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Chapter 1

Introduction and Motivation

The concept of quantum simulation was first introduced by Richard Feynman [1] in 1982.
He said, that quantum systems are difficult to simulate on classical computers, as they
are, by nature, more complex than classical systems. To achieve a fast, reliant and in
some cases even a possible simulation, one has to use quantum mechanical simulators in
order to model quantum mechanical systems. This requirement stems from the Hilbert
space of a quantum mechanical system, which grows exponentially with its particle
number. A quantum simulation therefore uses a well defined and otherwise experimentally
easier accessible quantum mechanical system to emulate the physics of an experimentally
inaccessible quantum system [2].

Platforms for analog quantum simulation

The search for the best simulators for this task is still ongoing after more than 30 years [3].
Advocates for different available platforms are quick to tell you what the advantages of
their system of choice are and why it is the only possible solution to all problems. In
reality, the Swiss army knife of simulation platforms has not been found yet. Although
the currently proposed and used simulators all have their distinct advantages, they also
come with a set of disadvantages. Here, we want to give a small overview of the platforms
that are most commonly used in quantum simulation experiments. First, there are atoms
in optical lattices, also called cold atoms [4]. Atoms are also used in cavity quantum
electrodynamics, where atoms are confined in, e.g., optical cavities [5, 6]. Similarly, one
can also use ions trapped with electric fields [7]. Another platform are superconducting
quantum circuits [8-10], which are often referred to as circuit quantum electrodynamics
(cQED). Here, superconducting resonators [11] serve as the equivalent of an optical
cavity. Non-linear elements made from Josephson junctions substitute atoms [12-16].
Signals are guided with the help of superconducting waveguides [17]. CQED systems
have several important strengths. For one, they offer a high design flexibility, as one can
use many different building blocks already invented by the community, such as different
quantum bit (qubit) types [10, 18, 19], which can be useful for different types of problems.
The different building blocks can then be combined in the circuit design and fabricated
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in a scalable way using established thin-film deposition and micro-/nanostructuring
techniques [20, 21]. In addition, measurements are typically performed in the microwave
regime, where one can borrow highly developed measurement devices and techniques from
classical telecommunication applications. Although the design process creates a very well
defined experimental system, cQED also allows for in-situ controllability of some design
parameters with the help of local electromagnetic fields. For example, one can use a
waveguide antenna to control the transition frequency of a qubit with a current source
and simultaneously excite this qubit through another waveguide [22-24]. Waveguides and
resonators are also able to mediate couplings over longer distances on a sample [25]. It is
therefore, in principle, also possible to couple non-neighboring sites. Scalability prospects
are promising given the fabrication techniques mentioned above. In practice, however, it
has proofed to be quite challenging to actually scale up superconducting circuits, because
the increasing cross-talk tends to rapidly destroy the fragile quantum states. Nevertheless,
very recently, Martinis et. al were now able to build a chip with 54 qubits [26], proving
once and for all that scalability is in fact an advantage of cQED. Superconducting circuits
naturally offer low photon loss rates inside a resonator [27, 28] and recent experiments
have shown that by using 3D cavities made from aluminum even higher coherence times
can be reached [29, 30]. When simulating a many-body system with superconducting
circuits, one can use photons to model the particles of the system, which allows to control
the number of particles by adjusting a microwave drive power [31]. A steady-state where
driving and losses level each other out and the total number of particles is fixed at the
chosen value can then be created. This so called driven-dissipative regime is difficult or
even impossible to reach in other simulation platforms. The main challenge is the relatively
low coupling strength between resonators and non-linear elements and low coherence times
of the non-linear elements. But with the help of high fidelity resonators [32] progress is
also being made in this direction. Overall cQED is a promising candidate to become the
preferred platform for quantum simulation and quantum computing.

Quantum simulations of many-body systems

As already mentioned, the complexity of the Hilbert space of a quantum mechanical
system grows exponentially with the number of particles in the system. This is especially
critical when discussing many-body physics [33]. Many-body systems are therefore a
prime candidate for quantum simulations [34-36]. First simulations in this field have been
performed with ultra-cold atoms. After a first simulation of a Bose-Hubbard system [37],
multiple more quantum simulations of many-body systems followed and are still being
performed [38]. Also other platforms such as trapped ions [39, 40] and cavity QED [41]
show interesting experimental results. In the area of cQED, there have also been a number
of experimental realization of many-body quantum simulations [42-45]. Here, we want to
specifically go into the details of quantum simulations of the Bose-Hubbard model.



Quantum simulation of the Bose-Hubbard model

In the 1980s, the Bose-Hubbard model gained prominence and it describes the interaction
of bosons that are confined in a network with next neighbour interactions. The simplest
case is a chain of confinement sites. Due to quantum fluctuations a quantum state
transition from a superfluid to a mott-insulator phase can occur in such a system, if,
e.g., the lattice depth changes. Bosons then switch from being delocalized across the
whole lattice to being confined in a single lattice site. The Heisenberg uncertainty relation
predicts a stable coherent phase of all particles in the delocalized state and a fluctuating
incoherent one in the localized state. Trapped ions proofed to be a good fit to perform
quantum simulations of such a system, but it has also been shown, that superconducting
circuits offer the capability to simulate Bose-Hubbard physics. In contrast to cold atoms,
where interacting bosons are being used, cQED naturally offers non-interacting Bosons,
i.e. photons, as the particle of choice. We therefore have to create an environment in
which the photons can interact with each other. This is achieved by introducing a Kerr
nonlinearity into the lattice formed by superconducting resonators. With this, it has
been shown, that we can map the Bose-Hubbard system on a lattice of superconducting
non-linear resonators [46-49] and first experimental results have been achieved [50, 51].

Important steps towards experimental quantum simulations

In order to perform large scale quantum simulations using superconducting quantum
circuits, careful preparations of the circuit and theory have to be made. In this thesis, we
present a system of two nonlinear tunable resonators, suitable for quantum simulation of
the Bose-Hubbard model and perform important steps towards its usage as a simulator.
As a first step, one has to ensure that the sample emulates the correct physics. We show,
that the Hamiltonian of the circuit is equivalent to the one of the Bose-Hubbard model.
We also perform classical simulations of the behavior of the system which can later be
compared to measurements of the system. This is obviously only possible, as long as the
complexity of the system is still low enough. Using the results of these simulations, we
design and fabricate a superconducting circuit with the same parameters as the classical
simulation. For further experiments, it is vital to fully and fundamentally characterize the
sample, including its response to magnetic fields, which tune the resonator parameters.
Especially, we need to be able to measure and experimentally control the parameters such
as the nonlinearity of the resonators. Additionally, we set up an experimental setup that
can be used to measure the quantum effects of the simulator. Taking these steps, we are
able to verify the possible usage of our sample in quantum simulation experiments.
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Content

This thesis is structured as following. First, in Sec. 2, we give an overview of the theoretical
description both of the superconducting circuit we investigate and of the Bose-Hubbard
system in general. We also show, that the physics of the circuit are equivalent to the one
of the Bose-Hubbard model. In Sec. 3, we show our results of a classical simulation of
the Bose-Hubbard model for a two site lattice. Although the phase shift predicted by the
Bose-Hubbard model cannot be observed in a two site lattice such as the device presented
here, the photon states in each resonator hold interesting quantum mechanical physics.
We show, that the theory predicts second order correlation functions both above and below
1 for the photon field inside each resonator and similar results for the cross correlation
functions between each resonator. Afterwards, we present our experimental setup and
the sample fabrication of the nonlinear two-resonator circuit (Sec. 4). In this part, we
also present characterization measurements of the sample, which allows us to understand
and control the superconducting circuit within the chosen design space. In Sec. 5, we
present further experimental findings of our sample. Most importantly, we extract the
nonlinearity of the resonators using two different techniques. First, we model the circuit
using a simple circuit model expanded with a parasitic path. From the parameters of this
model, we can calculate the nonlinearity. Second, we perform a direct measurement of the
nonlinearity from the power dependence of the resonators. With this , we are able to show,
that the circuit is suitable for a quantum simulation of the Bose-Hubbard model. Lastly,
in Sec. 6, we give a summary of the thesis and a brief outlook towards future projects.



Chapter 2

Theory

2.1 General cQED

In analogy to cavity quantum electrodynamics (QED), circuit quantum electrodynamics
(cQED) uses a set of fundamental building blocks such as resonators (similar to cavities)
and qubits (similar to atoms) in order to create circuits that allow us to study and use
the impact of quantum mechanical effects on the interaction of light and matter. In the
following parts, we want to motivate and explain the different building blocks that are
important for the experiments in this thesis. Furthermore, we go into the details of the
circuits we create and on how to characterize them.

2.1.1 Transmission line

In order to have propagating electromagnetic signals, we use transmission lines. Trans-
mission lines consist of at least two conductors which are separated from each other.
Using an ac voltage source, we can create a time varying potential difference between
the two conductors which then propagates along the transmission line. We can model
a transmission line as a series of lumped element equivalent circuits, that each feature
a conductance (g, and capacitance Cg,p, between the conductors and a resistance Rj
and inductance L, along the line in propagation direction. The conductance stems from
the dielectric loss of the separating material, the inductance is the self inductance of the
conductors and the capacitance stems from the proximity of the two. Using Kirchhoft’s
laws, we can derive the so called telegrapher equations [52] in the limit of a vanishing
length of the lumped element circuits.

For sinusoidal signals I(1,t) = I(1)e!“*™/2) and V(I,t) = V(I)e!®) with an angular
wave frequency of w, a travelling wave in the form of

V) = Vet Ve, 1)
I() =Ife " + Iye" (2.2)

is a solution of the telegrapher equation. Here, ~ is the complex propagation function,
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gap gap

O O

L

Figure 2.1: Circuit diagram of a lumped element equivalent circuit part of a transmission line.

given as

y=a+if= /(R +iwL)(Ggp + iwCiap. (2.3)

e " (e") describes the propagation in positive (negative) [ direction with amplitudes V"
(Vo) and I (I ). Note that «, the real part of ~y, describes the damping of the travelling
wave, and the imaginary part [ its propagation properties.

We can derive a relation between the voltage and current for a given direction as

+
VLJF = Zo, (24)
1o
with
Ry +iwL
Ty = \/1+w)1 (2.5)
Ggap + 1wWCigap

At low temperatures, we can estimate R to be very close to 0, as the conductors
are superconducting. Similarly, also the conductance Gy, can be neglected, as we use
high-resistivity silicon as dielectric material separating the conductors. Therefore Eq. (2.5)
simplifies to

L
Zo = {|—. 2.6
0=z (26)
Zy, the characteristic impedance of the transmission line, plays an especially important
role, if we combine multiple elements, e.g. two transmission lines. At the transition from
a transmission line with impedance Zj; to one with impedance Zj o, part of the signal

will be reflected. The reflection coefficient of such a connection is given by

- Zoa — Zop

r=—_—" 2.7
Zoa + Zo2 (2.7)
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For a non-matched connection, r # 0, one obtains reflections, which can lead to interference
effects. Hence, it is advised to keep impedance mismatches as small as possible. We
therefore match all our circuits to the industrial standard for devices and cables of
Zy = 5082 In this simplified case, we can also easily calculate the phase velocity of the
propagating wave to be

S (2.8)

2.1.2 Scattering matrix

In order to describe the effect an arbitrary system has on a traveling wave described by
Eq. (2.1), we define the scattering matrix for a two-port system by the voltage amplitudes
entering (V' 7) and exiting (V1) the system

Vﬁ] [511 Sw]l%]
= . 2.9
[ 7% So1 Sa Vo (2.9)

Here, each element of the scattering matrix can be calculated or measured by the relation

(2.10)

V]j: 0, for k+i

In this thesis, we refer to transmission or reflection measurements meaning a measure-
ment of the transmission coefficient or magnitude 7" = |Sz~j|2 for ¢ # j or the reflection
coefficient or magnitude R =1 — T = |S;/*.

For a better visualization of the features in our measurements, we typically plot the
scattering parameters in dB

S.;(dB) = 201og(S)). (2.11)

In some measurements, we also show the phase ¢ of the scattering parameter, which can
be calculated via

¢ = arg(S;;) = arctan2 (J(5;;), R(S;5)) - (2.12)

2.1.3 Resonators

The previously discussed transmission line can hold a continuum of modes for a broad
frequency range. In vast contrast to this, a microwave resonator can only support
excitations in a small frequency band. To understand its behavior, we can model a
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microwave resonator as a parallel RLC' circuit. Such a circuit has an input impedance of

1 1 -1
Lin = ( +—+ 'wC’) . 2.13

R wlL J ( )
Resonance occurs, when the average energy stored in the inductance Wi,q = i |V|2 ﬁ and
capacitance Weap = i |V|2 C are equal. From this we can calculate a resonant frequency of

Wo = ———. (2.14)

At this frequency, a standing wave forms inside the resonator. For a A/2 resonator, we can
calculate and therefore design the resonant frequency using the length [ of the resonator

=% _ T (2.15)

Wo nwo
The phase velocity v, = £ depends only on the speed of light ¢ and the refractive index
n. As the field of the wave lives both in the chip substrate silicon (n & 4) and the air
above the chip (n & 1), the actual refractive index is a combination of the two and can be

estimated to be n = /(1 + €,)/2 where ¢, is the relative permittivity of silicon.

Q Factor

A signal entering a resonator can oscillate there many times, so that even small losses can
add up and drastically change the behavior of the system. To account for these losses, we
introduce the Q factor (quality factor) of a resonator as

average energy stored Wy, + W,

Q=w (2.16)

energy loss/second Pioss
For the resonant case of a parallel circuit, we get an unloaded or internal quality factor
of Qiy = woRC. The unloaded quality factor only takes internal losses into account.
Additional loss channels to the outside, which are introduced, e.g., by coupling to an
external transmission line, are being taken into account in the loaded quality factor

1 1 1

@ N Qext * Qint

We can also show that the full width at half maximum &, of the resonance is related to

(2.17)

the loaded quality factor of a A/2 resonator in a transmission experiment

(2.18)
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Figure 2.2: Magnitude and phase of the transmission through a A/2 resonator. The magnitude exhibits a
peak at the resonance frequency with a width that is related to the loss rate of the resonator.
The phase shifts by 7.

Transmission through a resonator

We can use an input output formalism [53] to model a single-resonator system and calculate
transmission and reflection of the resonator. We assume the resonator to be capacitively
coupled to a transmission line at both ends. The boundary conditions can then be written

as
Rext
aiN — aout = 9 a
(2.19)
Rext
_bIN -+ bOUT = 9 a.

ary and apur (biy and boyt) are the signals flowing in and out of the left (right) side of
the resonator. Left flowing signals are negative by convention. ke is the coupling rate
of the resonator to the transmission lines excluding internal losses in the resonator. For
simplicity reasons we assume that the coupling rates to both sides are equal. We neglect
internal losses of the resonator. The field inside the resonator can then be written as a
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Figure 2.3: Sketch of the signal flow in a two resonator system.

function of the input signals,

’iexta/ _ Kext b
a=-Y"2 2 (2.20)

fext —i(w — wp)

Combining these equations, we obtain the output field apgyr as a function of the input
fields,

i(w — wo)amn — “$Ebin

et — j(w — wo)

aouTr — (221)

Equivalently, we can derive an expression for boyr. In Fig. 2.2, we plot the magnitude
(top panel) and phase (bottom panel) of the output field for ajy = 0 and by = 1. We
observe a resonance peak with amplitude 1 at the resonance frequency wy, meaning that
all power is transmitted through the resonator. The FWHM is equal to the loss rate Key.
Looking at the phase, we can see a clear phase shift of 7 that occurs on the scale of the
bandwidth of the resonance.

Transmission through a two-resonator system

Going towards more complex structures, we next look at a system of coupled resonators.
Similarly to the previous calculation, we look at system where the resonators are capaci-
tively coupled the transmission line as input and output ports. The two resonators are
additionally capacitively coupled to each other. A sketch of this can be seen in Fig. 2.3.
We expand the calculations of the input and output formalism shown previously to model
not only the resonators as individual devices, but also the coupling between them. The
signals flowing into, out and inside of the system can be calculated from the fields a and ¢
inside the resonators

AIN — GOUT = +/Rext@
_bleft + bri ht — Rc@
¢ (2.22)
_bleft + bright = ReC

—CIN T CoUuT = /KextC-
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Figure 2.4: Transmission magnitude and phase of a two resonator system with kexy = 10 MHz, k. =
40 MHz and wg = 7.0 GHz. We observe two distinct peaks in the magnitude that are separated
by the coupling rate.

The definition of signals can be seen in Fig. 2.3. ajy and aour (v and coyr) are the
signals flowing in and out of the left (right) resonator. Note that all signals flowing to the
right have a plus sign while the ones flowing to the left have a minus sign. The signals
bier and byighe couple the resonators via a capacitor with coupling rate .. The resonators
are coupled to the external transmission lines with k.. We neglect internal losses of the
system.

On the other hand, we can describe the fields inside the resonators as a function of the
input signals:

a4 — V RextAIN — 4/ /{Cbleft

2.23

ﬂext;rﬁc _ Z(UJ _ wo) ( )

c— \/H_cbright — VFRextCIN (2 24)
Kext;l"ﬁ?c _ Z(UJ _ wo) : :

If we use these expressions for the fields in Eq. (2.22), we find the coupled equations
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Vet + (555 — i (w — wp) ) bies

Dright = - 2.25

ght ext;r e — i (w— wp) ( )

j _ VextRelN + (Bee — i (w0 — wp) ) Diigne (2.26)
left Kext;"“ic — Z ((,d — (,{)0) 5 .

and a function for the output signals in a reflection measurement where apy or ¢y are 0
respectively,

vV /{extﬁcbright + (% —1 (w - WO)) CIN

= 2.27
COUT KexttKe __ fl (CL) _ w[)) ( )

- vV ’{extlicblef‘n + (% —1 (w - WO)) amN (2 28)
aouT = Rext2+l€c —3 ((.U . WO) .

To get an expression for cour we solve Egs. (2.25) and (2.26) for by, and plug it into
equation (2.28).

In Fig. 2.4, we plot the magnitude and phase of the output field coyr for ary = 1 and
cn = 0. In magnitude, we observe a splitting of the resonance peak by the coupling
strength k. = 40 MHz. The bare resonance frequencies of the two resonators are chosen
to be equal. The coupling lifts the degeneracy of the resonance modes, which differ in
frequency. Note that the linewidth of the two resonators is not influenced by the coupling
and is still determined by the external coupling rates key. The two-resonator system is
analogous to two pendula which are coupled with a spring. At the resonance with a lower
frequency, the resonators oscillate in phase, at the resonance with a higher frequency, they
oscillate out of phase.

The phase of transmission undergoes a jump at each effective resonance frequency.

2.1.4 Josephson junctions as nonlinear elements

So far we only looked at linear circuits, but superconducting circuits also offer easy access
to nonlinear elements. The most prominent one is the Josephson junction (JJ) which
makes use of the Josephson effect. In this section, we give a brief introduction to JJs
before introducing a so called DC superconducting interference device (SQUID) as a
particularly relevant example of a superconducting nonlinear circuit.

