I1.5.3 Superfluid 3He: in B # 0

* phase diagram of 3He

4
3+ :
Superfluid

A phase 30

2 I Superfluid 2
B phase

Pressure (MPa)

Mormal liquid

Gas
D 1 1 _-—-r'""r'f i | - 1
0.0001 0.001 0.01 0.1 1 10 100
Temperature (K)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

& 0.5
=N

source: http://Itl.tkk.fi/research/theory/helium.html

— important: Fermi temperature T ~ 4 K is much larger than transition temperature 7, ~ 1 mK into superfluid state
— normal liquid just above T, represents a degenerate Fermi gas
— interactions cannot be neglected: Fermi gas = Fermi liquid
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I1.5.3 Superfluid 3He: Fermi liquid description

» description of liquid 3He by a Fermi liquid (interacting Fermi gas)

Landau: what happens, if we increase the interaction strength in a non-interacting systems continuously?

» continuous increase of interactions
N

(@) — A a = 0 (nointeractions)
" V 2 Z V(r - o = 1 (fully interacting system)
1

= [#j

— we obtain a particular ground state wave function ‘Péa) for each value of a

(a) _ ()
g_[’(d)l_ljo (ril 01, ., I,y O-N) — EO(a)LIJO (ril 01, -, Iy, O-N)
Landau’s argument of adiabatic continuity (wave function changes continuously, when switching on interaction):

S A

impact on momentum distribution fi., (T = 0) (discontinuity at kg stays but step height changes continuously to smaller value Z<1)

A

1
1 frxo(T =0) = <Lp(§a)|cl-(l-o-cka|tp(§a)>

kg IK| kg stays unchanged: Luttinger theorem
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I1.5.3 Superfluid 3He: Fermi liquid description

» description of liquid 3He by a Fermi liquid (interacting Fermi gas)

extension of Landau’s argument of adiabatic continuity to excited states

» non-interacting system: addition/removal of one particle with momentum Kk and spin o to ground state |LP(§a=O)>

hZ(kZ _ klg) f(T=0)= {0 for k < kg
p— o - -

(@=0)\ _ + ,y(a=0) -
|lpka > = Cko |Lp0 > €k 2m 1 for k> kF

» interacting system: addition/removal of one particle changes energies of all other particles due to interaction

h?(k? — kE) . _
quasiparticle energy has similar k-dependence: ¢k = o m” = effective mass
0k hkg
for k close to kg: € = — (K| = kg) = — A(|K| — kg) = R(IK[ — k) vp
dk - m
—nF

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I1.5.3 Superfluid 3He: Fermi liquid description

» description of liquid 3He by a Fermi liquid (interacting Fermi gas)

> totalenergy: E = E; + Qks&kONks + %Zka ko' ko, K'a") énggsomys 4
20 :

ground  quasiparticle interaction energy
state excitations f ko
» two particle energy: ex + & +1(ko, k'a’) # sum of single particle energies ¢y, &/
describes effective interaction between two quasiparticles:
is usually split in parts n, (K, k") and n, (k, k") for singlet and triplet contribution -~
kK'c'

> atlow T: |k|, |k'| = kg and due to spherical symmetry n7(k, k') o k- k' = kf cos 0
=>» we can express 77, (k, k') and 17, (k, k") by Legendre polynoms P,(cos 0)

9(e)m (R K) = D Fy Py(cos ) 9(er)n (K K) = ) Zp Py(cos0)
? ?

g(ep) = density of states (states per energy interval) = F,, Z, are dimensionless

Theory by Leggett: » F, F, are large and positive = m* = m(1 + F;/3) = 2.8 with F; = 5.4 (increases with pressure)

*

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

o ' ) T _m Xo
» Z, =~ —3and Z; is small = magnetic susceptibility y = m 14(Ze/D)

= ¥ = 9.2 yo: withm™ = 2.8 and Z, =~ —2.78 > He is close to ferromagnetic instability
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I1.5.3 Superfluid 3He: pairing interaction

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

www.wmi.badw.de

— interaction of 3He atoms due to van der Waals potential V(rl- — rj) =V(r)

V(K K') = j e~ k=K' )Ty (r) @37 pairing potential in k-space

> atlow T: |k|, |k’| = kp and due to spherical symmetry V(k k') «c k- k' = kf cos @
=>» we can express V' (k, k') by Legendre polynoms P,(cos 0)

1
2¢ + 1 . _ ~ ~ .
V(kK') = E : V,P,(cos 6) with V, 47TJ V(n(o, ), é,) Py(cos ) sin 0 dodep
' 2¢+1

— = [ P{(cos#)sin6df (normalization)

» calculation of V, for van der Waals potential (e.g. by Leggett 1975):
Vy, = strongly repulsive, I}, V, = weakly attractive =» cannot explain pairing in superfluid *He

» attractive interaction results from exchange of virtual spin fluctuations

one 3He atom polarizes neighboring nuclear spins which then result in an effective attractive interaction for 2"d 3He atom

Xo A

Vik K o< glep) 1+ (Zo/4) "

. Sk * Sy’ = +1/4 for triplet
'Y (Leggett 1975) §k : ’s‘k/ = —3/4 for singlet

k "9k
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1.5.3 Superfluid 3He: superfluid phases

« starting point: BCS Hamiltonian formalism of second quantization is
used (>1927, Dirac, Fock, Jordan et al.)

BCS Hamiltonian for N interacting electrons

Hycs = ZZ (——VZ ' Vext(r)) = z Vine(ri = 17)

o L,j=1 )

spin kmetlc potentlal |nteract|on
energy energy energy

insertion of field operators and intergation over volume =» FT of Hycg into k-space
(see R. Gross, A. Marx, ,Festkorperphysik”, 4. Auflage, appendix H.2)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

h2(k — kF)2
kTR 2m
Hgcs = Z Z(Ek W &t + 5 Z z Vapys (K K')C ck, k ' 5C—ky ks .
2 st VoK) = f V() ellkk)rgy
Y Y )

energy of non-interacting

1 ) )
factor 5 avoids double counting
free electron gas

interaction energy

operator describes scattering from state
(—Kky,ké) into (K'a, —K'3) by exchange of exchange boson with wave vector (k — k')
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I1.5.3 Superfluid 3He: superfluid phases

* symmetry of the pair wavefunction

— important: pair consistst of two fermions = total wavefunction must be antisymmetric: minus sign for particle exchange

1 i KoR Rs=(l'1+l'z)/2
lP(rli 01,17, 62) = eSS f(q; I') X(O—li 0-2) — _LP(rZJ 02,I1,01 )
VvV

r=(r;—ry)
Y T 1

center of mass motion orbital  spin Ks = (k+Kk')/2
we assume K, =0  part part q=(k-Kk)

— possible spin wavefunctions y (o4, 0, ) for electron pairs

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

,
0 m,=0 x® = L (=11 —>singlet pairing, antisymmetric spin wavefunction
, . V2 symmetric orbital function:
S = -1 xy=U L=0,2,..(sd,..)
1 mi= < 0 x> = i (TL+LT) —>triplet pairing, symmetric spin wavefunction
. V2 antisymmetric orbital function:
\ (t1 ¥ ="m L=13,..(p,f ..)
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I1.5.3 Superfluid 3He: superfluid phases

* BCS mean-field approximation
pairing amplitude:

CokaCkp = (C—kack[§> + CkaCkp — (C—kackﬁ) CkaC-kp = <Cka [>’> CkaC-kp <Cka k[>’> ¢ wE
Fap(K) 89apK) gaﬁ(k) (Sgaﬁ(k) Fap(K) = <e£aeikﬁ> #+ 0

— make use of pairing potential A ;(k) = - Z Vapys (K K )gap(K') Npp(K) = — z Vagys (K K')gqp (k')
e //I \ Ko
four component function due to two values a, f of spin spin structure orbital structure

C—) Hpes—Nu= Z(gk W) Gy Cug — Z [Aaﬁ (k) ¢ ¢ kg + Agp(K) ExqC kB]

k,a,p

— witha, 8 =T,1: two fermions withs = % anda,f = m, =T,

(C_k1Cir) (e—kTekl>> << et (e TkTel-El)) An(K) A (k) AL (K) A7 (K)
K) = K) = _(Bn 1 ey — (An M
9l = (( “kiCir) (ki) g0 = (efaet) (el A9 <A“(k) All(k)) Ao <ATT(k) Ail(k)>