Josephson junctions

Josephson junctions consist of two superconducting electrodes separated by a thin layer of
nonsuperconducting material. Due to the small separation of the two electrodes, the two
superconducting wave functions overlap and allow for a superconducting current flowing
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Figure 2.5: Sketch of a Josephson junction (left) and a DC-SQUID (right). Metal parts are shown in
silver, the insulating layer is shown in red. Although not visible, the insulating layer expands
through the whole width of the junction, completely separating the two electrodes from each

other. The structure in the metal parts stems from fabrication (Sec. 4.1.2).

across the junction. This current is carried by tunneling Cooper pairs. Here, we focus on
superconductor-insulator-superconductor (SIS) junctions, where, as the name suggests,
the two superconductors are separated by an insulating layer. Josephson showed that
both the superconducting tunnel current I through the junction and the voltage drop V'
between the two superconductors depend on the phase difference ¢ of the corresponding
macroscopic wave functions in each electrode. The first Josephson equation is

Iy =1 sinp. (2.29)

The supercurrent I cannot exceed the material- and dimension-dependent critical current
I. and depends on the sine of the phase difference between the macroscopic wavefunctions
of the Cooper pairs at each side of the junction. A change of this phase difference in
time relates to a voltage drop across the junction, as can be seen in the second Josephson
equation

21

- == —— 2-
@ %U, (2.30)

with the magnetic flux quantum ®, = h/2e, where h is the Planck constant and e the
elementary charge. When integrating the second Josephson equation and combining it
with the first one, we find, that the super current through the junction is oscillating in
time with a frequency of 27V/®y if we apply a DC voltage V.

The nonlinearity of the junction also shows when we calculate its inductance from the
Josephson equations

P
7 dI/dt 27wl cos(p)’

(2.31)

The important energy scales of a JJ are its Josephson energy £ and its charging energy
Ec. Ej describes the energy that is stored in the junction for no applied current and can
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I./1.(0)

Figure 2.6: Critical current as a function of the external flux for different asymmetry parameters. The
critical current is tuned from its maximum to its minimum and back by applying ®q. The

minimal value increases with increasing asymmetry parameter d.

be calculated via

® ~ (I)OIC
E = / (ILU)d@ = (1 = cos p) = Byo(1 - cosp). (2.32)
0

The charging energy FEc = e?/2C; describes the energy stored inside the capacitance C;
of the junction.
DC-SQUIDs

A DC-SQUID is a parallel circuit with two Josephson junctions [54] in its arms. It inherits
many of the properties of a single junction, such as the critical current flowing through
the SQUID, which is the sum of the critical currents of the individual junctions

Ic,tot = Icl + -[C2' (233)

Due to interference effects in the SQUID loop, this total critical current can be modulated
by applying an external flux @, through the loop

®eX
oS <7T q)(;) ’ . (2.34)

% < 1andif I, = L.

For larger screening parameters, the loop inductance L plays a larger role and the critical

IC(CI)) = dc,tot (O)

This formula holds only true if the screening parameter g, =

current will not reduce to 0. Note that Eq. (2.34) allows us to directly control the nonlinear
inductance of the junction (see Eq. (2.31)). By applying an external flux to the SQUID
loop, we decrease the critical current below its maximum value and, in turn, increase the
inductance of the junction. In practice, the fabrication accuracy is not high enough to
ensure equal critical currents for both junctions. A difference in the two currents changes
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the behavior of Eq. (2.34) in the following way

Dy Pex
Cos <7r <I>0t>| J 1 + d? tan? <7T q>0t>’ (2.35)

with the asymmetry parameter d = (Iy — Ie2)/Ictor- As it can be seen in Fig. 2.6, an

[c((b) = [c,tot (O)

increase in asymmetry also increases the minimal critical current we can reach. This effect
reduces the maximal nonlinearity of the junction. On the plus side, the junction becomes
less susceptible to flux noise as the flux derivative flattens. For this reason, we design our
SQUIDs to be asymmetric. For more details see Sec. 4.1.

2.1.5 Nonlinear resonators

We now look at more complex circuits, that can be build by combining the previously
introduced devices. By galvanically coupling a DC-SQUID to a resonator, we can use its
nonlinearity to change the excitation spectrum of the resonator. In order to understand
the behavior of this coupled system, we first look at the field inside the resonator and
how it is changed by the presence of the SQUID.

Mode function of a resonator

We can write the field ¥(z,t) = [*_ V(z,t)dt inside the resonator as a sum over combina-
tions of time-dependent v,,(¢) and dimensionless spatial modes w,, ()

U(rt) = 3 (£t (1), (2.36)
The Lagrangian of a A/2-resonator with length 1 is then given by
2 1 Co(x) 4 [0, 9 (1))
= U(zt) — ——————| d 2.
/—l/2 [ 2 (z:4) 2Lo(x) “ (237)

with the capacitance per unit length Cj and inductance per unit length Ly. We can write
the Lagrangian for the capacitances as

Cio T

Linput = 7[\11(_1//2725) - ‘/input(t>]2 (238)
C'io .

‘Coutput = 7[\1[(L/27t) - ‘/output(t)]Qa (239)

with Vinput/output being the input and output voltages at the ends of the resonator which
are coupled to transmission lines with a capacitance of C},. Lastly, the Lagrangian of the
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SQUID is given by

=G

. 2
;= ?52 + E,; cos <£5> . (2.40)

0

Expanding the cosine allows us to separate the full description of the resonator into a
linearized part and a fully nonlinear part.

L= E; + Einput + Eoutput - UNL((;) (241)

Coupling the system via output capacitors to transmission lines places boundary conditions
on the voltage of the field, which depend on the bias voltage at the capacitances. In
addition to this, the currents flowing on the left and right side of the junction have to be
equal, which leads to the relation

o

1 .
70t =Cib+ (2.42)

J

Both of these conditions can be fulfilled with a sinusoidal envelope function

Apsinfk,, (z +1/2) — ¢! ]
() = ml 2.43
(%) { A, sinfkn(z — 1/2) — ¢ (2.43)
For equal impedance, capacitance per unit length and inductance per unit length, we find
two possible constrains on A;, where either A, = A; (even modes) or A, = —A,; (odd
modes).

If we plug this ansatz into Eq. (2.42), we obtain a transcendental equation for the wave
vector k,,

[ Z
ko4 tan (kﬁfd2> = —7OC’J~ (wz — (k:f,?dl/)Q) , (2.44)

with the plasma frequency of the Josephson junction w, = 1/,/C;L; and the phase
velocity v = 1/ v/CyLy. Equivalently, we can also get an equation for the wave vectors of
the even modes. Numerically solving these equation gives us possible wave vectors for
different values of w,, which depends on the external flux bias via L,. Using Eq. (2.43), we
can then calculate the spatial mode function of the fields inside the resonator at resonance
frequency dependent on the external flux (see Fig. 2.7). We can see that even modes
are not effected by the presence of the SQUID. Odd modes experience a jump in the
spatial mode function at the SQUID location. This stems from the fact that even modes
have vanishing current at the SQUID location. The jump Aw in the odd modes can be
directly calculated as the difference between the mode on the left (position z;) and right
(position ) side of the junction, Au = u(x; ) — u(z}). This quantity is a direct measure
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Figure 2.7: First three modes of the spatial mode function of the field inside a resonator with a SQUID
in the center for different values of external flux. The top picture shows the modes for an

external flux ®.; = 0, the bottom one for ey = Po.

for the strength of the nonlinearity (see Sec. 2.1.6) of the system. We can also see that Au
depends on the externally applied flux. At ®. = 0, the nonlinearity is minimal, leading
to the smallest jump in the mode (Fig. 2.7, top panel). At @ = ®o/2, the nonlinearity
is at its maximum and therefore the jump is at its maximum. If we look at a symmetric
SQUID (d = 0), the jump would be equal to 1, but in our system it is reduced due to the
finite asymmetry (d = 0.13).

Looking at the wave form of the resonator, we can see that the SQUID elongates
the wavelength of the resonance. This leads to a decrease of the resonance frequency
w,/(2m) = kv dependent on the height of the jump at the SQUID. Therefore, the resonator
exhibits its maximum resonance frequency at zero flux bias and its minimum resonance
frequency at ®oyy = Po/2 (see Fig. 2.8). At this point, in the case of a symmetric SQUID,
the wavelength would reach infinity, leading to a resonance frequency of zero. Due to
the asymmetry of our SQUID, the resonance frequency does not modulate to zero (see
Fig. 2.6).
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Frequency (GHz)
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Figure 2.8: Resonance frequency of the first mode of a resonator with a SQUID in the center, as a
function of the external flux bias ®.y¢. The parameters for this calculation have been taken

from Tab. 4.2.
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Figure 2.9: Circuit diagram of a two-resonator (blue) system coupled to a transmission line and to each

other via lumped-element capacitors (red and yellow).
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Circuit model of a two-resonator system

In order to better understand our system, we create a circuit description of a serially
connected, capacitively coupled two-resonator system. From this we can extract scattering
parameters and various interesting parameters such as the coupling capacitances, the
resonator capacitance and inductance and the resonance frequencies of the coupled system.
In this first calculation, we include the dependency of the spatial mode function on the
SQUID inductance, but ignore its nonlinear effects that arise if we heavily drive the system.
The previously given Langrangian for the output capacitances of the single resonator
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system change to

Cio -

[’input = 9 [\Ijl(_L/Qvt) - anut(t)]2 (245)
C(io T

£OUtPUt = 9 [\PQ(L/Qat> - ‘/:)utput(t)]Q' (246)

The fields W, (z,t) are here the fields of resonators n= 1,2, with x being the position inside
each resonator. The coupling capacitance adds an additional equation,
C. . : ,
L. = 7[\111(L/2,t) — Wy (—=L/2,t)]%. (2.47)
A circuit diagram can be seen in Fig. 2.9. We use the Norton approach, where we model
the resonator as a distributed parallel circuit. For the driving voltage (Vi) and output
voltage (Vyy:) we find

Va= Zol + Vi (2.48)
Vous = Zol3, (2.49)

with I (I3) being the current flowing into (out of) the two resonator system. V% is the
voltage drop across the impedance Z; of the input cable.

We can describe the currents I; flowing in our system using the amplitude of the voltage
mode V; at the in- and output capacitors (capacitance Cj,) and the coupling capacitor
(capacitance C.). The index i of I; denotes the capacitor starting from driving side, the
index j of V; the resonator number.

I = (Vi — V1)iwaCio (2.50)
I = (=Vi = Va)iwaC (2.51)
13 = (-‘/2 — Vout)iwdCio. (252)

As we are looking at odd voltage modes, the signs of V; and V5 change at their second
appearance. In each resonator the in- and outflowing currents have to be the same,

1 1
I, = (iwgCi + — Vi—1 2.53
1 = (twy 1+R1 +2'de1> 1 2, ( )
1 1
Iy = (iwgCy + — Vo — I5. 2.54
2 (de 2+R2+ide2) 2 3 ( )

Here, C,, L, and R,, are the capacitance, inductance and resistance of resonator n = 1,2.
To include the tunability of the circuit introduced by the DC-SQUIDs, we calculate C}
and L; as functions of the external flux ®., penetrating the SQUID loops, using the
standard ansatz for the spatial mode functions u;(z) introduced in Sec. 2.1.5:
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+L/2
C C; Aum< ext + / / .I k (bext) dx X, (255)
L/2
1 ,+L/2 ,
Li = (I]O /_L/2 (5xum (.T,k,@ext) )dX
-1 (2.56)
= 2
+————Auy, (k,Pex .
Lj (Cbext) ( t) )

The S-Parameters calculated with this circuit model are used in Sec. 5.1.

2.1.6 Hamiltonian of the two-resonator system

The total Lagrangian of the system, including two resonators (i = 1,2), the coupling
between them and the two DC-SQUIDS, can be written as

N=2

Etot = Z [Er,i + EJ,i] + Einput + Eoutput + Lc- (257)

=1

We perform a Legendre transformation and quantize the field [48] with ladder operators,
leaving us with the full Hamiltonian of

2 2 /
Wr1Wr2 (.t . At A € L; 4 (Atata
H= hzzlw”m + hC., e (a1a2 + azal) = 9L, ;a (Auy;) (aiaia a) (2.58)
For w,; = w,» and O] = €}, we can define the coupling constant between the two
resonators as C
J = —wré (2.59)
and a purely nonlinear term
e? I (Au)?
_- = 2.60
20C"  Lj ( )

We will show in Sec. 2.2 that this Hamiltonian is equivalent to the one of a Bose-Hubbard
system.

2.1.7 Circuit model with addition of a parasitic path

In our measurements, we cannot view our system as an isolated instance without any
influences from its environment, but have to take possible interactions with background
fields into account. This includes, e.g., standing waves inside a not optimally impedance
matched cable or a box mode inside the sample box. When the input signal couples to a
mode in the sample box, this interaction opens up new paths that the signal can take to
reach the output port without exciting the resonator system. In the following, we call
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Figure 2.10: Circuit model of the two resonator system. Resonators are shown in blue along with their
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coupling (yellow) and input/output (red) capacitors. The parasitic path is shown in green
and input and output lines in black. The path is capacitively coupled to the input and
output lines and inductively coupled to the resonators with the strength quantified by
the coupling constants kr, ;. Microwave drive and measurement signal are denoted by Vg
and V¢, respectively. Here, the contribution of the SQUIDs is included in the effective

capacitance C; and inductance L; of the resonators.

such an additional path a parasitic path.

In Fig. 2.10, we introduce such a parasitic path into the circuit model, that couples
both capacitively to the input and output lines of the resonators and inductively to the
inductance of each resonator. With the addition of this path, some equations we derived
in Sec. 2.1.5 change to include terms that take the additional components into account.

For the driving voltage (V) and output voltage (Vu) we now include the additional
current [, flowing through the parasitic path.

Vi=Zo(lh + 1) + Vi (2.61)
‘/out - Zo([3 + Ip) (262)

In the equations for the currents inside the resonators, we also have to take the current in
the parasitic path into account as it can induce a current in the resonator.

1 \/L1Ly
I = C — Vi—k ] -1 2.63
1 = (iwg 1+R1+2de1) 1 L1 I 2 ( )
1 \/ LaLy
I, = Cy + — Vo —k I, — I 2.64
9 = (iwy 2+R2+zde2) 9 — KLo——F— I 3. ( )

Here, k, is the inductive coupling strength of resonator n = 1,2 to the parasitic path.
L,, C, and R, are the inductance, capacitance and resistance of the parasitic path. An
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Figure 2.11: Unnormalized transmission magnitude through a resonator with a lorentzian (blue) or fano
(red and green) line shape. While the lorentzian shape is perfectly symmetric, the fano

resonance shows a strong asymmetry.

additional equation describes the voltage drops inside the parasitic path:

1 : Vi , Va
I,—iwgky,1\/ L1 L kro+/LoL
iu}de ptaRL1 ! pidel + HaRL 2 2 p'ideg

. 1
+deLpIp + Rpfp -+ mlp - V;( - ‘/out‘

(2.65)

The S-parameters calculated with the parasitic-path model can also be used in Sec. 5.1.
In general, the simulations of the model show that the additional path in our system
creates a broad resonance mode which is far detuned from the drive frequency wq and acts
as a continuum at the resonance frequencies of the two resonators. This behavior can also
be described by a Fano resonance, which we will discuss in the next part in more detail.

2.1.8 Fano resonances

If a singular resonance mode is coupled to a continuum of modes, the line shape of the
resonance can be changed [55]. This change occurs due to an interference effect, as near
the resonance of the single mode, the phase of the resonance signal quickly changes (see
Sec. 2.1.3) while the phase of the continuum stays constant. This situation gives rise to
asymmetric peaks, which are commonly known as Fano resonances. In contrast to a single
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mode resonance, which can be modelled with a lorentzian line shape

(5)°

el (200
a Fano resonance is modeled by
_ ((fo—f) +a3)”
==+ P 207

Here, ¢ is the fano parameter which indicates the participation ratio of the single mode
versus the continuum. Vanishing participation of the continuum (¢ — oo) transforms
Eq. (2.67) into Eq.(2.66). In Fig. 2.11 we plot the two different models. We can see
that the Lorentzian (blue) gives a symmetric peak as shown in Sec. 2.1.3. For the Fano
resonance, we observe a finite field while the signal is far detuned from the resonance,
due to the continuum background. Otherwise, the line shape drastically depends on
q. For ¢ > 1, we observe a clear peak-dip structure, where the peak increases in size
with increasing participation of the single resonance (increasing ¢). For ¢ < 1, the peak
decreases in size compared to the dip. At ¢ = 0.3, the peak is almost invisible. For ¢ = 0,
the asymmetry vanishes and one obtains a symmetric dip.

The take home message here is that, depending on the nature of the background field,
the shape of a resonance can vary from a dip to a peak or a peak-dip feature. This is
especially important, if a background field is not constant in frequency and the resonance
frequency can be tuned, like in the case of a resonator that is intersected by a DC-SQUID.
When tuning the resonance through the background field, the line shape of the resonance
can change in addition to the resonance frequency.

2.1.9 Nonlinearity

So far, we have neglected the nonlinear terms in our calculations of the circuit. We can
take them into account by looking again at the full Lagrangian of one resonator,

L=L+L; (2.68)

Using the Euler-Lagrange equation and expanding the cosine term in £;, we can calculate
the equation of motion of the nonlinear resonator and end up with a Duffing equation,
describing a harmonic oscillator with a cubic restoring force,

— + OV + — + U = 0. 2.69
7 +xt B (2.69)
Here 3 is the prefactor of the next higher order terms in the Lagrangian of the Josephson
junction. [ is therefore a direct measure for the nonlinearity of the system and can be
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written as
1 ( 21 )2 Aut

b =51 o) L,

(2.70)

As we typically work with driven systems, we finally add a driving term with a frequency
wg and obtain
v 1%

o+ C' + 2t B = Fpetwa, (2.71)

Frequency response equation

In order to calculate the behavior of a Duffing system, and especially the amplitude
a = ||, we use an ansatz for small driving strength and small deviations around the
resonance frequency [56],

U(t) = Ae™°t + A*e ™0 with (2.72)
1 .
A= 5@62”. (2.73)

We then find an implicit function for a, which depends on the driving strength and the
nonlinearity of the system,

1 ,35222_(%)2
4R2+<(w wp) C 8w0a>]a =amer) (2.74)

This function is called the frequency response equation. We can plot its behavior in a

frequency response curve by solving the equation either for a or for w — wy. The second
approach leads to an expression for frequency detunings as a function of the amplitude a,

_ /2
3 a 2 T
Wk =gt E [(2%0/@) B 43202] ' (2.75)

A plot can be seen in Fig. 2.12. Comparing this response to one of a linear resonator
(Fig. 2.2), we can see that the line shapes are similar for low driving strengths. For higher
driving powers, we can see that the maximal amplitude of the resonator increases and
the frequency of maximal amplitude decreases. We will discuss this point of maximal
amplitude in the next section. Higher driving strength also create regions with three
possible amplitude solutions per drive frequency. Note that, while the upper and lower
branches of these regions are stable, the intermediate solution is unstable and cannot be
observed in experiments. Performing frequency sweeps on a system like this will lead
to a hysteretic behavior. Starting from frequencies lower than the resonance frequency
leads to the system staying in the lower amplitude branch until the end of the bistability
region, where it will jump to the higher amplitude branch. Similarly, starting from higher
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Figure 2.12: Frequency response curve of a Duffing oscillator calculated with Eq. (2.74). Driving the
oscillator with higher power Fj shifts the resonance frequency to lower values. The points
of maximum frequency form a parabola (gray dashed line).

frequencies will lead to the system staying in the higher amplitude branch. Here, the
jump to the lower branch occurs at the point of maximal amplitude.