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

4 components covering all spin orientations before and after interaction
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I1.5.3 Superfluid 3He: superfluid phases

» diagonalization of mean-field Hamiltonian by Bogoliubov transformation

particles pairs
A Al
'4 \ 'd \
&k — U 0 Arr(K) Ar (K) Ugtn Uktn
: 0 &a—u Apk  Ayk) u u
— BCS energy gap equation: LS | = kin
BY 8ap &4 M) A5 —(g—p) O Vitn | = Fln | v
(Nambu, 1962) Nr(K) AL (K) 0 (& — 1) | \Vkin Vkin
\\ v J \ v J
pairs holes

» 4 x 4 matrix equation instead of 2 x 2 matrix equation for spin singlet superconductor
» diagonalization by suitable Bogoliubov transformation

» two positive eigenvalues Ey,, (n = 1,2) and two negative eigenvalues —E},,

» general gap equation allows for both spin singlet and spin triplet pairing

— symmetry properties of pairing amplitude and pairing potential (follows from anti-commutation relation of fermionic operators)

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

Gap(K) = (C_kq Cp) = —(Ckp C—ka) = —9pa(—K)
Agp(K) = —Apa(—K)
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I1.5.3 Superfluid 3He: superfluid phases

* representation of the energy gap matrix A,z (K) by a scalar gap function A(k) and a vector d(Kk)

ATT(k) ATl(k) =1 [A(k) I+ d(k)

AlT(k) Au(k) |
/ / \ Pauli spin matrix oy = ((l) —Ol)

scalar gap function d-vector o= (O‘x, Ty O'Z) = vector of Pauli matrices
0 1 0 - 1 0
7= (4 0) B (i ol)' Oz = (0 >)

— <ATT(k) Au(k)>_<—dx(k)+ldy(k) A(k)+dz(k)>
Ap(k) Apyk))  \ —AK) +d (k) dy(k) +1dy(K)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— A l
d=d |d| € ¢ » amplitude |d| (d is vector with complex components):
/ \ pair density |d|* = df + d5 + d; = n,
direction of phase "
spin wave function factor » directiond = d/|d|: X
superfluid spatial orientation of spin wave function: d - S =0

density
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I1.5.3 Superfluid 3He: superfluid phases

A1 (k) Au(k)> 3 <—dx(k) +udy(k)  A(K) +d,(K) >

* parity consideration <A¢T(k) M)~ \ —AMK) +dy (k) dy () +1dy (K)

— with gop(K) = —gp.(—K) and A,3(K) = —Ag,(—K) we obtain

orbital structure of the pairing potential

A
AK) = A(—K) scalar com!:)onen't is even with L=024,..
respect to inversion k - —K &
A
_ vector component is odd with .

— anti-symmetry of pair wave function requires

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

( 0 A(k))

« spin singlet (S = 0): (A”(k) AN(k)) _AK) 0

Ap(k) Ay (k)

e spin triplet (S = 1):

<ATT(k) Au(k)>
Ap(k) Ay (k)

~d,(K) + 1d, (k) +d,(K)
< +d,(K) d, (K) + 1d,, (k))

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 284



I1.5.3 Superfluid 3He: superfluid phases

» representation of the scalar function A(k) and vector d(k)

— we can restrict ourselves to wave vectors near the Fermi level
=>» due to spherical symmetry, we can use spherical harmonics Y},,, to represent

; » spinsinglet: [ = 0,2,4, ...
d;(k) = Z hiimYim Bk, 9x) =X,z pin sing
» spin triplet: [ = 1,3,5, ...
» in general, one has to sum up over all angular momentum quantum numbers [
» practically, one can restrict oneself to a particular qguantum number (dominating pairing channel, all other channels have much smaller T,)

» for superfluid 3He, the dominating pairing channel is the I = 1 channel mediated by spin fluctuations