Estimating the nonlinearity of the system

For the Duffing-like equation of motion from Eq. (2.71), we can show that the maximum
amplitude of the resonance peak is proportional to the inverse nonlinearity,

3 B

In an experiment, we measure the voltage V,,; emitted from the resonator into its microwave

o)

(w—wp) . (2.76)

= a

feedline. Therefore, we use ¥ = [ Vdt = V/(iw) to rewrite this equation as

e
w2 3 B

(W —wo)- (2.77)
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Here, V' is the voltage of the internal mode. It is related to the measured voltage via the
external quality factor

W+ We  [Vin|” /(2Lw?)

(2.78)
Ploss Vel /Z0

Qext =w

We use that, on resonance, the energy stored in the capacitor is equal to the one stored in
the inductance, Wy, = W,. Furthermore, the power of an electrical signal in our waveguide
can be written as P = V?/Z,. We therefore obtain

int

V2 2V2 Qe L

Sl Ly 2.79

w? Zow ( )

As a consequence the experimentally accessible voltage V. exhibits a similar dependence
as for the internal flux field, but with an additional scaling factor:

Z()u}

8 OJ()C,
% G.
2QextL

outzg 5

(wo — w) (2.80)
In this equation, G is the power gain in our experiment (see experimental setup in
Sec. 4.2.2).

2.2 Bosonic quantum manybody systems

The platform of superconducting quantum circuit allows us to experimentally investigate
the solutions for interacting manybody systems. In the Bose-Hubbard system, the
interacting particles are bosons. They experience a periodic potential, where they can
hop between lattice sites and interact with each other. The competition between hopping
and on-site interaction gives rise to interesting phenomena such as a Mott insulator state
and superfluid phase. In this section, we motivate the derivation of the Bose-Hubbard
Hamiltonian and explain its properties for some special cases. Furthermore, we discuss
the implementation of Bose-Hubbard physics with superconducting circuits.

2.2.1 The Bose-Hubbard Hamiltonian

For the derivation of the Bose-Hubbard Hamiltonian, we assume a periodic potential V' (x)
with distance r between each potential well of the form of,

V(z) = nsin®(kz), (2.81)
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with k being the wave vector of the periodicity and n the depth of the lattice. This
potential can be estimated to be parabolic near the position z; of lattice site i,

V(z =~ x;) = —mw?(z —ir)?. (2.82)
Solutions for particles in such a periodic lattice are Wannier functions

1 .
w(r — xi)(”) = —\/N Z u,(:) (x — ir)e’k(x_xi). (2.83)
k

Here, N is the number of lattice sites and ug(x) is a periodic function showing the same
periodicity as the underlying potential V. Wannier functions are localized at the lattice
sites and decay exponentially away from them. The deeper the potential, the quicker the
functions decay. Assuming a deep potential, we can apply the tight binding model, where,
due to the the fast exponential decay, interactions beyond the nearest neighbor can be
neglected. We also assume that all particles stay in the lowest band solution n = 1 of the
Wannier functions. This is valid, as we operate our experiments at very low temperatures.
The thermal energy of our particles is therefore much lower than the excitation energy to
a higher Wannier mode.

We can then write the field operator of the bosons inside our lattice as a sum of Wannier
functions over all lattice sites,

Uy = Z a;w(z —ir). (2.84)

Here, a; denotes the bosonic annihilation operator and w(x) is the Wannier function for
n = 1. Using this operator, we can then easily derive its Hamiltonian as

2

N h

H= /dz Uh(2) [— A+ V(z)] Ug(2). (2.85)
2mB

Using the Wannier ansatz (Eq. 2.84), we find

h2
2mB

[:Ipotential = Z&Z&i /dz w*(2) [— A+ V(z)] w(z)

(2.86)

h2
+ Z(&;‘:&j + d}di) /dz w*(z+7) l— A+ V(z)] w(z),
(i) 2me

where (i,j) denote all pairs neighboring lattice sites. The first term is equal to the
Hamiltonian of a harmonic oscillator with the excitation energy

h2
2mB

o, = / dz w*(2) l— A+ V(z)] w(z). (2.87)
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The second term describes hopping between neighboring lattice sites with the coupling

rate )

~- [ [ a V()| wle) (2.89)

So far, we only discussed the Hamiltonian based on the the structure of the underlying

lattice, and neglected any forms of interaction between the particles. We assume a localized
interaction of the form of V(z — ') = gd(z — ).
The Hamiltonian of this interaction can be written as

Flinteraction = g/\lj;g < LIJ;rB(Z)\I]B(Z)\DB(Z)

(2.89)
= ZaT T&Zaz/dz w*(2)w* (2)w(z)w(z).
Here we define the on-site nonlinearity as
hU = g/dz w*(2)w* (z)w(z)w(z). (2.90)
The total Hamiltonian of the system is then given by
. At RU < ot ata
Hgy = hw,a)a; — hJZ al 1a; + a a;) + -5 Zaiaiaiai, (2.91)
(i i

which is known as the Bose-Hubbard Hamiltonian.

2.2.2 Phases of a Bose-Hubbard system

The physics in a Bose-Hubbard system are governed by two drastically different phases.
The phases arise from the competition between the hopping term J and the on-site
nonlinearity U. If U > J, adding an additional particle to one site requires the energy
given by the nonlinearity. Therefore the number of particles in the system is constant and
the ground state is given by a state with the same number of particles in each lattice side

[Ta) ~ > (af) " [0). (2.92)

This state is called a Mott insulator. Hopping between lattice sites does not occur, as

the energy cost of adding a (n+1)th particle on lattice site i (~ (2n + 1)U/2) is larger

than the energy gain of removing the nth particle on lattice site i+1 (~ (—2n + 1)U/2),
leading to an energy difference of U compared to the ground state shown above.

If, on the other hand, the coupling is the dominating energy scale in the system (J > U),

the behavior changes drastically towards a superfluid phase. Here, the state can be written
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) [Wsp) ~ (Z ai>n 0) . (2.93)

Here there is no energy difference created by hopping between sites, meaning that particles
can move freely through the lattice.

2.2.3 Particle numbers and driving

In the theoretical description of the Bose-Hubbard system, the number of particles in the
system is of great interest and depends on the chemical potential

oE

= o (2.94)

!

In cold atom experiments, the particle number is typically fixed by the number of atoms
during initialization of the system. Working with superconducting circuits allows us to
quickly change and adjust the number of particles using microwave drives. We can model
the drive by adding the additional term

Hisiving = > (e ™a] + Qre™a'a]) (2.95)
to the Hamiltonian of the undriven system [Eq. (2.91)]. Here, we drive lattice site i with
frequency wq and amplitude or Rabi frequency €2;.

The behavior of this driven system does not directly depend on absolute frequencies, but
rather on the detuning between them. This effect is best illustrated by moving into a frame
rotating with the drive frequency wq. Mathematically, this transformation corresponds to

the unitary operator
A . Lt
Uyor = €t 20410 (2.96)

The unitary transformation of the time-dependent driving Hamiltonian ﬁdriving is given by
ﬁériving = lyﬁldriving(]vJr + ZhUUT (297)

Note that this transformation does not change parts of the Hamiltonian with higher order
dependence on a, such as the coupling term f[couphng ~ a'a. The transformation of ﬁdriving
to
Hyiving = (] + Q7)) — hwa Y ala; (2.98)
i

2

We can combine the second part of the driving Hamiltonian with the harmonic oscillator
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Hamiltonian, which leaves us with the driven Bose-Hubbard Hamiltonian

Hpu = 1A ala, —hJZ ala; + ala,)

(2.99)
—ZaT Taa; + Z (ual + Qral).

Here, A = w, — wq is the detuning between the drive tone and the resonator frequency.

If we compare Eq. (2.99) to Eq. (2.58), we see that they model the same physics.
The difference between the two is the missing driving in Eq. (2.58), which can be easily
realized by adding microwave drive tones at the resonator inputs. The potential of the
Bose Hubbard system is here given by the superconducting resonators. The photons
exciting the resonator are the bosons that populate the potential. The hopping between
the potential well with amplitude J is realized by the capacitive coupling between single
resonators. The on-site interaction U is created by the addition of the DC-SQUID, that
is galvanically coupled to the middle of the resonator.

2.2.4 Lindblad master equation

When studying the driven Hamiltonian, we also have to include losses. In the case of a
superconducting circuit, these losses stem from either the coupling capacitors (external)
or from coupling to other environments (internal, see also Sec. 2.1.3). Typical internal
losses are, e.g., losses to the dielectric material. We include the effect of these losses using
a Lindblad master equation approach [57],

jtﬁ(t) = Lp(t). (2.100)

This equation is valid as long as a loss process is described as a Markov process. In the
quantum description discussed here, the classical probability distribution p;(x) is replaced
by the density matrix p(¢). Its solution are defined by a linear map £, which can be
written according to Lindblad [58] as

LHt) = —; Hpl+> i (2a:pa! — aialp — alaip) . (2.101)

Here, ~; is the loss rate of a specific process at the lattice site i. £ is often referred to as a
superoperator, i.e. an operator acting on operators.
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2.2.5 States and operators of the Bose-Hubbard system

We assume that the bosonic states on each lattice site can be written as a linear combination

of d Fock states,
d

T) = 3 cfn). (2.102)

n=1
The finite dimension d is introduced in order to reduce processing time in calculations.
This approximation is valid if the driving strengths are low compared to the loss rates.
For high drive powers, higher Fock states are also populated. It is therefore necessary to
investigate the population of different Fock states during simulations in order to check
the validity of the approximation.

For pure quantum states, we can then formulate the density matrix as

p= Zl Pnm ’n> <m> ) (2-1O3>

with pum = (n] p|m) [59]. Additionally, we can write the Fock state |n) with the photon
number limited to n < d as a d-dimensional vector with only zeros except a 1 at position
n. Using this vector form, we can also find an easy representation of the annihilation and
creation operators @' and @. The two fulfill the following equations:

aln) = Vil —1)

a'ln) = vn+1n+1). (2.104)
Hence, the matrix representation of these operators is
01 -
0 V2 0
a= 0 V3 (2.105)

0
1 0 O

0
at = /30 (2.106)

Vd 0
If we adjust the density matrix for a system with two lattice sites which can each hold a
superposition of Fock states, we end up with a d? x d? dimensional density matrix that
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represents the whole Hilbert space of the two lattice system.
To find the expectation value of an operator for a system state p, we use

(0) =tr(0Op) (2.107)

2.2.6 Steady-state solutions

In a system with competing driving and losses, one expects to find nontrivial steady-state
solutions. The steady state is defined by a density matrix which is constant in time,

d

Sh) =0, 2.108
aQ (2.108)
leading to _
Lo Vi (ga An A AtA aTa A
~ 3 {H,p} + EZ: 5 <2aipa1 — ;00 p — ajaip) =0, (2.109)
with the commutator {]:I ,ﬁ} = Hp— pH. One can show [59], that this equation can be
written as
- (1 7 - T 7 A Ak AT A 7 T AT Ax A
l—z(H@[—I@H)+Z2<2a®a —alawl-Iwa a)]p—() (2.110)

with / being the d? x d? identity matrix and ® the tensor product of two matrices. All
operators are in a superspace of the two Hilbert spaces of the two resonators. The resulting
linear equation can then be solved by standard means.

2.3 Correlation functions

In the simulations of the Bose-Hubbard system, we take special interest in the density-
density or second-order correlation functions ¢®) of the fields inside the resonators. This
correlation describes the likelihood of measuring two photons at the same time. Values
larger than 1 signify a higher likelihood than in a coherent field, values smaller than 1
signify a lower one. The second-order correlation function for the field at lattice site i is
given by [60]
Atata A
F L) (2.111)
(ala.)
¢g? is a good measure for the quantum mechanical nature of a field, as all classical fields
exhibit only ¢ (0) values larger than or equal to 1. A coherent field, for example, has

g®(0) = 1, while chaotic fields [60] have g®)(0) = 2. A correlation function of 0 is reached
for a single photon. This can easily be seen, if we express ¢(® in terms of the photon
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number 7n; = dj a;

42 (0) = il = 1)) (2.112)

We can also look at correlations between the fields at two different lattice sites. These
describe then the likelihood of finding an excitations at both lattice sites at the same time.
This cross correlation is given as [61]

g (0) = (2.113)






Chapter 3

Classical simulations of the
Bose-Hubbard model

For few lattice sites and low excitations of the system, it is still possible to perform
classical simulations of the Bose-Hubbard model, within a reasonable time span. These
simulations allow one to get a deeper understanding of the physics of the system, find a
set of parameters, that one wants to look at in an experiment and finally validate results
of a possible quantum simulation experiment. Here, we present results of calculations of a
Bose-Hubbard system that corresponds in its size (two lattice sites) and the parameter
space to the experimental setup we investigate in chapter 5. We take a special interest
in the second-order correlation function g (0) of the field inside the resonators and the
cross-correlation function g>¥)(0) between the two resonators.

3.1 Implementation

We investigate the behavior of the Bose-Hubbard Hamiltonian for a lattice with two sites.
This means that, for calculation purposes, all sums over the lattice sites contract to two
summands. In order to perform steady-state calculations, we express Eq. (2.99) in the
matrix form presented in Sec. 2.2.5. Note that @ and a' take slightly more complex forms
in order to take all possible states of the two lattice site system into account. The ones
given in the previous section, are only valid for the subspace of a single site. Translating
them into the combined Hilbert space gives

” A A A
a2 = 19 @ Qgxa ® 1,

A R (3.1)
Ap.gexaz = 1" @ Ggyqg @ 1°.

We solve Eq. (2.110), taking the normalization of the density operator tr(p) = 1 into
account. We then use the solution for the density matrix to calculate the expectation
values of operators by means of Eq. (2.107). For example, the expectation value for @ is
given by

(a) = tr(pa). (3.2)

35
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Figure 3.1: Level spectrum of a system of two nonlinear resonators. Levels of the uncoupled system are
shown in blue, excited levels of the coupled one in red. Dashed levels are not populated by
our protocol. Due to the nonlinearity, higher levels are detuned from the |0) — |1) transition.

State descriptions are given without the normalization factor.

This method can be used to calculate the expectation value of the polariton number <€LT€L>
on each lattice site and also to calculate correlation functions.

In our calculations, we truncate the Fock basis at d = 8. In this way, we significantly
reduce the calculation time, but introduce an approximation into the calculation. In
order to determine an acceptable compromise between these two competing interests, we
perform a detailed study of the Hilbert space truncation on the calculation time and the
severity of the approximation [62].

In the simulations, we focus on a parameter space similar to the one of the sample
chip studied in chapter 5. We set the coupling rate J = 7.62 MHz, which corresponds
to a value well within the range of the experiment. We vary the nonlinearity from 0 to
10 MHz and the driving strength from 0 to 15 MHz. As we calculate the steady-states of
the driven system, the loss rate of the system has to be taken into account as well. We
set kK = 1 MHz.
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Figure 3.2: Second-order on-site (top) and cross (right) correlation function of a nonlinear two resonator
system with fixed nonlinearity U/2m = 0.75 MHz and driving strength = 1MHz as a
function of the detuning A of the drive frequency from the unperturbed single resonator
frequency. Red dashed lines show expected drive frequencies for transitions from the ground
state to energy levels of the coupled system (see Fig. 3.1).
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3.2 Second-order correlation functions

Using the method and parameters described in the previous section, we simulate the
second-order correlation functions of the resonators. In Fig. 3.2, we show the results of the
correlation functions for a fixed nonlinearity U/27 = 0.75 MHz and a fixed driving strength
) = 1 MHz. By varying the detuning of the driving signal from the unperturbed frequency
of the resonators, and evaluating the correlation functions, we find different regimes for
our system. A level scheme can be seen in Fig. 3.1. In summary, we observe that, far away
from any transitions, the on-site second order correlation function is governed by the drive
and therefore corresponds to the one of a classical driving field géo)(O) = 1 while géo)(O) is
smaller than 1 near single polariton transitions. On the other hand, near two-polariton
transitions, géo) (0) is larger than 1 as it is unlikely to observe single excitations in these
regions. Similarly, the second-order cross correlation function ¢g2%)(0) is close to 1 if the
system is detuned from any transition. Near transitions that allow excitations in both
resonators, ¢©X)(0) is larger than 1, while it is smaller than 1 near transitions that only
allow excitations in one of the two resonators.

Details of the on-site correlation functions

We take a closer look at the second-order correlation function of the field in one resonator
shown in the top panel of Fig. 3.2. Starting from a detuning of —15MHz, the correlation
function is close to 1, which corresponds to a classical system. If we increase the signal
frequency, we approach the transition from the 0 polariton state to the |2,0) +(0,2) — |1,1)
state. This transition is detuned by J/2w — U/27 from the single resonator energy level
with two polaritons. As it is a two-polariton energy level and as there is no single polariton
energy level at this frequency, the signal inside the resonator has a correlation function
larger than 1. As we can see, the actual peak of the correlation function is below the
frequency of the actual transition and at the point of the transition, the correlation
function is actually smaller than 1. The reason for this is mainly the power dependence
of the resonators. As discussed in Sec. 2.1.9, the resonator frequency is shifted to lower
frequencies. In addition, energy levels with higher polariton numbers are even further
detuned from the coupled resonance frequency (e.g., the three polariton energy level is
detuned by 3U, the four polariton one by 12U). Decreasing the detuning further, tunes
the signal out of resonance with the |2,0) + |0,2) — |1,1) transition and in resonance with
the |1,0) —]0,1) transition. As this energy level is a single polariton one, the correlation
function falls below 0, reaching a minimum directly on resonance with the mentioned
transition.

This behavior is repeated for two additional drive frequencies, where we can also see a
transition from a high correlation function to one below 1. Due to its strong similarity to
the previously discussed feature, we will continue with the explanation of the feature that
occurs at the highest frequency. The energy spectrum around this frequency contains the
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upper energy levels of the coupled resonator states |1,0) +|0,1) for a single polariton energy
level and [2,0) + |0,2) + |1,1) for a two-polariton energy level. The two-polariton energy
level is shifted towards lower frequencies, by the nonlinearity, detuning this transition
from two times the single polariton energy level. If we therefore set the drive signal at
a frequency detuning of J/27, we are only in resonance with the [1,0) + |0,1), leading
to ggo)(O) < 1. Setting the detuning to a frequency lower than this transition, the drive
comes into resonance with two-polariton excitation of the |2,0) + |0,2) + |1,1) transition,
leading to a larger correlation function géo)(O) > 1. Again, the actual peak is shifted
downwards due to the non-zero driving strength.

The third feature, which appears around zero detuning, can also be explained by using
the energy level structure of the system. In contrast to the two previous features, the
population of the states, that are dominating the physics in this frequency range, is heavily
suppressed. This makes it especially difficult to measure the correlation function inside
a resonator as almost no signal is leaking out of it. Nevertheless, the simulations show
that the correlation functions show a behavior similar to the other features. We observe
a correlation function of below 1 for a signal of A = 0. Here, the signal is on resonance
with both the signal polariton energy level of one resonator and the two-polariton energy
level with one polariton in each resonator. Both of these transitions allow only for one
polariton in each resonator, which explains the small correlation function. Decreasing
the signal frequency, tunes the signal into resonance with the uncoupled two-polariton
transition which is shifted by (U/27). As this transition enforces a polariton number
n > 1, the correlation function is larger than 1.

Details of the cross-correlation functions

In addition to the correlation function describing the polariton statistics inside each
resonator, we can also investigate cross-correlations between the polariton fields of the two
resonators via the second-order cross-correlation function ¢>*)(0). The cross-correlation
describes the likelihood of find an excitation in the second resonator if there is an excitation
in the first one. Looking at the calculations of this correlation (Fig. 3.2 , bottom panel),
we can see, that the Bose-Hubbard system features cross-correlation functions that lie both
below and above 1, which indicates a lower or higher probability of finding an excitation
in both resonators at the same time compared to a classical coherent field, respectively.
Similar to the on-site correlation, we observe three clear features, that correspond to
different energies in the excitation spectrum of the coupled system. In comparison with
the on-site correlation function we discussed in the previous section, these features in the
cross-correlation lie at roughly the same drive frequency, indicating that the underlying
effects are related. Similarly, we will now discuss now discuss these in detail. We start
again at a detuning of —15 MHz, where the correlation function is at 1, and increase the
drive frequency. As the drive is in resonance with the |2,0) +10,2) — |1,1) transition that is
shifted downwards by the nonlinearity, we observe a peak in the cross-correlation function
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Figure 3.3: On-site (left) and cross (right) correlation function of a nonlinear two-resonator system with
fixed driving strength €2 = 1 MHz at one resonator as a function of the detuning A of the
drive frequency from the unperturbed single resonator frequency and the nonlinearity U. We
limit the color scale of the correlation functions to 2, as the values can get quite large, which
makes the effects to be less visible as we are mostly interested in whether the correlation

functions are below or above 1.

clearly above 1, that created by the contribution of the |1,1) state. Again, the peak is
shifted from the actual transition energy, as we apply a non-zero drive tone. Increasing the
frequency further tunes the system into resonance with the |1,0) — |0,1) transition, which
is unaffected by the nonlinearity of the resonators. Here, the cross-correlation function
falls below 1, as the |1,0) — |0,1) state enforced exactly one polariton in only one of the
resonators. The second feature, which can be seen near A = 0, is flipped in comparison
to all previously discussed features. At negative detuning, the system is in resonance with
the |2,0) —]0,2) transition, which also only allows polaritons in one of the two resonators.
Therefore, the cross-correlation function is below 1 in this region. Tuning the drive into
resonance with the unperturbed resonance frequency, we then observe the effect of the
|1,1) state, which leads to a cross-correlation function above 1 as it allows only excitations
with one polariton in each resonator. The third feature is then analogous to the first one,
where the drive is first in resonance with |2,0) + [0,2) +|1,1) which leads to a ¢**)(0) > 1.
At slightly higher frequencies it is in resonance with |1,0) — |0,1), leading to g>%¥)(0) < 1.

3.2.1 Correlation functions and nonlinearity

In our experiment, we have the possibility to tune the nonlinearity U in situ. In the
previously discussed calculations, a constant nonlinearity of 0.75 MHz has been used. This
nonlinearity has a big impact on the correlation functions, as it modifies the energy level
structure of the coupled system. In this section, we therefore investigate the effect of the
nonlinearity on both the on-site and the cross-correlation function. The results of this
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calculation for the fixed driving strength 2 = 1 MHz can be seen in Fig. 3.3. First, we can
see that for vanishing nonlinearity, both correlation functions are 1 for all drive frequencies.
This shows us that the change in the correlation functions is a purely nonlinear effect. For
U = 0, energy levels are equidistant and we obtain a coherent behaviour. The case of a
small, but nonzero nonliearity has been discussed in the previous sections. If we increase
the nonlinearity further, the parts of the on-site correlation function which show ¢?(0) > 1
move towards lower frequencies and broaden. As the involved modes are shifted by AU,
the shift is directly affected by the nonlinearity. The broadening can be explained by the
Duffing-like behaviour of the resonators. As explained in Sec. 2.1.9, increasing nonlinearity
leads to a broader resonance frequency in systems governed by a Duffing-like behaviour.
For the two features around the coupled modes, the transition to the region of low on-site
correlation functions at A = +15MHz is not changed by the increase in nonlinearity,
as the responsible one polariton excitations are unaffected by its change. We can also
observe that the larger the nonlinearity, the lower is the value of the correlation function
in these regions. Also, the value of the correlation function gets bigger with increasing
nonlinearity in regions with ¢ (0) > 1. The dependence of the cross-correlation function
on the nonlinearity is similar to that of the on-site-correlation function as the underlying
transitions behave in the same way.

3.2.2 Correlation functions and driving strength

Another parameter that we investigate numerically is the strength of the drive signal. In
an experimental setup, this is easily controlled by increasing the power of the microwave
drive. We set the nonlinearity again to 0.75 MHz and calculate the correlation functions
for varying driving strength from 1 to 15 MHz. The result of this calculation can be seen
in Fig. 3.4. As we have discussed in Sec. 2.1.9, an increase in power leads to a shift of
the effective resonance frequency. We can observe this behaviour very clearly both in the
on-site and cross-correlation function. In both cases, the features near the two coupled
modes are clearly shifted towards lower frequencies with increasing drive power. The
feature around zero detuning seems to be unaffected by the driving strength. Naively,
we would expect that also this feature is shifted, as the |2,0) — |0,2) state should also be
affected by it. In our calculations, this is not visible because the transition is forbidden
and therefore the state is not populated due to the coupling of the resonators. As a
result, the corresponding transition frequency stays unchanged up to until approximately
12 MHz, where we observe a small trend towards lower frequencies. For higher driving
strength, we observe additional resonances that show correlation functions larger than
1. Due to the higher driving, these resonances which are higher-order excitations of the
system can be reached and therefore contribute to the overall behaviour of the system. As
can be seen in the Hamiltonian, these higher-order excitations are shifted by multiples of
the nonlinearity and therefore appear at frequencies just below the one and two-polariton
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Figure 3.4: On-site (left) and cross (right) correlation function of a nonlinear two resonator system with
fixed nonlinearity U/27 = 0.75 MHz as a function of the detuning A of the drive frequency

from the unperturbed single resonator frequency and the driving strength €.
transitions we previously discussed.

3.2.3 Comparing on-site and cross-correlation functions

If we compare the results for the on-site and cross-correlation functions, we find that there
are parameter regions, where the two almost coincide and regions, where they clearly differ
from each other. Especially if we compare the two functions to the value of a coherent field,
we can distinguish four different regimes. In Fig. 3.5, we plot both correlation functions
and mark the four regimes with different background colors. The orange background
indicates that both functions have values above 1. The highest values can be observed at
the resonance frequency of the coupled resonators, where the two are heavily excited and
transmission through the system is possible. Green indicates correlation functions below
1, meaning that if an excitation occurs it is less likely than in a coherent field to find
additional excitations either in the same resonators or the adjacent one. In the regime
colored with red, the on site correlation is larger than 1 but the cross-correlation is below
1. This means, we are likely to find multiple excitations in one resonator, while the second
one is not excited. Lastly, we find a regime, colored in blue, where this relation is turned
around. Here, the cross-correlation is larger than 1 and the on-site one is lower. We can
visualize this as a state where it is likely to find excitations in both resonators at the same
time, but unlikely to find multiple excitations in a single resonator. For a larger lattice
this can be viewed as a form of a polariton crystal, where we find a polariton at each
lattice site due to the high cross-correlation. For the last three regimes (green, red and
blue), the transmission through the system is low as it is suppressed by either correlation
function being below 1.

Experimentally, it is therefore vital to build a very sensitive correlation function
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Figure 3.5: On-site (red) and cross (blue) correlation function of a nonlinear two resonator system with
fixed nonlinearity U/27 = 0.75 MHz and fixed driving strength @ = 1 MHz as a function of
the detuning A. The colored background indicates regions where both correlation functions
are larger than 1 (orange), smaller than 1 (green) or where g% (0) < 1 and g(®(0) > 1 (red)
and vice versa (blue).

measurement setup. In the following, we present a measurement setup which allows us to
measure the correlation functions of such weak signals.






Chapter 4

Sample fabrication and measurement
setup

In this section, we focus on the experimental setup. The first part (Sec. 4) shows the
sample design of the superconducting circuit we use for the experiments. In the second
part (Sec 4.2), we present the different measurement setups used for the experiments done
in the scope of this thesis.

4.1 Sample

Here, we show the sample and its fabrication procedure. In Sec. 4.1, the circuit design in
general and its design parameters are discussed. Section 4.1.2 describes the fabrication of
the sample.

4.1.1 Sample design

The sample is a 525 pm thick silicon chip with superconducting aluminum circuits on
top of it. The Josephson junctions are fabricated using double-angle shadow evaporation.
The total thickness of the aluminum structure is 140nm (see sec. 4.1.2). A sketch of the
sample and micrographs of different important parts of it can be seen in Fig. 4.1. The

circuit consists of two superconducting, serially-connected resonators, which are each
intersected by a DC-SQUID.

Resonators

The main part of the superconducting circuit is formed by two capacitively coupled
resonators. They are fabricated in the coplanar waveguide (CPW) design. The width
of the inner conductor is 13.2 pym and the two gaps between inner and outer conductor
are 8 pm each. This results in an impedance of 50 2, which is also the impedance of the
used cables and electronics. Matching the impedance between all components is helpful to
avoid losses and reflections that would occur at impedance mismatches. The resonators

45
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are confined by finger capacitors to form a resonator length of 7420 pm. This length of
the resonator sets the unperturbed resonator frequency. The DC-SQUID only tunes the
resonance towards lower frequencies, so that the unperturbed frequency sets a theoretical
upper limit, that cannot be reached due to the finite Josephson inductance of the SQUID.
As we are limited to a measurement window between 4 GHz to 8 GHz by cryogenic
circulators, we want to set the resonator length in a way that the maximum resonator
frequency is around 8 GHz. From the resonator length, we calculate f.s = 8.043 GHz.
Including the SQUID, which tunes the resonance frequency down, the real maximum
resonance frequency will lie inside the measurement window.

Coupling capacitor

The resonators are coupled via a finger capacitor (see Fig. 4.1) with a finger length of
20 pm. Finger capacitors can achieve a higher capacitance and with this higher coupling
strength between the resonators as compared to, e.g., gap capacitors. Since we aim for an
intermediate capacitance, we only use a single finger. Additional fingers would further
increase the size of the capacitor and with this the capacitance. We aim for a coupling
strength of % = 10 MHz. To be able to predict the coupling strength of different capacitor
designs, we investigate different samples with different capacitor designs [63]. We find
that a finger length of 20 um leads to a frequency splitting of the two resonances in a
transmission measurement of 21.1 MHz. The coupling can be calculated from the splitting

with % = 7”622_&, where J is the couling strength, d f is the frequency splitting and A
is the detuning of the bare resonator frequencies. We can see, that with a finite detuning
of the resonators, the coupling strength is always lower than half the frequency splitting.
Due to inaccuracies in fabrication, building resonators with the exact same frequency is
almost impossible and detunings of a few MHz are not unusual. With this in mind, we

choose the finger length of 20 pm and expect to get a coupling strength of around 10 MHz.

In- and output capacitors

On either side of the resonator dimer, the resonators are capacitively coupled to external
feedlines with additional finger capacitors (see Fig. 4.1). There are two main constrains on
the design parameters. Firstly, the strength of the signal leaking out of the resonator. For
a high-power experiment, where the resonator is populated by thousands of photons, the
signal will be easily detectable even with low output coupling. But for measurements with
low power, where the average population of the resonator is in the order of one or even less
than one photon, it is critical to have high enough output coupling to be able to measure
the field inside the resonators. Secondly, we want to get access to the driven dissipative
regime, where a driving tone and the losses of the resonator compensate each other to
build a steady state. In our theoretical simulations, we find steady state solutions for a loss
rate kK = 0.5 MHz. In this simulation with a driving strength of 0 MHz < Q2 < 20 MHz, we



4.1 Sample 47

find an average population of our system of 0.1 < n < 3 in interesting regions. A thorough
estimation of the signal strength that we can resolve in our system is very challenging, as
we would need to know the exact amplification rates and noise numbers and our exact
measurement bandwidth, but as most of the experimental setup was newly set up after the
sample design, the best estimation that we can do is to compare it to similar setups. In
house, we can achieve resolutions of signal down to n < 1. We conclude, that a bandwidth
of 0.5 MHz should satisfy both our design goals. Similar to the coupling capacitor, we use
a set of resonators with different output capacitors to obtain the right finger length for
our design goals. We choose a finger length of 40 pm which leads to the desired loss rate.

DC-SQUIDs

We place a DC-SQUID near the current maximum of each resonator. The area of the
SQUID loop is Asquip = 10.5pm x 24.5um. This area determines how strong the
magnetic field has to be at the SQUID, in order to get a specific amount of flux in the
loop. Loop size is always trade off between being able to tune the critical current of
the SQUID with little current flowing through the antennas and noise sensitivity of the
SQUID. If the SQUID loop is too large, flux noise can easily couple to the SQUID and
lead to an unstable or broadened frequency of the resonator. Previous work done at
the Walther-Meissner-Institute shows that, with a similar SQUID and antenna design,
one can achieve good tunability through on-chip antennas [64]. As we can also tune the
resonator frequency via an external coil, which allows for larger magnetic field sweeps,
tunability of the flux via the antennas by less then a flux quantum are enough to ensure
full control of our resonators. The inner conductor of the resonator shrinks to 750 nm
starting at a distance of 19.5 pm from the SQUID. The width of the conductor in the
SQUID loop is 550 nm. This loop is interrupted by two Josephson junctions with slightly
different dimensions. Junction 1 has an area Ajj; = 101.0 - 10> nm? and junction 2 an
area Ajjp = 54.4 - 103nm?2. This leads to an asymmetric SQUID, which is described in
Sec. 2.1.4. An asymmetric SQUID is advantageous for us, as we are limited to a window
between 4 GHz to 8 GHz, and therefore don’t have access to low frequency ranges. In
addition, a flatter dependence of the frequency on the applied magnetic flux leads to
less sensitivity to flux noise. The estimated overlap from the design is 150 nm for both
junctions although the actual overlap varies because the fabrication is not one hundred
percent exact (see Sec. 4.1.2). With an estimated critical current density J. = 150 A /cm?
this gives design values for the critical current of the two junctions of I.; = 151.5nA and
I.o, = 81.61nA and a total critical current of the SQUID I, = 233.1nA.

Antennas

The on-chip antennas are shorted CPWs [see Fig. 4.1 (e)]. The current flowing through
the shorting strips then causes a magnetic field at the SQUID position. These types of
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Figure 4.1: (a) Sketch of the two-resonator sample chip (black lines: resonators, feed lines and antennas)
mounted into a photograph of the sample holder. The ground planes on both sides of the
CPW structures are connected to each other using aluminum bonds. Colored rectangles
indicate zoom-in views. (b) 40 pm long finger capacitor to couple the resonator to the external
feedline. The width of the inner conductor of the waveguide is 13.2 pm and gaps between
inner and outer conductor are 8 pm each. (c) 20 pm finger capacitor connecting the two
coplanar waveguide resonators. (d) Zoom-in view showing one of the Josephson junctions of
the (e) de SQUIDs (false color micrograph). The SQUIDs are galvanically coupled to the
inner conductor of each resonator at the current antinode. The structure on the left of the

SQUID loop is one of the on-chip antennas.
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Table 4.1: Brief overview of the fabrication recipe.

Step ‘ Details

Cleaning Acetone and Isopropanol

Apply Resist AR-P 617.08 and ARP 679.02

Apply gold particles | Used to focus on the chip with EBL

Writing in EBL Write whole chip, but specific parts with different doses
Developing Developer AR-600-56 and Isopropanol

Two angle shadow | Full chip aluminum evaporation with intermediate oxidation
evaporation
Cleaning Remove all resist and aluminum on top of the resist with
acetone

antennas create an antisymmetric field distribution, which leads to zero flux inside the
loop, if the center of antenna and loop align. Therefore, we place the antenna 12 pum
off center. The inner conductor at the end of the antenna is 4 pm long and the strips
are 28 pm long and 1pm wide. The CPW structure used to connect the antennas to the
outside has the same dimensions as the resonators.

In- and output lines

The lines connecting the resonators to the external feed lines are also CPWs. They have
the same dimensions as the resonators and antennas, only at the edge of the chip, they
are broadened with tapers. Here, the width of the inner conductor is 127 pm and the
gap is 101 pm wide. The tapering is done over a length of 750 pm, so that the changes in
impedance are as smooth as possible. The increase in width is important, as the chip is
connected with wire bonds to the surrounding printed circuit board (see Sec. 4.2.1).

4.1.2 Fabrication

In this section, we report on the process we used to fabricate the sample measured in
the scope of this thesis. We use an all-aluminum process and fabricate everything in the
facilities of the WMI. In the following, we present our recipe and also dive into details on
fabrication parameters and important steps that lead to a working sample.

Recipe overview

Here we give an overview over the fabrication recipe. A very brief overview can be seen in
Tab. 4.1 and a visualization of the most important steps of the junction fabrication in
Fig. 4.2.  We start our process with pre-cut high-resistivity (R > 3k2) silicon wafers with
a thickness of 525 nm. They are not artificially oxidized and therefore only have a thin
layer of naturally formed SiO, on them. The dimensions of the chips are 6 mm x 10 mm.
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(f)

Figure 4.2: Sketch of the sample fabrication. Josephson junctions are fabricated with double-angled

shadow evaporation. First, two resist layers are applied to the sample (b), exposed and
developed (c). Next, two layers of aluminum are evaporated with an aluminum oxide layer in

between (d,e). Finally the resist including the unwanted aluminum is removed (f).