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

Px Ok, Px) = /3/4m cOS @ sin Gy Z p-orbitals :
4 4 T
py (0]{’ (pk) — V 3/47T Sin (pk COsS 91( .- /,y . s Wy
—> di(K) =) hinpiOker) )V = <
l 2 o P20y, ox) = /3/4m cos Oy . X ‘/\J\
Px Py D,

himy = 3 X 3 matrixasi =x,y,z and m = —1,0,+1

complex matrix elements have to be determined by solving BCS gap equation

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 285



I1.5.3 Superfluid 3He

» superfluid phases of 3He

MK Ap(R)) _ [(—dx(K) + 1dy (K) +d,(K) P [l Pay R
(AiT(k) All (k)) a < +dz(k)y dx (k) + ldy (k)) dl(k) Z hlm pm(gki (pk) him = <hyx hyy hyz

— Anderson-Brinkman-Morrel (ABM or A) phase

1 1 O
him = h(g 8 8) -> dx(k) =Dx t+ LDy |'~/J>ABM — (px + lpy) | W) - (px — lp}’)l 1)

linear combination of S, = +1 (i) B =0:[hyy| = |hyyl > (S,)
2> (S2)

0
(i) B # 0: [Ayy| # |hyyl 2) * 0

(anisotropic, paramagnetic)

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I1.5.3 Superfluid 3He

— Anderson-Brinkman-Morrel (ABM or A) phase AN (px + lpy) | W) — (px = lpy)| TT)

» both spins are always parallel
» all paired atoms are moving in plane perpendicular to L

V4 S
B S
: : note that L || S would result in
axial (chiral) state L . ; . .
repulsive spin-orbit interaction
= L .
— g | VX

» unpaired atoms moving in L direction do not perturb =2 no energy gap in L-direction

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

nodes tk, anisotropic energy gap
= low lying
gp excitations d-vector has constant
direction but varying L
* length

Fermi sphere
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I1.5.3 Superfluid 3He

» superfluid phases of 3He

MK Ap(R)) _ [(—dx(K) + 1dy (K) +d,(K) P [l Pay R
(AiT(k) All (k)) a < +dz(k)y dx (k) + ldy (k)) dl(k) Z hlm pm(gk: (pk) him = (hyx hyy hyz

— Balian-Werthamer (BW or B) phase

Rim = h((l) (1) 8) > d,(K) =p,, dy(K) =py, d(K) =p,,
0O 0 1
[Wsw = (px +y) | W) — (px — )| T + (| )+ [ 1)

linear combination of S, = —1,0, +1 (all spin states are represented equally)

|Poxe| = |hyy| = gzl #0 > (S;) =0 (isotropic, non-magnetic)

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

. . 2
B #0: S, = 0componentis non-magnetic = ygw = 3 XABM

BW phase energetically less favorable than ABM phase in applied magnetic field !!
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I1.5.3 Superfluid 3He

— Balian-Werthamer (BW or B) phase [ V)gw = (px + lpy) | W) — (px — lpy)| T +p,(] T4 +]LT)

equatorial plane of Fermi

» d-vector has constant length all over the Fermi surface 2
sphere in k-space

=>» constant magnitude of the energy gap

N, isotropic S,L, N = expectation values
no nodes ! energy ' ‘ for spin, orbital momentum
gap J "X and texture
104° (N accounts for effects related to
d relative orientation of d and L)
kx
Fermi -
sphere S

pseudo-isotropic state
(constant gap as s-wave superconductor)

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material

d-vectors (thick lines) are rotated by 104°
about a vector defining the radial directions (thin

lines) for all points on the Fermi sphere.
D.M. Lee, Reviews of Modern Physics 69, 645 (1997)

Cy(T) o< exp(=A(T)/kgT)
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I1.5.3 Superfluid 3He

» superfluid phases of 3He

MK Ap(R)) _ [(—dx(K) + 1dy (K) +d,(K) P [l Pay R
(AiT(k) All (k)) a < +dz(k)y dx (k) + ldy (k)) dl(k) Z hlm pm(gk: (pk) him = (hyx hyy hyz

— A, phase (only for B > 0)

Lo O\ g .(K)=p,+
=11 0) X BUOTRER o) 11D

t 1 0
0.0 0/ Dd,(k)=1p,+p,

only state | TT) contributes: (S,) =1 (“ferro”magnetic)