The sample is then cleaned with a standard cleaning process using acetone and isopropanol.
This step removes dirt on the chips, a layer of protective varnish and the glue that kept
the chip attached to a foil after cutting and during transportation. The chips are put into
70 °C warm acetone for 30s. Afterwards, the chips are cleaned three times in an ultrasonic
bath for 2min using, in that order, technical acetone, high purity acetone and high purity
isopropanol. During these steps, we make sure the chips are never exposed to air. Then,
the chips are dried with pressurized nitrogen. In the next step, we apply two resist layers
onto the sample [Fig. 4.2(c)]. The bottom resist layer is made from AR-P 617.08 e-beam
resist!. We start by baking the chip for 5min at 200°C on a hotplate. Afterwards, the
chip is spin-coated in a nitrogen atmosphere. We use 2000 rpm for 2 min, leading to a layer
thickness of approximately 680 nm. Afterwards, the chip is baked at 160 °C for 10 min.
We then repeat the spin coating process with the top layer resist PMMA /950K /AR-P
679.02. The layer thickness of this resist when spin coating with 2000 rpm is 100 nm. In
order to easily set the focus in the electron beam lithography (EBL) machine, we apply
gold particles to the edges of the sample. These particles can be easily found under the
microscope of the EBL machine as bright dots. Then, we write the structure of our sample
using EBL. We write the whole chip in one step, but vary the dose applied in different
parts. We relate all used doses to the highest used dose, which is 7. We use this dose
for the metallized parts of the SQUID loop and the conductor leading to the loop. The
ground plane and the inner conductors far from the SQUID are written with a dose of

'Made by Allresist GmbH
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0.66 times the base dose, to reduce the time it takes to write the sample. The edges of the
CPW are written with a dose of 0.82 times the base dose to increase sharpness and, on the
other hand, to reduce the proximity effect of the big ground planes. Around the junctions,
we create an undercut by applying only very little dose (0.2 times the base dose). This
amount is too little to fully expose the top resist layer, which means that, after developing,
a free-standing bridge of the top resist still remains. This bridge is required to perform
shadow evaporation to create the Josephson junctions. Developing is done by putting our
samples in the developer AR-600-56' for 45s and afterwards in 4 °C cold isopropanol for
2min. Doing the second step in cold isopropanol as opposed to room temperature proved
to increase the sharpness of the fabricated structures. During development, we constantly
move the sample inside the beakers to ensure that fresh developer reaches the resist. To
terminate the development process, we wash the chips with clean water twice.

We then perform double-angle shadow evaporation using aluminum. We tilt the sample
by £17° and evaporate 40 nm of aluminum in the first step and 70 nm in the second
step [see Fig. 4.2(d) and (e)]. In between, we expose the sample to a controlled oxygen
environment for 9000s. From previously fabricated samples, we estimate the critical
current density to be J. = 150 A /cm? for the oxygen layer that is formed in this time
span. After evaporating, we perform a lift-off process, where the remaining resist and
with it the aluminum on top of it is cleaned away. We do this by putting the samples in a
beaker with 70 °C hot acetone for one hour. Every 15min, we use a pipette to create a
strong flow around the sample that helps loosen the resist and aluminum from the sample.
To fully remove all unwanted material, we place the sample inside an ultrasonic bath on
low power for 1 min. During this whole lift-off process, we never expose the sample to air,
as this would lead to particles sticking to the surface.

4.2 Measurement setup

In this part, we describe the measurement setup, used for our experiments. This description
includes how we connect our sample in the sample box (see Sec. 4.2.1), the cryogenic
setup (see Sec. 4.2.2) and the room temperature setup for different measurements (see
Sec. 4.2.3 and Sec. 4.2.4).

4.2.1 Sample box

To connect our sample to the external feed lines, we place it in a gold plated copper box
with four ports. The connectors are 2.92mm (K) connectors. We fabricate the box in
our in-house workshop and also solder the connectors ourselves. Inside the box are four
printed circuit boards that we use as a link between chip and connectors. They are made
of alumina with a gold layer on top. Each PCB has a straight CPW leading from the

'Made by Allresist GmbH



52 Chapter 4 Sample fabrication and measurement setup

chip to the connector. On the connector side, we solder the inner conductor of the PCB
to the center pin of the connector. In addition, we use silver glue to connect the outer
conductors to the sample holder metal. In this way, we increase the impedance matching
between connector and board drastically. On the other side, the chip is connected to
the PCBs with aluminum wire bonds. We place five bonds on each inner conductor and
around 200 bonds on the outer conductors. In addition, we use bonds to avoid potential
differences between the ground planes on the sample. We bond approximately 40 times
over the CPW structures in regular intervals. The lid of the sample features four pillar
like structures, that should increase the frequency of possible box modes, so that they
don’t interact with our resonators.

4.2.2 Cryogenic setup

We perform our experiments in a home-made *He/*He dilution refrigerator with a base
temperature of 27 mK. In the following, we briefly outline the working principles of such
a cryostat and present the experimental setup inside the fridge.

Thermalization

In Fig. 4.3, one can see a schematic of the experimental components inside the cryostat.
From top to bottom, all input and output lines, as well as the DC-wires, pass through the
different temperature stages of the refrigerator. At each stage, the wires are thermalized.
The temperature stages each feature metal plates, to which cabling can be connected
in order to thermalize them. The input lines are each thermalized through attenuators
which are fixed to the stages with metal clamps. As attenuators cannot be used in output
lines, as they would decrease the already low signal strength, we directly clamp the outer
conductor of the output cables to parts of the temperature stage all along the output
lines. For this, we use gold-platted copper clamps and annealed silver wire. In addition,
the output lines are thermalized at the 30 mK stage and the 600 mK stages through
cryogenic circulators, which are directly connected with the plate due to their fixture. The
DC-wiring is thermalized by glueing the wire bundles to different parts of the temperature
stages for a few centimeters. In addition, the wires are connected to small anchors, where
the cables coming from the top are each soldered to a small metal pin and the cables
going further down into the cryostat are soldered to the other sides of the metal pins. The
anchor itself is directly placed onto the plate of the temperature state.

Microwave input lines

For microwave signals, we use coaxial cables. Starting at room temperature, where the
signal generator is connected to the fridge with flexible cables, the input lines feature
attenuation at each temperature stage. The attenuation is needed in order to protect the
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Figure 4.3: Cryogenic setup. We apply a probe signal with a VNA (port a or d) through heavily attenuated
input lines. The attenuation is distributed over multiple temperature stages of the cryostat to
decrease the heat load on the system and to shield the sample from high-temperature noise.
All output lines are made from superconducting niobium-titanium coaxial cables (red). In
the output path, cryogenic circulators isolate the sample from high-temperature noise. The
output signal is amplified with cryogenic and room temperature high-frequency amplifiers
and then detected by the VNA (port b or ¢). The on-chip antennas and the external coil
(yellow) are connected to current sources via twisted-pair wires. We label the feed line of the
sample reached by input port a '1’ and the opposing side ’2’.
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sample from room temperature noise. Ideally, we would like to place all of the attenuation
at the lowest temperature stage, because the output noise of each attenuator depends on
its temperature. But since the cooling power of the cryostat is limited, especially at low
temperature stages, it is important to divide the attenuation between different stages.
With this, the heat created by the attenuators can be easily cooled and doesn’t heat
up the cryostat, even if we apply a high input power. In total we attenuate the signal
strength by 100 dB, most of which we apply at room temperature (40dB) and 30 mK
(30dB). The rest is divided into three 10dB attenuators at each stage. Input lines are
made from stainless steel, which also contributes to the attenuation. The input signal
is then filtered around the frequency of the resonator. We choose a broad filter? with a
passband between 4 GHz and 8 GHz as the resonators are tunable. After the attenuator
at 30 mK, the cabling is made from the superconductor Niobium-Titanium. The input
and output signals connected at the sample are separated by a cryogenic circulator.

Microwave output lines

The microwave output signals from the sample to the detector are guided through coaxial
cables. A second circulator at 30 mK shields the sample from noise signals from higher-
temperature stages. Via the 50 (2 load of this circulator, the inner conductor is thermalized
to this temperature stage. Another circulator is placed at the still stage. As we are dealing
with very low signal strength during our experiments, we add multiple amplification stages.
The noise temperature of the amplification chain is limited by a high-electron-mobility-
transistor (HEMT) at 4 K. At the operation frequency of the sample, the HEMT amplifies
the signal by roughly 35dB. Between sample and HEMT amplifier, all cabling in the
output line is done with UT85 superconducting niobium-titanium coaxial cabling in order
to minimize losses. After this stage, losses are not as critical, as the signal is already
heavily amplified. The overall noise temperature of the amplification chain is given by the
Friis formula

15 T3
Toa:T e
total 1+G1+G1G2

Here, T; is the noise temperature of the i-th component in the chain and Gj is its power

4o (4.1)

gain in ratios. One easily sees, that losses (i.e., gain values lower than one) before the
first amplification step can strongly increase the noise temperature. In addition the
contribution of an amplifier to the total noise temperature is reduced by the gain of
previous stages. As a consequence, after the HEMT, stainless steel cables can be used
up to room temperature. Outside of the fridge, we add a fourth circulator in order to
prevent any backwards reflection into the HEMT amplifiers from the second amplifier
stage. Here, we use a JS2 amplifier, with a gain of approximately 23 dB. The outputs of
this room temperature amplifier is then connected to either the vector network analyzer
(see Sec. 4.2.3) or an intermediate frequency (IF) downconversion box (see Sec. 4.2.4). In

2VHF-3500+ made by Mini-Circuits



4.2 Measurement setup 55

the second case, we use an additional JS2 amplifier, which is directly connected to the
first one.

On-chip antennas and superconducting coil

We connect both on-chip antennas and a superconducting coil with DC-wires to external
current sources. In addition, the antennas are also connected to microwave cables, but
these are not used during the experiments presented here. This connection is done by
using a bias-T which combines microwave and DC wiring. The current sources that apply
the current I,,;; and I, for the DC flux through the antennas are home-made current
sources with a range of up to 10mA. We find that, when we apply a current of 1.5 mA,
the sample slowly heats up. At currents above 2mA the sample often heats up above the
critical temperature of aluminum and and superconductivity breaks down. We therefore
operate the antennas at a maximum of 2mA. The superconducting coil is equipped with
a persistent current switch. When setting the current through the coil I.y;, this switch
heats a superconducting shunt so that the current through the coil can be changed. We
operate the switch at 60 mA. The current itself is controlled by a Keithley 6430 current
source. We find that the magnetic field created by the coil has a hysteretic dependence
on the applied current. We therefore take care to set the current through the coil always
in the same way, starting at 0 mA and increasing it slowly to its set value. The current
ramp rate also influences the reproducibility of the set point. We operate the antennas at
10 pA /s and the coil at 0.1 mA /s, which allows us to reproducibly set the magnetic fields
created by the coil and antennas to the correct value.

4.2.3 Spectroscopic measurement setup

For spectroscopic measurements, we connect the microwave input and output lines to a
VNA (PNA 5222A), which has a frequency range of 10 MHz to 26.5 GHz. For a typical
measurement, we excite the system at one of the two input ports and measure both
reflection of and transmission through the sample (see Fig. 4.3). For a full set of S-
parameters, we have to perform two separate measurements. In addition, we can sweep
the magnetic flux through the SQUID loop by tuning the current through the external
coil or the on-chip antennas and perform a VNA measurement at each sweep point. This
allows us to directly see the dependence of the frequency response as a function of the
applied magnetic flux.

4.2.4 Correlation function measurement setup

In order to measure correlation functions and to perform photon number calibrations,
we attach our cryogenic setup to a homemade copper downconversion box containing a
set of mixers, filters and IF amplifiers. The output of the box is connected to a FPGA-
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enhanced analog-to-digital (ADC) converter card. Inside the copper box, we convert the
measurement signal from its frequency between 4 GHz and 8 GHz, to an intermediate
frequency of 11 MHz. This signal is sampled by the ADC card with a sampling frequency
of 175 MHz, filtered, digitally downconverted to DC, and split into its in-phase and
quadrature (IQ) components. The analog downconversion step brings the signal into a
frequency range which can conveniently be recorded by commercial ADC cards. With
an analog down conversion to 11 MHz, a sample rate of 44 MHz would be sufficient. The
digital downconversion step is implemented in the FPGA logic of the ADC card. It is
used to avoid 1/ f-noise, which is omnipresent in the measurement electronics. In the
following, we present more details about the downconversion box and the FPGA logic.

Downconversion box

We place all devices used for the analog down conversion inside a copper shielding
box. A sketch of it is shown as part of the room temperature setup for the correlation
measurements in Fig. 4.4. The box features two identical paths, which allow us to detect
two signals simultaneously. This is necessary in future experiments in order to measure
cross-correlation functions between the two resonator fields. In each path, the signal first
passes through an isolator. Afterwards a first pass band filter with a passband of 5.6 GHz
to 7.0 GHz cuts off the signal around the frequency range of the sample. Then, the signal
enters an [Q-mixer. The outputs of this mixer are two output signals, one, where the
signal is multiplied by a sine with the frequency of a local oscillator (LO) and one where
the signal is multiplied by a cosine with the frequency of the LO. The output signals I
and Q are given by

I'=S8-sin(2r- fLo-t) (4.2)
Q=S8 -cos(2m - fro-t),

where S is the signal incoming to the rf port and f,o is the frequency of the local oscillator.
The local oscillator signal is created by an additional signal source and wired into the box.
I and () are then filtered with a bandpass filter and split with a beam splitter. An isolator
at the entrance of the IQ-mixer prevents any back scatter and especially any signal flow
between the two paths. We detune the local oscillator frequency fro by 11 MHz from the
signal frequency fgnai- I and Q each consist of two signals with a frequency of fgigna = fro-
With a set of four filters, we heavily filter around the lower frequency fgignat — fro, s0
we can omit the part of the signal with higher frequency. After downconversion to the
IF frequency, we use a third room temperature amplifier to further increase the signal
strength. This amplifier adds an additional amplification of 56 dB in a frequency range
between 0.001 MHz and 400 MHz. At the output of the downconversion box, a DC-Block
with a cutoff frequency of 7kHz additionally filters out any DC signal. The output of the
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Figure 4.4: Room temperature setup for the correlation function measurements. The microwave output
lines of the cryostat are fed into an analog downconversion box (orange) and after down
conversion and filtering are digitized and processed by an FPGA-enhanced ADC card.
Components are either directly connected to each other (black connection) or connected with

a SMA adapter (green connection) or short cable (blue connection).
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box consists of two pairs of ports, each composed of an I and Q signal part. These four
signals are then wired to the FPGA-enhanced ADC card, where they are digitized and
processed further.

FPGA-enhanced ADC card

In the following, we explain in details the working principle of the ADc card and its FPGA
logic. We use a x6-250M card from Innovative Integration, which features eight 16-bit
ADCs. Our logic only uses four of these inputs. The output ports of the mixer box are
connected to these input ports of the card.

Any sinusoidal signal can be described as a sum of an in phase and quadrature compo-
nent.

S = 1cos (27 - fsgnal - t) + Qsin (27 - fagnal - t) (4.4)

The RF output signal of the sample is converted in the downconversion box to their
in-phase and quadrature components oscillating at the IF frequency,

Ir = ;([ cos(wrt) + @ sin(wirt)) (4.5)
Qi = ;(—] sin(wipt) + Q cos(wirt)). (4.6)

An exemplary signal can be seen in the middle panel of Fig. 4.5. After data acquisition by
the ADCs with a sample rate of 175 MHz, the signal is digitally processed by the FPGA
logic. In the following we will discuss the different steps taken by the card. In the first
step, the card performs a digital down conversion (DDC), similar to the down conversion
of the IF-mixer box. For this, the sine and cosine components of a digital local oscillator
signal with frequency wir are multiplied with the digitized IF signal

Inc = Iipcos(w_t) — Qpsin(w_t) == -1 (4.7)

[NCREE NN

Qpc = Iipsin(w_t) + Qrr cos(w_t) = = - Q. (4.8)
For signals near the frequency wyy, the resulting signals Ipc and Qpc are quasistatic
components in the sense that they only reflect modulations of the original signal on
timescales corresponding to the effective filter bandwidth resulting from analog filtering,
digital filtering and averaging (see Fig. 4.5).
From a technical point of view, we have to consider that Eq. (4.7) and Eq. (4.8) also
upconvert spurious low-frequency signals, creating unwanted terms oscillating at 2wir.
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Figure 4.5: Working principle of the logic on the FPGA card. The input signal is digitally downconverted

and filtered and all moments of the in-phase and quadrature component up to forth order are

calculated. In order to give specific numbers, we have assumed a realistic signal frequency of

7 GHz in this sketch.
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We therefore use a set of two digital filters. The first filter is a cascaded integrator-comb
(CIC) filter. CIC filters combine integrator stages of the form

yln] = yln = 1] + z[n], (4.9)
where y[n| (z[n]) is the n-th sample after (before) filtering, and comb stages of the form
y[n| = z[n] — z[n —1]. (4.10)

A typical CIC filter consists of multiple integrator steps and multiple comb steps with a
change of sampling rate in between. Integrator steps are run with the original sampling
rate. Afterwards, the sampling rate is reduced in order to improve the efficiency of the
filter and to reduce complexity of the filter architecture. After this filter step, we account
for the filter gain by dividing the signal by the gain in order to stay in our computational
data size. The main purpose of the CIC filter is to keep the computational complexity of
the subsequent second filtering stage to a level which can still be handled by the FPGA
resources. The second filter stage is a finite impulse response (FIR) filter. Here, the filter
function is given by

y[n] :Z(Ci'x[n—z’]), (4.11)

where ¢; is a set of filter coefficients, and NV is the order of the filter. The filter coefficients
define the shape of the filter function and its cut-off frequency. In the last step of the on-
board data processing, all multiples of I and @ up to the fourth order are calculated(I™-Q™
with m+n < 4). From these values we compute an average of the signal moments (I™-Q™)
with m +n < 4. At this point, the data is transferred to a measurement computer, where
it can be further processed or saved. The key purpose of the FPGA logic is to perform
digital downconversion, digital filtering and moment calculation close to real time. This
performance is possible, because we only have to send one strongly averaged data trace
including all computed moments to the measurement computer in time intervals on the
order of minutes. Otherwise the data transfer of each measured trace before the calculation
and averaging, as well as the processing time on a standard computer, would dominate
the measurement time.

Data format and parameters

The ADCs for data acquisition have a 16 bit resolution and operate at a sampling rate of
175 MHz. The logic is programmed to continuously measure traces with 8192 points after
a trigger event until a set number of averages is reached. With a CIC down sampling
factor of 16, we end up with traces with a length of 512 points or, equivalently, 46.8 j1s.
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Figure 4.6: Measurement of the signal power Pijgnal in a temperature sweep of the heatable attenuator
(blue symbols) while the resonators are far detuned from the signal frequency probed by the
correlation measurement setup. The red line is a fit to the data using Eq. (4.12).

Due to digital filter ringup, we have to discard a number of points. The ringup time
depends on the number of FIR filter coefficients. Using just the CIC filter drastically
reduces ringup time. After filtering and moment calculation, we perform the averaging
using 128 bit numbers. In this way, we are able to perform averaging up to millions of
averaged traces without running into overflow problems.

Photon number calibration factor

As we cannot directly measure the gain of our amplification chain while the cryostat is cold,
we perform Planck spectroscopy [65, 66] as a photon number calibration measurement.
To this end, we use a heatable attenuator, that emits black body radiation towards the
input of the sample. With the resonators far detuned, the signal is reflected into our
amplification chain, and we can measure the resulting power with a digitizer card at
room temperature. Before digitizing the signal, we convert the signal to an intermediate
frequency of 11 MHz with an analog mixer setup. After digitizing, the data is digitally
downconverted to DC. As a result, we get the in-phase (I) and quadrature (Q) components
of the measured signal as a DC value. We can then write the power of the signal as a
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function of the temperature of the attenuator

PP+@Q* KGe[1 R fo
Pripnal = - ~ coth ~ 412
signal R R 9 cot 2kBTatt + Nnoise ; ( )

with the Boltzmann constant kg, kK = 2R-BW -h fy, BW the bandwidth of the measurement
and G, the total gain of the amplification chain. We perform a temperature sweep
of the heatable attenuator and measure the resulting output quadrature components,
which we can fit to the formula for the black body radiation. The result of this fit is
the product kKGa, which relates the number of photons at the sample to the measured
voltages and the photon number n,. of the noise of the amplification chain. In our
setup, this photon number is dominated by the noise number from the cryogenic amplifier
in the chain. In Fig. 4.6, we show a temperature sweep from 50 mK to 800 mK. From
the fit, we get kG = 8.1 (mV)Q/photon and a noise number n, = 142. The high
noise number can be explained by aging effects in our HEMT amplifiers. Using the
measurement bandwidth of BW = 2MHz, we can calculate the gain of the chain and find
Gea = 109.8dB. As we perform this calibration measurement with a slightly different
setup (including an additional downconversion box, containing an intermediate frequency
amplifier with significant gain), we cannot directly use this gain measurement for the
interpretation in the experiments performed with a VNA.

In order to estimate the gain of the VNA setup, we measure the gain of the additional
room temperature components used in the determination of G.,. We measure the gain of
the downconversion box, Gy,ox = 47.3 dB, and the gain of an additional rf room temperature
amplifier Gieamp = 24.6 dB. If we subtract these two values from the determined total
gain G, we get a value of the gain of the VNA setup G = 38 &4 dB, which we use in the
main text of this paper. The uncertainties stem mainly from the frequency dependency of
the gain as the measurement of the gain and of the nonlinearity have been performed at
different frequencies (3dB) and the different cables used in the two measurements, which
cannot be reliably accounted for in our estimation (1dB). The uncertainty in the gain is
the main contribution to the uncertainty of the nonlinearity.

4.3 Characterization of the superconducting circuit

In this section, we present characterization measurements of our circuit. We show, that
we are able to model the dependency of the resonance frequency on the flux created by
the external coil as well as on the flux created by the on-chip antennas. Using these
tuning knobs, we are able to tune the resonators in and out of resonance at any arbitrary
frequency point within the bounds of the single resonator tunability.
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Figure 4.7: Measurement of the phase of the scattering parameter S1;. The resonance frequency of
resonator 1 is clearly visible and performs a full oscillation within the current region shown
in this figure. A theoretical calculation [Eq. (4.13)] (bottom panel, red dashed line), allows

us to extract important system parameters (see Tab. 4.2).
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Table 4.2: Resonator parameters
I(pA) | AD(Dp) | AP/AlLgy(PopA™) | d
Res 1 1.40 -0.18 0.077 0.147
Res 2 1.80 0.50 0.213 0.147

4.3.1 Influence of the external coil

First, we look at the individual response of each resonator. For this, we measure the
scattering parameters Si; and Ss, which show the reflection of the system. If the
resonators are detuned from each other, the signal enters the first resonator if it is on
resonance, but cannot enter the second. The signal is therefore reflected, but obtains a
phase shift. We extract the resonance frequency of an individual resonator by looking at
the phase of the reflection measurement

Reflection measurements of resonator 1

A measurement of Sy; for different current values I..; through the external coil is shown
in Fig. 4.7. We sweep the VNA input frequency from 5.2 GHz to 7.2 GHz and measure
the signal at the output port. The resonance frequency is visible as a phase peak. We
tune the resonance frequency of resonator 1 from 5.24 GHz to 7.07 GHz by changing the
coil current by Al = 6.58 pA. We can model this change in resonance frequency using
equations 2.55 and 2.56 as

1
2m \/Li (Pext,i) - Ci (Pext,i)

fres,i = N (413)

where i denotes the resonator. The result of this calculation for resonator 1 is overlayed
onto the measurement in the bottom panel of Fig. 4.7. The maximal resonance frequency
of each resonator is determined by the maximal critical current of the two DC-SQUIDS
which lets us directly extract this important parameter from the model. The minima
of the dependence on the other hand are a result of the asymmetry parameter d of the
junctions of each DC-SQUID. We introduce a parameter that relates the coil current
I.on to the effective external flux @y ;, which is given in units of ®y/pA and one, that
determines the amount of flux A® that is applied to the SQUID loops for I..,; = 0. We
determine the parameters of the model by matching the measured behavior. We find
a parameter set (see Tab. 4.2), that recreates the dependency of the resonator on the
external flux.

Reflection measurements of resonator 2

We perform a similar measurement in order to extract the parameters for resonator 2. We
apply the input signal directly to resonator 2 and measure Sa;. The measurement is shown
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in Fig. 4.8. We find, that we can tune resonator 2 from 5.59 GHz to 7.17 GHz by changing
the coil current by Al..; = 2.78 pA. Parallel to the treatment of resonator 1 the resonance
frequency of resonator 2 can be modeled by equation 4.13, and we can extract the model
parameters (see table 4.2). We notice, that although the two resonators are equal by
design, they differ both in critical current and in their dependence on the current through
the external coil. The obtained critical currents for the two SQUIDs are I,; = 1.40 and
I. o = 1.80. This difference stems from inaccuracies in the junction fabrication, where a
spread of the critical current of up to 20 % is not unusual for homemade junctions [67].
To get a better understanding of the origin of these inaccuracies, we can also take a
look at the asymmetry parameter d. We find, that for both SQUIDs the asymmetry is
the same d; = dy = 0.147. This shows us, that the ratio of the critical currents of the
Josephson junctions in each SQUID has to be the same for the two SQUIDs. Therefore it
is likely, that the difference stems from variations in fabrication, that occur on a large scale,
compared to the SQUID size. These variations can be created by a slight misalignment of
the sample in z direction by e.g. residual resists below the chip. The focus of the beam
is then different for different regions of the sample and can create sharper or less sharp
junctions or even junctions of different size, which can both lead to a difference in critical
current. It is also possible, that the oxidation process occurred with a different speed at the
two SQUID sites, which would create different critical current densities, also affecting the
critical current. In the next section, where we show transmission measurements through
the whole system, we also discuss the differences in the dependence on the external coil
current in more detail.

Transmission through both resonators

We measure transmission through the two resonator system and show the influence the
external coil has on the combined system. Fig. 4.9 is a VNA measurement of the scattering
parameter Sp; as a function of the current through the external coil I..; and the frequency
applied by the VNA. In a transmission measurement, one can see the resonance frequencies
of each resonator as peaks in transmission. As already shown in the previous sections,
both resonance frequencies are shifted by the external coil. In the displayed coil current
window from 10 A to 30 pA the resonance frequencies both undergo more than a full
oscillation. We observe a maximal resonance frequency of 7.14 GHz for resonator 1 and
a maximum of 7.20 GHz for resonator 2. Again, this difference in maximal frequency of
0.06 GHz is a direct indication for a difference in critical current of the SQUIDs, which
is also evident from the calculated paramters (Tab. 4.3) using Eq. (4.13). Note that,
as the reflection measurements and the transmission measurements we show here, were
performed in different cooldowns, the maximal resonance frequency and therefore the
critical currents of the SQUIDs differ between the measurements. Changes in critical
current of Josephson junctions due to degrading effects and mechanical stress during
warmup and cooldown procedures, is a well known and typical occurrence. The difference
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Figure 4.8: Measurement of the phase of the scattering parameter Sos. The resonance frequency of
resonator 2 is clearly visible and performs a full oscillation within the current region shown in
this figure. A theoretical calculation of the measured dependency (bottom panel, red dashed

line), allows us to extract important system parameters.
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Table 4.3: Parameters of the two resonators

I(pA) | AD(Dy) | AP/AlLgi(PopA™") | d
Res 1 1.65 -0.39 0.076 0.147
Res 2 1.93 0.08 0.199 0.147

in maximal resonance frequency is well below 0.1 GHz for both resonators. The calculated
resonance frequencies for both resonators overlayed on the data can be seen in Fig. 4.10.
While resonator 1 is visible over the whole measurement span, the resonance frequency
of resonator 2 vanishes while it is far detuned from resonator 1. We can explain this
behavior by the influence of the environment of the sample. For a detailed description, see
section 5.1. We also notice that for smaller coil currents I..; < 14 pA, the expected and
measured resonance frequency deviate by up to 0.1 GHz, which stems from a nonlinear
dependency of the external flux applied at the SQUID loop on the coil current. For low
coil currents (0pA to around 6 pA, not depicted in the measurement here), we find a
strongly hysteretic behavior of this dependency. As the coil is a larger coil with many
windings, this hysteresis likely comes from charging effects of the coil. For higher coil
currents we also observe a deviation from the expected linear behavior. Here we find that
the external flux changes faster for higher coil currents. For a further discussion of this
behavior, that we can also observe in measurements where we apply flux through the
on-chip antennas, can be found in chapter 4.3.2.

In addition to the different maximal resonance frequencies, resonator 2 has a larger
mutual inductance with the external coil than resonator 1. The main influence on the
conversion from the coil current to the actual flux through the SQUID loops should be
the position of the SQUID in relation to the coil and the size of the SQUID loop. As both
the sample design and the position of the coil are chosen to be symmetric, the reaction of
the two resonators to the external coil should be the same. We suspect that the reason
for the observed difference stems from additional superconducting loops that are created
by the bond wires. As they are not placed perfectly symmetrical on the sample, induced
on-chip current flow can differ between the two SQUIDs.

We are able to tune the resonators in and out of resonance using the external coil. In
the bottom panel of Fig. 4.9, we show cuts of the sample’s frequency response at two
coil currents. For I.; = 18.5pA the two resonators are far detuned and we can observe
the single resonator response of resonator 1. For I ..; = 21.5pA, the degeneracy point is
reached and the resonance frequencies exhibit an avoided crossing.

As the measurement does not show the lowest possible resonance frequencies, we
individually show the calculated frequencies in Fig. 4.11. The frequency range, where
both resonators can be brought into resonance, is defined by the maximum of resonator 1
and the minimum of resonator 2. This gives us a range from 5.67 GHz to 7.14 GHz, which
is a span of 1.47 GHz.
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Figure 4.9: Transmission magnitude So; through both resonators in dependence of the coil current and
the applied frequency. We can see the two resonators tuning in and out of resonance multiple
times of the span of 20 pA. The bottom panel shows cuts at 18.5 pA (red, resonators detuned)
and 21.5pA (yellow, resonators in resonance).

4.3.2 Antenna sweeps and full control

In this chapter, we show, that in addition to the external coil, we can also use two on-chip
antennas in order to tune and control the resonance frequencies of our system. On-chip
systems offer fast tuning, but are prone to crosstalk and can therefore negatively affect
the actual circuit. For our system they are necessary, as we cannot address each resonator
individually with the external coil, but if we want to tune the two into resonance at
any possible frequency point, it is vital that we are able to do so. On-chip antennas
are designed to create a local magnetic field near the end of its antenna line, so that
only the close vicinity of the antenna is affected. In theory, we can use this in order to
individually tune the external flux through one SQUID loop in order to control each
resonator independently. Our sample features two antennas, each located near one of the
two SQUIDs (see Sec. 4.1).
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Figure 4.10: Measured transmission through the resonator system with the calculated resonance frequency
of resonator 1 (yellow) and resonator 2 (red) overlayed. We see, that between 14 and 28 pA

the theoretical descriptions models the data well.
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Figure 4.11: Calculated resonance frequency of resonator 1 (yellow) and resonator 2 (red) in their full

frequency range.
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Table 4.4: Parameters of the two resonators
AD (D) | AD/ALy(PemA™) | AD/ALro(PemA™)
Res 1 -0.25 0.58 1.1
Res 2 0.05 0.075 0.59

Heating effects of the on-chip antennas

When we apply a current through the antennas, we observe heating effects across the
whole chip structure. In order to quantify these effects, we look at the temperature of the
sample box with a thermometer that is fixed on the outside of the box. Up until roughly
1500 1A, the sample temperature rises on the order of tens of mK. For currents larger
than this, the temperature increased drastically in some experiments even exceeding the
critical temperature T, of aluminum. This rise occurs on a short time scale, at a time,
where the full sample stage was still at temperatures far below 7.. We therefore suspect,
that the current flow locally heats small parts of the sample above T., which leads to
a high resistance in this part, which in turn accelerates the heating process. The most
likely candidates where this heating takes place is either the small conductor that forms
the antenna itself, or the aluminum bonds, that are used to connect the sample to the
PCB. The latter are likely, as they do not offer a perfect connection. Mechanical stress,
corrosion or oxidation can weaken the electrical connection and lead to a finite resistance
in the bond or the bond connection. We account for this heating effect, by limiting the
current through the antennas. In the following sections, where we show the influence of
the antennas on the two measurements, we show a measurement, where the mentioned

drastic increase in temperature does not happen, and we are able to present data up to
2000 pA.

Flux tuning and crosstalk using antenna 1

In our measurements, we observe a strong crosstalk between the two on-chip antennas.
We therefore investigate both the effect each antenna has on the resonator that is close
by, and the resonator that should be unaffected by the antenna. In Fig. 4.12, we show
a reflection measurement (S7;) of resonator 1, where we increase the current through
antenna 1. For better visibility, we show the phase of the scattering parameter. We
can clearly see, that in the range of 2000 pA, we can change the resonance frequency of
resonator 1 from the minimal frequency of our frequency range 6.90 GHz to the resonators
maximal frequency of 7.14 GHz and back. Similar to the treatment of the coil sweeps, we
can use the theoretically expected dependence to calculate the conversion between the
current through the on-chip antenna and the created flux through the SQUID loop. We
find, that with antenna 1 we can create one flux quantum in the loop of resonator 1 over
the span of 1724 pA, giving us a tuning rate of 0.58 ®omA .

The cross talk between the current applied to the antenna of resonator 1 and resonator
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Figure 4.12: Measurement of the phase of S1; while sweeping the current of antenna 1. We can clearly
observe the expected dependency of the resonance frequency of resonator 1 on the applied
current. We create an external flux of @ = 0.58P( in the SQUID loop by applying
Tongr = 1mA.

2 can be seen in the scattering parameter Ss; shown in Fig. 4.13. Due to the coupling
of resonator 1 to the parasitic path, we can still see its resonance in this reflection
measurement, although it is less visible. In addition, we can also see the resonance of
resonator 2, which is close to its maximal value at I,,;; = 0. We observe a slight tuning
of said mode, indicating a finite crosstalk between the magnetic field of antenna 1 and the
SQUID loop of resonator 2. To better visualize the mode and this tuning, we overlay the
theoretical model [Eq. (4.13)] onto the measurement. The tuning of resonator 2 is almost
an order of magnitude smaller than the one for resonator 1. We find, that to create one
® of external flux in SQUID loop 2, we have to apply a current of I,,;; = 13.3mA.

Flux tuning and crosstalk using antenna 2

Next, we investigate the flux tuning of resonator 2 with antenna 2 and the resulting
crosstalk on resonator 1. Fig. 4.14 shows the phase of the reflection measurement Sos.
In this measurement, similar to the previous measurement, we observe both the desired
control of resonator 2 and a crosstalk to resonator 1. A visual indication for the behavior
of resonator 2 can be seen in the bottom panel. As expected from the symmetric design,
the tuning rate for resonator 2, 0.59 ®omA ', is similar to the one observed between
antenna 1 and resonator 1 in the previous section. To tune the resonator by a full period,
we therefore have to apply 1695 nA.

Surprisingly, the crosstalk between antenna 2 and resonator 1 is drastically different
from the one between antenna 1 and resonator 2. As can be seen in the reflection
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Figure 4.13: Measurement of the phase of Sz while sweeping the current of antenna 1. We find that we
create an external flux of @y = 0.075®g in the SQUID loop of resonator 2 by applying
Lint1 = 1mA. The dashed line in the is the calculated resonance frequency using Eq. (4.13).
In order to increase visibility, it is displayed in a separate panel.
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Figure 4.14: Measurement of the phase of Sy while sweeping the current of antenna 2. Similar to the

measurement where we sweep I,nt1, we can see both the resonance frequency of resonator 1
and the one of resonator 2 being affected by antenna 1. We find that we create an external
flux of ®eyy = 0.59P in the SQUID loop of resonator 2 by applying I,n2 = 1 mA. In order

to increase visibility, it is displayed in a separate panel.
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Figure 4.15: Measurement of the phase of S1; while sweeping the current of antenna 2. We can clearly
observe the expected dependency of the resonance frequency of resonator 1 on the applied
current. We create an external flux of ®ey = 1.1P¢ in the SQUID loop by applying
Toni1 = 1mA.

measurement S7; shown in Fig. 4.15, antenna 2 creates an even larger flux in the SQUID
loop of resonator 1, than in resonator 2. We find, that a current of 909 pA is sufficient
to create one flux quantum inside this SQUID loop. This result indicates that small
deviations in the circuit symmetry, e.g., due to the wire bonds on the chip, can cause
strongly asymmetric current flows and unexpected crosstalk. While such an effect may be
difficult for future scaling, it can be easily compensated in our two-resonator sample.

Full control of the two-resonator system

The precise control of the resonators via the flux through their de SQUID is of great
importance for the two-resonator system. The flux through the SQUID defines the critical
current and, in turn, both the resonance frequency and the nonlinearity of each resonator.
As we have seen in the previous sections, individual control of both resonators requires
the consideration of the effect of both on-chip antennas on both SQUID loops. In the
experiment, we use a combination of on-chip antennas and the external coil to effectively
control each resonator individually. We use Eq. (4.13) in order to calculate the resonance
frequency of each resonator as a function of the external flux through each SQUID loop .
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The two fluxes induced by the three currents we can apply are

&1 (Lant1s Lant2, Leoit) = Mant1, 1+ Lant1 + Mant2, 1+ Lant2
+ Meoi, 1+ Leoit + Ay

G2 (Lant1s Lant2, Leoit) = Mant1, 2 * Lant1 + Mant2, 2 * Lant2
+ Meoit, 2+ Leoit + A¢po.

(4.14)
(4.15)

Here, My i/coi, j 18 the mutual inductance between antenna i / coil and SQUID loop j.
The parameters extracted from our data can be found in tables 4.4 and 4.2. Based on
these tables we are able to calculate the possible currents we have to apply in order to set
each resonator to a specific frequency. As the three currents are only determined by two
independent equations, we are able to choose one current independently. In this way, we
can overcome the issue of non ideal SQUID characteristics (see Fig. 4.10 and Fig. 4.14).
For more details please refer to [68].

In order to implement this full control in an experiment, we pre-calculate the current
values for the frequency points we want to set and than automatically set the current
values of the coil and both antennas one after another.