=» long-range ordered magnetic liquid

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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I.5.3 Superfluid 3He: broken symmetries

_ - - * spin
disordered state moment

(isotropic with respect to broken gauge symmetry [} bital

orientation of both degrees “superfluid” orbita
of freedom)
broken gauge and T i
gaus broken gauge and rotational
symmetry in orbital space

“ferroorbital superfluid”

rotational symmetry in
spin space : i
“ferromagnetic superfluid”

\/ e-B

only symmetry rotational symmetry is rotational symmetry is
related to relative broken separately in broken separately in
orientation is broken  spin and orbital space  spin and orbital space

R. Gross © Walther-MeiRRner-Institut (2004 - 2024) - supplementary material
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Contents Part I: Quantum Liquids

Contents:

I.1 Foundations and General Properties 1.4 Vortices
1.1.1 Quantum Gases & Liquids [.4.1 Quantization of Circulation
.L1.2  Helium 1.4.2  Experimental Study of Vortices
1.1.3 Van der Waals Bonding
1.1.4 Zero-Point Fluctuations 1.5 3He
1.1.5 Helium under Pressure

I.5.1 normal fluid 3He

1.1.6 T-Phase Diagram of *He and 3He _
1.1.7 Eharacteristichroperties of He and 3He .5.2 solid *He and Pomeranchuk effect
1.1.8  Specific Heat of 4He and 3He 1.5.3  superfluid *He
1.2 %He as an Ideal Bose Gas [ 1.6 He/*He mixtures
1.2.1 Bose-Einstein Condensation
1.2.2 Ideal Bose Gas
1.2.3 Bose Gas with Interactions
1.2.4 Bose-Einstein Condensation of “He

1.3 Superfluid *He

1.3.1
1.3.2
1.3.3
1.3.4

www.wmi.badw.de

Two-Fluid Model
Experimental Observations
Two-Fluid Hydrodynamics
Excitation Spectrum of “He
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I.6 3He/%*He mixtures

* why interesting:

=>» model system for testing Fermi liquid theories
(3He is fermion, can be diluted in passive “He background = change of interaction strength)

=>» technical application in cooling machines

H.E. Hall, P.J. Ford and K. Thomson, Cryogenic 6 (1966) 80
B.S. Neganov, N.S. Borisov and M.Yu. Liburg, Zh. Exp. Teor. Fiz. 50 (1966) 1445.

e experimental observations:

=>» specific heat vs. T curve of *He is shifted to lower T on adding 3He, but does
not change its shape

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

=>» phase separation of “He and 3He at low T
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1.6 3He/%He mixtures: phase diagram

e highT:
3He reduces T x n, (*He concentration)

e tricritical pointT;,; = 0.87 K

)’ id 3 4
'Zfz- Normal fluid *He/*He
¥

e T<T:; =087K:
tri 4) |

=>» phase separation 1.5
3He rich phase: lighter
3He poor phase: heavier

Fermi liquidl *He

in superfluifl *He tricritical

temperature (K)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

« T-O0: 1oT point Ty |
=>» incomplete phase separation
6.5% of 3He still dissolved in “He
0.5F _ _ .
e concentrations: X3 = =T X4 =1—x3 = e Pl elelE e 20
Nn3+ny nz+ny
««— Phase separation
* limiting concentrations:
0 ] | 1
x, = aT3/2e=b/T ( b =056K1) 0 25 50 75 100
“He 3 - 0 3He
x5 = 0.0648 (1 + cT2 + dT3) (c = 84K ?,d = 9.4K"?) He concentration x; (%)
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1.6 3He/*He mixture as diluted Fermi liquid

° at Tphase sep < T <Th(xy):