4.3.3 Coupling strength J between the two resonators

The coupling strength between the two resonators is, alongside the nonlinearity of the
system, one of the main deciding parameters for the physics of the bosonic excitations in
the lattice. In the Bose-Hubbard model, the ratio between nonlinearity and the coupling
strength define whether the system is in its superfluid or mott-insulating state. For future
applications it is therefore necessary, to be able to design, predict and determine this
parameter J. Here, we present two possibilities to extract J from our measurements.
First, we can directly measure it, as half the smallest distance in frequency between the
two modes at their point of degeneracy. Here, the two separate modes couple and form
two coupled modes, that are shifted by £.J/27 from the uncoupled modes (see section
2.1.3).

In Fig. 4.16, we show a transmission measurement where we tune both resonators into
resonance. As expected, we observe an avoided crossing of the two resonator modes. The
difference between the two modes is given by

Af = VA2 + A2, (4.16)

with A being the detuning of the uncoupled modes. For A = 0 the splitting becomes
minimal, and we can directly extract the coupling from the measurement. We measure
the distance between the two modes at a current of 9.12 pA, which is the current that
creates the smallest splitting. Along with two other cuts at 8.98 pA and 9.22 nA, this slice
is shown in Fig. 4.17. We find a minimal splitting of Af = 17.2 MHz, which gives us a
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coupling strength of J/27 = 8.6 MHz.

Although the coupling capacitor is independent of the flux bias we apply to the SQUID
loops, the actual coupling strength is flux dependent. This is due to the fact, that the
coupling strength depends on the resonance frequency of the resonator and on the ratio
between the coupling capacitance and the effective capacitance of the resonators. As
already presented in previous sections, the latter changes with the applied flux, which
in turn creates a dependency for the coupling strength. As it is very time consuming to
perform a full characterization of .JJ, where we create the degeneracy point at all possible
frequencies, we present a second way in order to estimate the coupling strength. Using
the Lagrangian of the system, we can calculate the coupling strength from the circuit
model, we used for the simulations of the system

Ce
J = wra. (4.17)

As we look at points where the two resonators are in resonance, we can use both the
capacitance Cj of resonator 1 and 2 here. We plot the results for the coupling strength for
the flux dependence of resonator 1 in Fig. 4.18. We get a coupling strength J of 5.02 MHz
to 8.76 MHz. Note that the actual possible minimal coupling is limited by the tunability of
resonator 2, and is therefore only 5.38 MHz. The measured coupling strength of 8.6 MHz
near the maximal frequency of resonator 1 fits well to the theoretically calculated results.
We conclude, that although the coupling strength between the two resonators depends on
the resonance frequency, the actual change of around 40 % is quite low as compared to
the change in nonlinearity. We will discuss this in further detail after we introduced the
measurement and calculation of the nonlinearity in Sec. 5.1.2.
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Figure 4.16: Measurement (left panel) and simulation (right panel) of a transmission measurement near

the degeneracy point of the two resonators. Dashed colored lines show the position of cuts
shown in Fig. 4.17.
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Figure 4.17: Cuts of the measurement (top panel) and simulation (bottom panel) of a transmission
measurement near the degeneracy point of the two resonators. The shown cuts are visible
as lines in the picture of the full measurement in Fig. 4.16. The current values are 8.98 nA
(vellow), 9.12pA (purple) and 9.22pA (red). From the purple graph we can extract a
coupling strength of J/27 = 8.6 MHz.
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Figure 4.18: Calculation of the coupling strength J with the flux dependence of resonator 1. We find a
maximal coupling strength of 8.76 MHz and a minimal one of 5.02 MHz



Chapter 5

In situ tunable nonlinearity and
competing signal paths in coupled
superconducting resonators

In Sec. 2.1.7, we discuss how to set up a circuit model for the characterization of a nonlinear
two-resonator system in the presence of a spurious environment whose microscopic origin
does not need to be exactly known. In this section, we show that this environment can be
modeled with a spurious parallel signal path giving rise to Fano-like resonances. In this
way, we gain access to the full parameter space of the coupled systems in a controlled way.
Consequently, we can investigate a key property of our system: the nonlinearity of the
resonators. Specifically, we employ two different characterization techniques including a
direct measurement. We show that the nonlinearity of our resonators can be tuned in
situ from values much smaller to values larger than the resonator-resonator coupling. In
this way, we provide a technique for a controlled access to promising parameter regimes
for future quantum simulations. For additional reading, please also refer to [69]. As
additional preparation for the future quantum simulation experiments, we perform first
tests of our correlation function measurement setup and show that we are able to detect
the second-order correlation function of a coherent signal.

5.1 Nonlinearity from the circuit model

In the scope of a quantum simulation experiment, it is vital to know the full parameter
set of the underlying circuit in order to precisely predict its behavior. For a system of
nonlinear resonators, the nonlinearity is of key interest. We therefore implement two
ways to experimentally determine the nonlinearity of our system. In the following, we
present a circuit model accurately reproducing our data (see Sec. 5.1.1), which allows us
to calculate the nonlinearity (see Sec. 5.1.2). In Sec. 5.2.2, we compare these results to
a direct measurement of the nonlinearity based on the power-dependent response of the

resonators.
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5.1.1 Circuit model with competing signal path

In the experiment, we measure the transmission S, or S, through our two-resonator
system as a function of the current I ., through the coil and of the frequency wq/27 of
the applied microwave drive. The result is shown in Fig. 5.1(a). As expected, we observe
periodic modulations of the two resonance frequencies of the coupled resonators. The
maximum resonance frequencies of the two resonators differ by approximately 50 MHz
due to inaccuracies in the junction fabrication.

In order to extract the circuits parameters, we first simulate the response of the sample
with a simple circuit model taking into account only the resonators and coupling capacitors
(see Fig. 2.9). Details of the simulation can be found in Sec. 2.1.7. The simple circuit
model predicts an increased transmission in regions where the resonators are close to
resonance and a strongly suppressed transmission elsewhere [see Fig. 5.1(a, orange line)].
Comparing the experimental data to the results of the simulation, we find good agreement
when the two resonators are close to resonance with each other, but significant differences
otherwise. For example, in the experiment, there is a clear transmission signal of resonator
1 even if resonator 2 is far detuned. The model, on the other hand, predicts a strong
damping of the resonance of resonator 2 in this regime. These observations become even
more apparent when we look at the transmission signal for certain fixed coil currents. As
shown by Fig. 5.2(a, orange line), the simple model can reproduce the measured resonances
qualitatively well, despite the fact that the measurement shows a larger background signal.
In contrast, Fig. 5.2(b, orange line) shows that, when the two resonators are far detuned,
the transmission through the system is predicted to be strongly damped over the whole
frequency range. Even on resonance the measured peak is approximately 15dB higher
than predicted.

We can account for these deviations by introducing a generic environment in form of a
parasitic signal path (see Fig. 2.9). This parasitic path consists of a series connection of
resistive, inductive, and capacitive elements. They are coupled capacitively to the input
and output lines and also inductively to the resonators. As shown in Fig. 5.1, the model
that includes this parasitic path (see Sec. 2.1.7 for detailed calculations) reproduces the
experimental data very well over the whole frequency range. The reason for this significant
improvement is the fact that the parasitic path opens up additional transmission channels
for the system. First of all, the signal can be directly coupled into the parasitic path
via the input line and then be transmitted to the output line leading to an increased
constant background even if both resonators are far detuned from the input frequency.
Secondly, if the signal is in resonance with resonator 1, it can enter the resonator and
then couple inductively to the parasitic path. This can be seen by the increased signal at
the resonance frequency of resonator 1 even where resonator 2 is detuned.

Turning back to the frequency-dependent transmission at fixed coil current values, we
can clearly distinguish between regions, where the path through the resonator system
dominates, and regions, where the parasitic path plays a crucial role. In Fig. 5.2(a), the
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Figure 5.1: Normalized transmission magnitude (S., (VNA ports) or Sa; (sample ports)) through the
sample as a function of the coil current and the probe frequency. (a) Measurement using
the setup shown in Fig. 4.3 with an input power of P, = —30dBm. (b) Simulation only
considering the resonators and coupling capacitors. (c¢) Simulation taking into account a
parasitic path. Data profiles at working points indicated by the dashed lines are displayed in
Fig. 5.2. Parameters used in the simulations are shown in Tab. 4.2 and Tab. 5.2.
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Figure 5.2: Measured transmission magnitude S, or Sa1 (blue dots) as a function of the probe frequency
for two fixed coil currents with input power P, = —30dBm. (a) Both resonators in resonance,
Ioin = 21.5pA. solid yellow line: fit based on parasitic path model, solid orange line: fit
based on simple model. (b) Resonator 2 far detuned (w, 2 = 5.7 GHz), Lo = 23.0 pA. Solid
yellow line: fit based on parasitic path model, solid orange line: fit based on simple model.

two resonators have similar resonance frequencies and therefore transmit most of the signal
to the output port. Hence, the parasitic path does not contribute to the shape of the
resonances. Away from the resonances, the broadband nature of the parasitic path allows
for an increased transmission background as it is observed in the measurements. When
the two resonators are far detuned, the presence of the parasitic path also changes the
qualitative shape of the resonance, making it Fano-like. While the peaks are symmetric
in the simple model at all times [see Fig. 5.2(b, orange line)], the parasitic path model
matches the peak-dip feature of the measurement [Fig. 5.2(b, yellow line)]. In summary,
based on the parasitic path model, we obtain a realistic set of parameters for each resonator
(see Tab. 4.2 and Tab. 5.2). Additionally, we calculate the capacitance per unit length
Co = 0.18nFm™! and the inductance per unit length Ly = 0.44 pHm™" of the resonators
from their bare resonance frequency. Our simulations have shown, that both capacitive and
inductive coupling are necessary in order to correctly model the experimental results. For
definitions and further explanations regarding these parameters, please refer to Sec. 2.1.7.

5.1.2 Calculation of the nonlinearity from the circuit model

Using the parameters extracted from the parasitic-path model discussed in the previous
section, we can estimate the nonlinearity U created by the SQUID for a single half-
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‘ ]c(pA) ‘ 5(1)(@0) ‘ Aq)/AIcoil((I)OllA_l) ‘ d ‘ kL(loig)
Res1| 156 | -0.39 | 0.076 013 8
Res2| 180 | 0.30 | 0.180 013 ] 0.75

1
1
Table 5.1: Resonator parameters extracted from the circuit model. For each resonator, we show the
total critical current I. = Iy + I.o of the SQUID, the zero current offset ® of the flux
through the SQUID loop, the flux change A® per applied coil current Al.q;, the SQUID

asymmetry parameter d, and the inductive coupling constant kj to the parasitic path. For
better readability, the index i representing each resonator has been omitted in this table.

Cp<fF> ‘ RP<Q) ‘ Lp(nH)
6.2 | 8000 | 133

Table 5.2: Parameters of the parasitic path (see Fig. 2.9). Here, we show the capacitance Cj,, resistance

R, and inductance Ly, of the parasitic path.

1.0

0.5F

-0.5F

-1.0

Figure 5.3: Dimensionless envelope u of the first spatial voltage mode at @eyxy = 0 and Peyy = Po/2 of a
resonator of length | with a SQUID at position x = 0. The difference of the spatial mode

across the SQUID, Auw, is a direct measure of the nonlinearity of the resonator.
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wavelength coplanar waveguide resonator following Ref. [49] via the relation

e LAu*
— _ = Nl
v 20L; C (5-1)

Here, the parameters C' and L are the effective capacitance and inductance of the resonator
including the contribution from the SQUID. We numerically calculate Awu, which is the
difference of the dimensionless spatial voltage mode envelope u of the first resonator
mode across the point-like SQUID (see Fig. 5.3 for details). For a detailed derivation, see
Sec. 2.1.6.

For our two resonators, the dependence of U as a function of I., is shown in Fig. 5.4.
The absolute value of the nonlinearity of resonator 1 (2) can be tuned between a minimum
of 0.1 MHz (0.06 MHz) and a maximum of 8.0 MHz (6.1 MHz). Due to the difference in
the maximal critical currents of the two dec SQUIDs, the tuning ranges for the nonlinearity
differ slightly. Nonetheless, they extend over almost two orders of magnitude. This fact
allows us to set the nonlinearity U in situ between values well below the resonator-resonator
coupling rate J = 8.6 £ 0.3 MHz and values well above J by changing the magnetic bias
fields. J is extracted from the level splitting at the frequency degeneracy point of the two
resonators. For more details, see Sec. 4.3.3. As J is also dependent on the flux through
the SQUIDs, we plot both U and J against the coil current I ; using the parameters
found in Tab. 5.1. We can clearly observe the two regions where J > U and vice versa.

5.2 Nonlinearity from a direct power-dependent
measurement

In addition to the values extracted from the circuit model in the previous section, we
present a direct measurement of the nonlinearity of resonator 2. Specifically, we exploit
the response of the resonance frequency as a function of the input power. The relevant
parameter to determine U is the actual power circulating inside the resonator. Therefore,
we first have to extract the external coupling strength between resonator and transmission
line to convert the applied power to the field strength inside the resonator.

5.2.1 Quality factor

In order to extract the quality factor of our system, we use an input output formalism [53]
and fit the transmission and reflection of the two resonator chain. For the output signals



5.2 Nonlinearity from a direct power-dependent measurement 85

—— Resonator 1 —— Resonator 2

10 15 20 25 30
[ coil (pA)

Figure 5.4: The nonlinearity U as a function of the current flowing through the external coil. Solid lines
represent calculations based on parameters extracted from transmission data and parasitic-
path model for resonator 1 (blue) and resonator 2 (yellow). The red dot is the result of a

direct measurement for resonator 2 described in Sec. 5.2.2.

0_— ]
< -2f i
an i
= [
5 7 ‘
= : — J/27
2 6r 1
& [ — U/2m
Q I
~ -8} 4
T
10 15 20 25 30
Icoil (pA)

Figure 5.5: Comparison of the calculated values of the nonlinearity U and the coupling strength J. The
nonlinearity can be tuned by almost two orders of magnitude. There are regions where U > J

and vice versa.
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of resonator 1 (agyr) and resonator 2 (cour) we get

\ ’{extﬁcbright + (% —1 (w - WO)) CIN

& = 5.2
ouT Kext;rfic — (w . WO) ( )

a . vV mextlicbleft + (% —1 (w - WO)) amN (5 3)
ouT — next;-nc — (Cd . WO) ) .

where bjegs and byigne are the signals flowing over the coupling capacitor. ke is the coupling
rate to the feed lines and k. the coupling rate between the two resonators. Further
information on the derivation of these equations and how we solve them can be found
in section 2.1.3. We use the solution we get for agyr to fit the theoretically calculated
magnitude of the S-Parameter (Fig. 5.6)

Mag(SH) = A |CL0UT|2 + Coff, with (54)

amnN = 1 and CIN = 0

to our measured data. We use the factor A to account for cable damping and the constant
Cot t0 account for background noise. Note that, we use a calibrated measurement, where
we subtracted the background from a measurement, where the resonators are detuned from
the region of interest. From the fit we extract Key; /27 = 1.75 MHz and k. /27 = 15.24 MHz.
We calculate a quality factor () = 4045.6 and a coupling strength J = 7.62 MHz. The
input output method we use here, allows us only to investigate the points of avoided
crossing, as it assumes that the two resonators are in resonance. In addition to this,
it does not include the influence on the environment and is therefore only useful when
we describe regions, where the signal flow through the resonators dominate over the
background contributions. In order to account for these additional contributions, we can
model the resonances with a Fano like description. We introduced the difference between
a standard Lorentzian line shape and a Fano line shape in section 2.1.8. In this model,
the Fano parameter ¢ is the defining parameter for the shape of the resonance. ¢ is in
turn defined by the participation of the continuum of background modes. We now look at
two different resonance frequencies of resonator 2. The full measurement from where we
extracted the following data can be seen in Fig. 5.1. We choose coil currents of 6.6 pA (Fig.
5.7, left panel) and 8.1 A (Fig. 5.7, right panel). We can see, that the two line shapes
are very different, the one at a lower resonance frequency being a asymmetric dip feature,
while the one close to maximum resonance frequency of resonator 2 being a dip feature.
We can fit the resonances with the model of a Fano resonance (Eq. 2.67), and are able to
find solutions that fit the line shape well. The Fano parameter ¢ is different for the two
fits, which indicates a different participation ratio of the background. We get gofp = —2.68
and @gyight = 0.6. In the simulations we perform, the shape of the measured resonances
near the frequency maximum of resonator 2 are not reproduced well. The simulation
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Figure 5.7: Measurements (blue) of two resonances of resonator 2 at coil currents of 6.6 pA (left panel)

and 8.1 nA(right panel). Fits with a Fano model are shown in red. The fits produce different
Fano parameters ¢ = —2.68 (left) and ¢ = 0.6 (right).
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Figure 5.8: Theoretical calculation of the external quality factor of resonator 2.

predicts a peak feature, while we observe a dip in the measurement. The simulation uses
a single background contribution which leads to an almost flat continuum distribution.
In the measurement, the background actually changes quite drastically over the whole
frequency range, especially showing a large increase towards higher frequencies. This leads
to stronger contribution of said background, which can be seen in the lower Fano parameter
in the fit of this resonance. We extract a loaded quality factor of Qioaded 1 = 2710.8 for
resonator 1 and Qioaded2 = 4191.6 for resonator 2, each measured near their respective
maximal frequency. The theory predicts an inverse correlation of the quality factor with
resonance frequency as can be seen in Fig. 5.8. Here we used results of the circuit model
to estimate the dependence of the quality factor on the coil current as

o CUTCQ 1+ (LdCiOZ())Z
N 2 (WTOiO)QZO

Q@ (5.6)

The calculation matches both the quality factor we extracted with the Fano fit from
resonator 2 and the one we got from the input output formalism. The lower quality factor
of resonator 1 can not be explained by this model. A possible reason for the result is
the power dependence of the resonator. As the participation ratio of the background is
lower for this resonance point, more power is transmitted to the resonator. Due to the
nonlinearity of the system, a higher input power broadens the resonance shape. This is
reinforced by the fact that the nonlinearity is stronger for lower resonant frequencies. As
the Fano model does not take these effects into account, it determines a lower quality
factor. We therefore have to be careful that for the estimation of the quality factor, we use
only measurements, that are performed with such low input power that the nonlinearity
does not play a significant role.
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External quality factor

In order to extract the external quality factor of our resonators, we use an input-output
formalism [53] and fit the result to the measured reflection signal of the two-resonator
chain. In the limit where resonator 1 is far detuned, we find a dependency of the scattering
parameter Soo on the quality factors of resonator 2,

QQE,Z/Qext,Q

Sop 21 — )
- 1- 2iQ£,2 (Wr,Q - wd)

(5.7)

Here, we have used the loaded quality factor @2, the external quality factor Qex 2 and
the resonance frequency w o, each of resonator 2. The parameter wq denotes the angular
frequency of the driving field. On resonance of the second resonator, wyo — wq = 0,
Eq. (5.7) further simplifies to

2Q¢2

522 ~1-— .
Qext,2

(5.8)
Further information on the derivation of these equations can be found in App. A. We
first fit the predicted phase dependence, 6 = 6y + 2arctan(2Q,2(1 — w/w,2)), to the
measured scattering parameter data to extract the loaded quality factor. Then, we fit
Eq. (5.7) to the magnitude and use Eq. (5.8) to determine the external quality factor (see
Fig. 5.9). For resonator 2, we obtain an external quality factor of Qexto = 1.35 - 10°.

5.2.2 Nonlinearity from power-dependent resonance amplitude

In order to get a relation between the directly measurable output voltage of our system
and the nonlinearity, we start with the equation of motion for a single resonator driven
with a strength of Fjy. It can be written in terms of the flux W = [V (x,t)dt, where V(x,t)
is the internal voltage of the resonator,

v T \I[ 3 _ iwt
Here,
1 /27\? Au?
—_ (== _ 1
i=ulm) T, (510

is the prefactor of the nonlinear term due to the tunable Josephson junction formed by
the SQUID. The parameter 5 depends on the SQUID inductance Lj and the drop Awu in
the spatial voltage mode across the SQUID (see also Fig. 5.3). Obviously, the prefactor g
is a direct measure for the nonlinearity of the system.

For the Duffing-like equation of motion, we can show that the maximum amplitude a
of the mode is inversely proportional to the nonlinearity for small deviations from the
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Figure 5.9: Fit (red dashed line) to the reflection data S.q or Saz (blue dots) at the maximum frequency

of resonator 2 when resonator 1 is far detuned.
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Figure 5.10: Frequency-dependent transmission measurements S, or Se; near the maximum frequency
of resonator 2 as a function of the VNA output power. For this experiment resonator 2 is
at 7.1 GHz. (a), (b) Experimental data and (c), (d) simulation using parameters extracted
from the parasitic-path model. Frequency up(down)-sweeps are labelled with "up” (?down”).
The simulation has been calibrated with the input attenuation and output amplification
measured for our setup (for details, see App. 4.2.4).

unperturbed resonance frequency wy [56]

U =a? = - 25 (w—wp). (5.11)

For the experimental output voltage we derive (Sec. 2.1.9)

8 woC' Zow
2 _ Swl 0
‘/out 3 B ((JJO Cd) 2QextLG’

(5.12)

with Zy; = 50 being the characteristic impedance of the circuit and G the gain of the
amplification chain.
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Figure 5.11: Squared output voltage at the resonance frequency w, as a function of this frequency for
resonator 2 (blue and red dots) and the respective fit (dashed yellow line) of Eq. (5.12) to
data points of low input power (blue dots). If not shown, the error bars are smaller than

the symbol size. We estimate the uncertainty of each frequency point to be +2 MHz.

In order to obtain information on /3, we perform power-dependent measurements of
the transmission through the tunable resonator system near the maximum resonance
frequency of resonator 2. The corresponding data is shown in Fig. 5.10. As expected for a
softening nonlinearity U < 0, the resonance frequency decreases with increasing power.
We adjust the previous circuit model to include the purely nonlinear part of the equation
of motion, S¥3, and model the power dependence of the system. The current is adjusted
by a nonlinear perturbation of the linear current [/

I —I-—ﬁv?’ (5.13)
NL — 14 iwg i .
Here, we use ¥ = [V dt = V/(iw) to calculate the perturbation. Comparing the frequency
up-sweep to the down-sweep, both for the measurement and simulation, we can observe
a region of bistability for high input powers (starting at roughly 0 dBm). While the
simulation predicts that the system is in different but stable states during sweeping up
and down, the measurement shows jumps between the high and the low transmission
state for both the up and down sweep. We find a good agreement for the upper and lower
frequency bound of the bistability region between experiment and model (see Fig. 5.10).
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In order to calculate the nonlinearity, we plot the square of the output voltage against the
effective resonance frequency of the resonator, which is given by the maximum amplitude
of the resonator response. As expected for a system with softening nonlinearity, the
output voltage increases with decreasing resonance frequency. For small deviations from
the unperturbed frequency, this increase is expected to be linear [see Eq. (5.12)]. The
experimental data, taken from the transmission measurement shown in Fig. 5.10, indeed
shows this linear increase for low input power (see Fig. 5.11). We use C' = Cy and L = Lo,
i.e., the effective capacitance and inductance of resonator 2 from the parasitic-path model.
As we look at the nonlinearity of resonator 2 in a transmission measurement, where we
apply a signal at the input of resonator 1 and measure at the output of resonator 2,
the measured output signal can be directly related to the voltage inside resonator 2 via
the external quality factor determined in Sec. 5.2.1. From a photon number calibration
measurement (see App. 4.2.4), we estimate that the gain of our amplification chain
is G = 38 £ 4dB. The uncertainty of the following results is calculated using error
propagation, where the main contributor is the uncertainty of the gain GG. As the main
contribution to the uncertainty of the nonlinearity stem from uncertainties of the gain,
which was estimated in decibel, the error bars are asymmetric in linear units. A numerical
fit of Eq. (5.12) to the squared output voltage as a function of the resonance frequency
in the low power region (Fig. 5.11) yields = 1.97+393 x 10% A V3 s?, which we can
directly relate to the nonlinearity U via Eq. (5.1) and Eq. (5.10). For resonator 2, we get
Uses2 = 0.1010-3¢ MHz.

We find that the predictions of our theoretical model for the nonlinearity agree well
with our measurement within its uncertainty (see Fig. 5.4).

5.3 Preliminary results of correlation function
measurements

We perform first second order correlation function measurements [¢(?(0)], using the setup
described in 4.2.4. We use a coherent state that is sent to the sample and reflected by
the far detuned resonators. Our tests confirm that the measurement apparatus works as
expected.

5.3.1 Direct correlation function measurements

The first more direct approach is to calculate the correlation function directly from the
measured moments of I and Q. Using

a+af a— at

I = and Q= Y
i

(5.14)
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Figure 5.12: Correlation function measurement of a weak coherent signal reflected at the detuned sample
both with with (red) and without (blue) a reference state.

we can calculate

oy ) _ (1) v200) + (@) -
(ala;) ((72) + (@)

The averaged moments of the right hand side of the equation are all direct results of the
measurement setup. In Fig. 5.12, where we plot the correlation function that was measured
like this in blue for a coherent signal, that is reflected at the far detuned resonators,
for varying input power. We see that for higher input powers (Piput > —80dBm) the
correlation function trends towards 1, which is the expected value for a coherent signal.
Around the mentioned threshold, the difference to 1 is less then 0.1 and gets smaller the
higher the input power. For low input power, the measured correlation function deviates
from 1 and trends towards 2, saturating at around 1.86. In this region, the signal statistics
is dominated by thermal room temperature and amplifier noise.

5.3.2 Correlation function measurements with a reference state

Future measurements on the correlation function of the two-resonator sample will require
the detection of low-power microwave signals emerging from the cryostat. Since these
signals have to be amplified, they are covered with the noise added by the amplification
chain. This noise contribution can be separated from the actual signal by means of
the so-called reference method, where the noise moments of the chain are probed with
a well-known reference state. In order to test our setup, we use a well know state to
calibrate the noise contribution to the measurement shown in the previous section. In
the experiment, we do this by pulsing the input signal. The pulse is performed in a way,
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Figure 5.13: Correlation function measurement with fixed input power and varying averaging number.
For a higher number of averages, the measured correlation function increases slowly, but

stays well below 1 even when taking its standard deviation into account.

so that in the first half of the measured trace the signal is off, meaning that we detect a
vacuum state. The state is still overlayed with noise contribution and can therefore be
used in order to calculate the noise terms that distort our measurement results. It can be
shown that

L=u5+V (5.16)
Qi =g+ V. (5.17)

Here, V' is the contribution of the noise and 7 (§) is the actual in-phase (quadrature)
component of the input signal without the noise contribution. I; and Qi refer to the
measured components that include the noise. Using the reference state, we can extract
the noise components V}T from the well known components 7 and § of a vacuum state.
For further details on the calculations, we refer the reader to [70].

In the second half of the measurement trace, the coherent signal is on and we measure
the components of the signal overlayed by the noise contribution. Knowing ViT, we can
then calculate the actual signal components using a equivalent calculation as above. The
correlation function is then calculated in the same way as in the measurement without the
reference state from the calibrated quadrature components. The result of the reference
state method is shown in Fig. 5.12 (red curve). For higher input power we see a similar
behavior as in the previous measurement (blue curve), where the correlation function is
equal to the expected one of a coherent signal. We notice that both measurements do not
fully coincide, as the one measured without the reference state stays just above 1. The one
measured with the reference state on the other hand is almost exactly 1 (gi(Z)(O) = 0.992
at —80dBm). Also for lower input power, the measurement with reference state deviates
less from the expected value. Taking e.g. 10 % deviation from 1 as the threshold, we get
a sensitivity increase between 10dB and 15 decibel for the reference state method.

At Pipue < —90dBm the correlation function drops well below 1 (down to 9(2)(0) =0.4)
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and quickly increases below P,y < —100dBm to values above 2. Not shown here for
visibility reasons is the increase of the correlation function to more than 1000. Although
we have not fully understood why we measure a correlation function below 1 for low input
power in the experiment, we have performed investigations, that let us believe, that this
is in fact a physical property of the input signal and not a effect of the measurement
technique. First, we perform the same measurement as shown for an increased number
of averages in order to exclude a stochastical process. The results for a measurement
performed at Pypy = —95dBm can be seen in Fig. 5.13. We increase the average number
from 10° to 207 averages and show the average calculated correlation function (circle)
and its standard deviation (error bar). We can see, that for a higher number of averages,
the standard deviation decreases to 0.05. Although the calculated correlation function
increases with higher number of averages, the edges of the standard deviation are clearly
lower than 1 meaning that the observed effect is not of statistical nature.

We can however simulate a different behavior by adding randomly created noise to
a simulated coherent signal. We reproduce the pulse shape of the input signal and the
averaging process. We then use the reference state algorithm to calculate the correlation
function similar to the experiment. Here, we find that the correlation function stays above
1 at all times. The strong increase in correlation function at the lowest input powers
can be observed as well. We can therefore exclude the algorithm itself as the source of
the effect. As a last step, we were also able to reproduce the measurement results in a
different experimental setup, excluding the distinct setup from being the origin.

In order to fully understand this behavior further investigations both on a experimental
and theoretical level have to be made. Nevertheless we conclude that the fact that we
measure a correlation function of below 1 for a weak coherent signal is a physical property
of the coherent signal.



Chapter 6

Summary and Outlook

In this thesis we have presented experimental results of a superconducting circuit that
is suitable for quantum simulation of a Bose-Hubbard system. We also have showed
theoretical calculations of the Bose-Hubbard model that is represented by our circuit.
Dependent on the parameters of the model, the calculated second order correlation function
g?(0) inside a lattice site and the cross correlation function g>*)(0) between two sites
can both be lower, equal or higher than 1, which is the expected value of a coherent field.
The four main parameters, which determine the properties of the field are the on-site
nonlinearity U, the hopping rate J between the lattice sites, the driving frequency and
the driving strength of the external driving field. By tuning these parameters, we can set
the correlation functions of the system to different regimes, where ¢%)(0), ¢®?(0) > 1 or
g%%)(0), ¢®(0) < 1. We can also set the correlations functions so that ¢®*)(0) > 1 and
g®(0) < 1 and vice versa. These regions exhibit completely different physical properties
and are therefore interesting to investigate further.

In order to do so experimentally, we have designed and fabricated a superconducting
circuit that represents a Bose Hubbard dimer. The circuit consists of two capacitively
coupled microwave waveguide resonators each intercepted by a DC-SQUID. The SQUID
adds a nonlinearity into the otherwise linear system. Additionally, it offers the possibility
to tune the nonlinearity and with it the resonance frequency of the resonators with an
externally or on-chip applied magnetic field. The resonator fields can be driven through
two waveguides that are capacitively coupled to each end of the resonator chain. These
input lines can also be used to read out the resonators. We have showed, that we are
able to control all relevant parameters of the system, i.e. the nonlinearity and the driving
field. The hopping rate is indirectly coupled to the nonlinearity and cannot be controlled
individually. In order to be able to set the nonlinearity of both resonators to the same
arbitrary value, we have calibrated the external coil and the on-chip antennas, so that we
can create the needed magnetic field at each SQUID loop.

We have presented two ways to determine the nonlinearity of the resonators representing
this Bose Hubbard dimer. First, we have estimated the nonlinearity by modeling the
experimental data of a magnetic flux sweep with a circuit model that includes a parasitic
path. We have then calculated the nonlinearity from the extracted parameters of the
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theoretical model. We have calculated the absolute value of the nonlinearity of resonator
1 (2) which can be tuned from a minimum of 0.1 MHz (0.06 MHz) to a maximum of
8.0 MHz (6.1 MHz). The nonlinearity can therefore be tuned by almost two orders of
magnitude. We are limited by design as our experimental setup is not suited for larger
tuning of the resonance frequency. When tuning the nonlinearity over its full possible
range, the system is brought into regions where J > U as well as ones where U > J.
Second, we have directly measured the nonlinearity from the power dependence of the
non-linear resonators. An increasing drive power at the entrance of the resonator shifts
the resonance frequency of the resonator to lower frequencies. Fitting this behavior gives
us direct access to the nonlinearity of the resonator. For the nonlinearity of resonator 2
we get Upesz = 0.1070:48 MHz.

The first steps going forward will be to further improve the measurement technique of the
nonlinearity. For this, the most important part will be to especially improve the calibration
of the input power. Doing so, will allow for a much more precise measurement of the
nonlinearity. Furthermore, we will implement the presented setup for the measurement of
the second order correlation functions. With this, it will be possible to verify the theoretical
calculations presented in this work. Finally, larger scale samples with additional lattice
sites will allow for quantum simulations of the phase transitions of the Bose-Hubbard
model. Both longer chains of resonators or two dimensional setups could be possible.



Appendix A

Calculation of the external quality factor

In Sec. 2.1.9, it is shown that, in order to extract the nonlinearity from a power dependent
measurement, we need to know the external quality factor of the resonators. Here, we
derive equations, that allow us to extract the external quality factor from a reflection
measurement of our two resonator system.

First, we consider a system without intrinsic damping, of which the Hamiltonian

M 3 <
wmwi%ﬁb\?:-vm»

A4

)
aA N\

N

N
lout Ya Yb Fout

Figure A.1: Quantum description of the system. The two intra-resonator fields, a and b, are coupled
with a coupling strength ¢, which are also coupled to two independent baths with strengths
k1 and k., respectively. From the two baths, one can identify the input and output fields as
lin, and loye, OF 73, and 744, depending on the boundary conditions. In addition, we denote
the intrinsic losses of the two cavities as v, and -3, respectively. The hat symbols denoting

quantum operators in the sketch are omitted in the text to simplify the notation.

99



100 Appendix A Calculation of the external quality factor

reads [71-73]

Heyye = hwyala + fuopbfd + hig (ab + abf) (A.1)
H=Hyy+1 [ :O deo {wlt (W) 1 () + (A.2)
ik (@) [I' (W) a =1 (w)a']}
4 h/:” deo {tor (w) 7 () +

ik (w) {TT (W)b—r(w) bT” :

Here, by convention, we define the specific type of coupling between the intra-resonator
fields, a for resonator 1 and b for resonator 2, and the bath, [ (w) and r (w), respectively,
for the simplicity of derivation. Then, one can derive the following Heisenberg equations
of motion for the field operators

[ (w) = —z'.wl (W) + ke (W) a, (A.3)
i =~ [0, Hoys] - /_ duwny ()1 () (A.4)
7 (w) = —i.wr (W) + K (w) b, (A.5)
b=t b Hps) — [ :’O dusrey () 7 (). (A6)

We note that the above equations can be split into two groups, namely Eq. (A.3)/(A.4)
and Eq. (A.5)/(A.6), each of which is identical to the input-output formalism of a single
system. Following the same procedure as in Ref. [71], we define the input fields

1 +o0 .
o = 5= /_ dwe (), (A7)
Tin = 1 /+oo dwe ™'y (w) (A.8)
m — /27-[_ oo . .

The equations of the intra-resonator fields thus read

a = —iw,a — igh — L ; Tag V3elin (1), (A.9)
b= —iwyb —iga — T —iz_ oy VYein (). (A.10)

Here, we have used the first Markov approximation v, = 27k? (w), v, = 27k2 (w) [71]. We
also added the internal loss rates 7, 7, of resonator 2. The two output fields are

lout = lin + Vfa(t)a (All)
Tout = Tin + ﬁb(t) (A12)
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Then, we move to the frame rotating with respect to the reference frequency wq and
define A, = w, — wq, Ap = wp, — wq, Where wq is the frequency of the driving field. For
steady state solutions, we find

o dow Yo (@Ab + %)

S = L, =1- (z’Aa+W+T%) (Z,AbJr%)ﬂﬂ, (A.13)
_ Tout _ ig /Y

So1 = L (@'Aa + WT%) (iAb + %) +927 (A.14)
_ lout _ ig /%

Sz == (i8ha + 282 (id, + 250) 4 g2 (A.15)
_ Tout _ Yo (10 + 2522)

o= o (10 + 2522 ) (i, + 22 ) + g2 (A.16)

Here, we have used the imaginary unit ¢, which is related to the imaginary unit in electrical
engineering by ¢ = —j. We find that all the damping coefficients, v,, 1, 7¢, and 7, can be
obtained by detuning the two resonators, and measuring the internal and coupling quality
factors from the reflection responses Sy; and Sss, respectively.

We find that the scattering parameter S;, only depends on the external quality factor
Qext2 = wp/7 and the loaded quality factor Qgo of resonator 2, in the limit where
resonator 1 is far detuned A, — oo:

2@( 2/Qext 2
Sog ol — —————= A.17
- 1 — 2iQqaA\, (A.17)
On resonance of the second resonator, Ay, = 0, we then get
2
Sy o1 282 (A.18)
Qext,Z

We extract the loaded quality factor from a fit to the phase 6 of the scattering parameter
using

0 = 0y + 2arctan(2Q2(1 — w/wy2)). (A.19)

From this we calculate the external quality factor with Eq. (A.18).

In our experiment, we detune the two resonators by approximately 200 MHz and measure
the reflection response Sy;. To determine the internal and external quality factors from the
scattering coefficients, we follow the recipe described in Ref. [74] which includes different
corrections of the measurement signal. The corresponding fit to the measurement data
is shown in Fig. 5.9. Finally, Tab. A.1 summarizes all determined values. Specifically,
we obtain Qeo = 1.35 - 105, Comparing this to the internal loss of 7.8 - 103, we find
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parameter value
Wh 21 X 7.154 GHz
Qe 7.4-10°
Qint,2 7.8-10°
Qeat,2 1.35 - 10°
Vb 21 x 0.91 MHz
Ve 21 x 0.05 MHz

Table A.1: Parameters extracted from the quality factor fitting procedure described in App. A near the
maximum resonance frequency of resonator 2. We assume the external quality factor to be
frequency-independent.

that our system is undercoupled. For use in larger quantum simulation experiments, an
investigation into the causes for the high internal loss is needed to enable longer polariton
life times. In order to achieve this, changing the sensitivity of the SQUID both to external
fields and to the fields of the flux lines would be the first thing to try.
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