- 4He forms superfluid with negligible amounts of excitations
T (phonons, rotons)
o - viscosity, entropy and specific heat go to zero: _ ]
8 4 e . x
8 =» %He = inert superfluid background v i -
-:3 % 1oL i Superﬂuifj “He tricritical |
_? g : / point Ty
5 £
& e
%.J 3 . o 4. 0.5 5
3 * °He obeys Fermi statistics
g «— Phase separation
M - Fermi temperature is about 1 K for pure 3He 0, = = - i
S : 5 3He in 4 '
5 - dissolving 3He in *He reduces the Fermi temperature ‘He 3He concentration x5 (%) He
h?2 2/3 M3y effective mass of 3He dissolved in “He
T = * (37T2n3He )2/3 X X3 N3pe _ X3N - 3
2M3ye N3ge =—, =, density of *He atoms
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Cmol (3R/2)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)
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specific heat

0.05

0.04

0.03

0.02

0.01

T

classical gas -
x3 = 0.013 (Dulong-Petit)

Fermi gas (T < Tg) Crnol =

classical gas (T > Tf)

1.6 3He/*He mixture as diluted Fermi liquid

Tr increases with x5

TF (mK)

Superconductivity and Low Temperature Physics Il

2 r T
2 T,
3 3

Cmol = 5 Npkg = 5 R

interaction with *He

-

m?’aHe = 2.4 M3y,
2
Tp = (32 nape )?/? o x2/°

E
2Tn3He

[

| | | |
002 004  x,(%)
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bonding:

1
Vag > 5 (Vaa + Vgp)

1
> (Vaa + Vgg) > Vag

I.6 3He/%*He mixtures: miscibility gap in binary systems

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

critical point -

miscibility gap

www.wmi.badw.de

complete miscibility (e.g. water and alcohol)

phase separation (e.g. water and petrol) =» optimization of binding total energy U

complete phase separation @ T =0

increasing mixing with increasing T:

F=U-TS - min
binding
energy

thermal
motion

=» minimization of free energy

Superconductivity and Low Temperature Physics Il
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I.6 3He/%*He mixtures: finite solubility of 3He in 4He

Lz = Uyap — Ujiq + pAV
pAV = work done against ambient pressure

* binding energy of 3He in 3He (V;;) and *He (V,,):

i. single3He atom in liquid *He: average binding energy is given by the latent heat of evaporation L:

. : L
binding energy for single 3He atom: €3¢ = _N_Z = U3 U3 . = chemical potential of
pure (concentrated) liquid
ii. single3He atom in liquid *He:
binding energy for single 3He atom: €3 4(x3 = 0) = u3 4(x3 - 0) Uz = chemical potential of

dilute phase

— |e34(0)] > |E3,C| or vice versa ?

3He has smaller mass = larger zero point fluctuations = occupies larger volume

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

= binding of 3He is larger in *He than in 3He due to larger density of “He

2 |esg 0)] > |€3 | (itis energetically more favorable to add a *He atom to the *He superfluid than to pure 3He)

—> corresponds to case I/, > %(VA A + Vgg) =@ complete miscibility expected,

why miscibility only up to 6.5% ??
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I.6 3He/%*He mixtures: finite solubility of 3He in 4He

: —
e questions 201 g,

2> id 3
@ Normal fluid *He/*He

Fermi liqui o
in superfluifi *He tricritical

¢/ point T |

— why can‘t we dissolve more than 6.5% of 3He in*He atT = 0°?

temperature (K)
5

0.5F

we have to take into account two effects: &

/«—— Phase separation

0

1 1 1
0 25 50 75 100

i. 3He forms degenerate Fermi liquid “He  heconcentrationz, (%) He
=> Tg increases with x5
- for x3 > 6.5%, the increase of Fermi energy exceeds the gain in binding energy

ii. effective attraction between two 3He atoms (magnetic and volume effect)
> |e3 g(x3)| > |E3,d(x3 = 0)|

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

— why don‘t we have a complete phase separation into pure 3He and pure “He atT = 0?

incomplete phase separation results in finite disorder, violation of 37 law of thermodynamic ?
= no: we have degenerate Fermi gas, ordering in k-space
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I.6 3He/%*He mixtures: finite solubility of 3He in 4He

1 energy
0.065

gaseous *He — 0

pure liquid *He — €3 7 ________
Epor(x3 = 1) + kpTp(x3 =1) -

*He diluted in “He — €3 4(0)

R. Gross © Walther-MeiBner-Institut (2004 - 2024)

for x3 > 6.5%:
|Ep0t(x3) + kBTF(x3)| <|ezcl = |Epot(x3 = 1) + kgTg(x3 = 1)

=» separation of pure 3He
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1.6 3He/*He mixtures: cooling effect

* 3He/*He dilution refrigeration

— operation principle:
—> remove 3He atoms from the dilute phase below T;; = 0.87 K

- transport of *He atoms across phase boundary to maintain equilibrium concentration
—> corresponds to evaporation of *He from concentrated phase

Sl

g = cooling effect as the latent heat of evaporation is removed diluted,6.5%
8 (heavier)
2 — for Fermi liquid: 3
£ S
% - CV,concentrated < CV,diluted (x3 = 0. 065) (CV X T/TF/ Tr « ng{fe) ~——
2
£ — withU =0 = fOT Cy(T) dT' = % T? we therefore obtain (C, = yT, y = Sommerfeld coefficient):
5
g_ Uconcentrated(T) < Udiluted(T)r Scon(T) < Sdil(T) Ut
- . / Udiluted
— on transition across phase boundary:
Uconcentrated
dG =0=dU —-TdS = dU =TdS =dQ AQ
- removal of heat: AQ = TAS =T [S4;(T) — Scon(T)]
= cooling effect *
- 3He/*He dilution refrigerator T
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1.6 3He/*He mixtures: cooling effect

* 3He/*He dilution refrigeration: cooling power

— assumption: one mole of *He crosses boundary between diluted and concentrated phase

g ~ removed heat: 4Q =TAS =T [Sqir(T) = Scon(T)]

i -A'—(AQ) tae = AQ = 7igneT [5qi1(T) = Seon(T)] Sait =~ §gn = 20

E — cooling power: AQ = —— N3He = N3He dil con dil Tare” " T Tane

é T T -

%; — since there is no volume change: dQ = dU = TdS = C,dT, U(T) = J C,dT’, S(T) = JT_‘de'
§ 0 0

© 2 2 2 2 2/3 2 2 2/3

S » with Cpo = ZNAKBT and Ef = h* (3n NBHe) = h* <3n NA) (standard expressions for Fermi liquid)
¥ EF 2M3ye 4 2M3ge \ Vmol

2 2. % 2/3
we obtain the entropy T Nakgmsne ( 4 ) T < !

S =
mol hz 37TZNSHe N3ye

:> Scon < Sdil (as N3 con > n3,dil)

— Q(T) = 84 ni3y.T*[W] (cooling power « 3He throughput 713 [mol/s])
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1.6 3He/*He mixtures: cooling effect

* 3He/*He dilution refrigeration: plausibility consideration

plausibility consideration thermally

kgT ‘1, / excited 3He atoms

Fermi large 3He density

3
He, concentrated sphere large Fermi sphere high Tg

kyT |,

small 3He density
small Fermi sphere low T

3He, diluted

Fermi

sphere

R. Gross © Walther-MeiRner-Institut (2004 - 2024)

fraction of thermally
excited 3He atoms increases (< T /Ty)

entropy increases going
from concentrated to diluted phase

removed heat: dQ = TdS

www.wmi.badw.de Superconductivity and Low Temperature Physics I Chapter 1/RG 304



	Folie 1
	Folie 2
	Folie 3
	Folie 4
	Folie 5
	Folie 6
	Folie 7
	Folie 8
	Folie 9
	Folie 10
	Folie 11
	Folie 12
	Folie 14
	Folie 15
	Folie 16
	Folie 17
	Folie 18
	Folie 19
	Folie 20
	Folie 21
	Folie 22
	Folie 23
	Folie 24
	Folie 25
	Folie 26
	Folie 27
	Folie 28
	Folie 29
	Folie 30
	Folie 31
	Folie 32
	Folie 33
	Folie 34
	Folie 35
	Folie 36
	Folie 37
	Folie 38
	Folie 39
	Folie 40
	Folie 41
	Folie 42
	Folie 43
	Folie 44
	Folie 45
	Folie 46
	Folie 47
	Folie 50
	Folie 53
	Folie 54
	Folie 55
	Folie 56
	Folie 57
	Folie 58
	Folie 59
	Folie 60
	Folie 61
	Folie 62
	Folie 63
	Folie 64
	Folie 65
	Folie 66
	Folie 67
	Folie 68
	Folie 69
	Folie 70
	Folie 71
	Folie 72
	Folie 73
	Folie 74
	Folie 75
	Folie 76
	Folie 77
	Folie 78
	Folie 79
	Folie 80
	Folie 81
	Folie 82
	Folie 83
	Folie 84
	Folie 85
	Folie 86
	Folie 87
	Folie 88
	Folie 89
	Folie 90
	Folie 91
	Folie 92
	Folie 93
	Folie 94
	Folie 95
	Folie 96
	Folie 97
	Folie 98
	Folie 99
	Folie 100
	Folie 101
	Folie 102
	Folie 103
	Folie 104
	Folie 105
	Folie 106
	Folie 107
	Folie 108
	Folie 109
	Folie 110
	Folie 111
	Folie 112
	Folie 113
	Folie 114
	Folie 115
	Folie 116
	Folie 117
	Folie 118
	Folie 119
	Folie 120
	Folie 121
	Folie 122
	Folie 123
	Folie 124
	Folie 125
	Folie 126
	Folie 127
	Folie 128
	Folie 129
	Folie 130
	Folie 131
	Folie 132
	Folie 133
	Folie 134
	Folie 135
	Folie 136
	Folie 137
	Folie 138
	Folie 139
	Folie 140
	Folie 141
	Folie 142
	Folie 143
	Folie 144
	Folie 145
	Folie 146
	Folie 147
	Folie 148
	Folie 149
	Folie 151
	Folie 152
	Folie 153
	Folie 154
	Folie 155
	Folie 156
	Folie 157
	Folie 158
	Folie 159
	Folie 160
	Folie 161
	Folie 162
	Folie 163
	Folie 164
	Folie 165
	Folie 166
	Folie 167
	Folie 168
	Folie 169
	Folie 170
	Folie 171
	Folie 172
	Folie 173
	Folie 174
	Folie 175
	Folie 177
	Folie 178
	Folie 179
	Folie 180
	Folie 181
	Folie 182
	Folie 183
	Folie 184
	Folie 185
	Folie 188
	Folie 189
	Folie 190
	Folie 191
	Folie 192
	Folie 193
	Folie 194
	Folie 195
	Folie 196
	Folie 197
	Folie 198
	Folie 199
	Folie 200
	Folie 201
	Folie 202
	Folie 203
	Folie 204
	Folie 205
	Folie 206
	Folie 209
	Folie 210
	Folie 211
	Folie 212
	Folie 213
	Folie 214
	Folie 215
	Folie 216
	Folie 217
	Folie 218
	Folie 219
	Folie 220
	Folie 221
	Folie 223
	Folie 224
	Folie 225
	Folie 226
	Folie 227
	Folie 229
	Folie 230
	Folie 231
	Folie 232
	Folie 233
	Folie 234
	Folie 235
	Folie 236
	Folie 237
	Folie 238
	Folie 239
	Folie 240
	Folie 241
	Folie 242
	Folie 243
	Folie 244
	Folie 245
	Folie 246
	Folie 247
	Folie 248
	Folie 249
	Folie 250
	Folie 251
	Folie 253
	Folie 254
	Folie 255
	Folie 257
	Folie 258
	Folie 259
	Folie 260
	Folie 261
	Folie 262
	Folie 263
	Folie 264
	Folie 265
	Folie 266
	Folie 267
	Folie 268
	Folie 269
	Folie 270
	Folie 271
	Folie 272
	Folie 273
	Folie 274
	Folie 275
	Folie 276
	Folie 277
	Folie 278
	Folie 279
	Folie 280
	Folie 281
	Folie 282
	Folie 283
	Folie 284
	Folie 285
	Folie 286
	Folie 287
	Folie 288
	Folie 289
	Folie 290
	Folie 291
	Folie 293
	Folie 294
	Folie 295
	Folie 296
	Folie 297
	Folie 298
	Folie 299
	Folie 300
	Folie 301
	Folie 302
	Folie 303
	Folie 304

