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Abstract

The distribution of remote entanglement within small- and large-scale quantum networks is
becoming a fundamental task as quantum computing and quantum communication mature
into more advanced fields. Once entanglement has been remotely prepared and distributed,
each node in the quantum network can generate, process, and store quantum information
locally. However, due to the intrinsic decoherence of qubits over time, the protocols
must operate faster than the system’s decoherence rate. Therefore, identifying efficient
entanglement distribution strategies that are fast, parallelizable, and require minimal
external control is a crucial open challenge for the scalability of quantum technologies.

This thesis investigates autonomous entanglement distribution protocols between two
and multiple physically separated qubits. The general idea behind these protocols is to use
a nondegenerate parametric amplifier to generate Gaussian-entangled pairs of photons. By
driving the qubits with the output of the parametric amplifier, the photons’ correlations
are mapped onto the qubits, generating a stationary entangled state. This work presents
an in-depth theoretical analysis of such quantum networks, performing both analytical
and numerical calculations, and investigates how much entanglement can be extracted in a
realistic system. We also study the protocol’s robustness by considering the most relevant
experimental imperfections and provide concrete predictions for upcoming experimental
realizations of our protocol with superconducting circuits. We then consider a larger
network with an increasing number of qubits located along two separate waveguides. We
demonstrate how to generate programmable entangled states by adjusting each qubit’s
detuning. With this approach, we can not only generate multiple bipartite entangled states
on demand but also distribute genuine multipartite entangled states across the entire
network. We provide a detailed estimate of the number of qubit pairs that can be achieved,
assuming state-of-the-art experimental parameters. Finally, based on our analysis of
finite-bandwidth effects in the photon source, we identify a completely novel mechanism
for generating remote entanglement, which relies solely on a thermal photon source. This
is particularly surprising since, for two qubits driven by a Markovian thermal source,
remote qubit entanglement is generally not possible. However, we observe that as the
bandwidth of the thermal source is reduced, the qubits gradually become more entangled.
This protocol demonstrates how non-Markovian effects of otherwise highly incoherent
photons can be exploited. As a potential application, we show that this mechanism can
be used to generate highly entangled states in superconducting or phononic quantum
networks by driving them with room-temperature thermal noise.

The protocols presented in this thesis provide an intriguing new approach for distributing
large amounts of entanglement in a robust manner and with limited classical control.
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The theoretical insights gained regarding their scalability and performance under realistic
conditions serve as a guideline for initial experiments in this direction and highlight their
significant potential for realizing large-scale quantum networks in the future.



Kurzzusammenfassung

Die Verteilung von Verschrinkung in kleinen und grofien Quanten-Netzwerken wird zu
einer zentralen Aufgabe fiir die Skalierung von Quantencomputing- und Quantenkom-
munikationanwendungen. Sobald Verschrankung erzeugt und verteilt wurde, kann jeder
Knoten im Quantennetzwerk quantenmechanische Informationen lokal weiterverarbeiten
und speichern. Aufgrund der intrinsischen Dekohérenz von Qubits im Laufe der Zeit
miissen die Protokolle jedoch schneller sein als die Dekohérenzrate des Systems. Daher
ist die Identifizierung effizienter Verschriankungsverteilungsstrategien, die schnell, par-
allelisierbar und mit minimaler externer Kontrolle umsetzbar sind, eine zentrale offene
Herausforderung fiir die Skalierbarkeit quantentechnologischer Systeme.

Diese Dissertation untersucht autonome Protokolle zur Verteilung von Verschriankung
zwischen zwei und mehreren physikalisch getrennten Qubits. Die Grundidee dieser Proto-
kolle besteht darin, einen parametrischen Verstédrker zu nutzen, um gaufische verschrankte
Photonenzusténde zu erzeugen. Durch das Treiben der Qubits mit dem Ausgangssignal des
parametrischen Verstarkers werden die Korrelationen der Photonen auf die Qubits {iber-
tragen, wodurch ein stationédrer verschrankter Zustand entsteht. Diese Arbeit préasentiert
eine detaillierte theoretische Analyse solcher Quantennetzwerke, fithrt sowohl analytische
als auch numerische Berechnungen durch und untersucht, wie viel Verschrankung in einem
realistischen System auf diese Weise generiert werden kann. Zudem wird die Robustheit des
Protokolls unter Beriicksichtigung der relevantesten experimentellen Unvollkommenheiten
untersucht, und es werden konkrete Vorhersagen fiir zukiinftige experimentelle Realisierun-
gen unseres Protokolls mit supraleitenden Schaltkreisen gemacht. Anschlieflend betrachten
wir ein grofleres Netzwerk mit einer wachsenden Anzahl von Qubits, die entlang zweier ge-
trennter Wellenleiter angeordnet sind. Wir zeigen, wie sich programmierbare verschrénkte
Zustande erzeugen lassen, indem die Detuning jedes Qubits angepasst wird. Mit diesem
Ansatz kénnen nicht nur mehrere bipartite verschrankte Zusténde nach Bedarf generiert,
sondern auch echte multipartite verschrinkte Zustédnde {iber das gesamte Netzwerk verteilt
werden. Wir geben eine detaillierte Schatzung der Anzahl der erreichbaren Qubit-Paare
unter der Annahme realistischer experimenteller Parameter. Schlieflich identifizieren wir,
basierend auf unserer Analyse der Endlich-Bandbreiten-Effekte in der Photonenquelle,
einen vollig neuartigen Mechanismus zur Erzeugung von Fernverschrinkung, der aus-
schlieflich auf einer thermischen Photonenquelle beruht. Dies ist besonders iiberraschend,
da fiir zwei Qubits, die von einer Markovschen thermischen Quelle angetrieben werden,
eine Fernverschrankung in der Regel nicht moglich ist. Wir beobachten jedoch, dass die
Qubits mit abnehmender Bandbreite der thermischen Quelle zunehmend verschrankt
werden. Dieses Protokoll demonstriert, wie nicht-Markovsche Effekte von ansonsten stark

I1I



IV

inkohérenten Photonen genutzt werden kénnen. Als mogliche Anwendung zeigen wir, dass
dieser Mechanismus dazu verwendet werden kann, hochverschréinkte Zusténde in supralei-
tenden oder phononischen Quantennetzwerken zu erzeugen, indem diese mit thermischem
Rauschen bei Raumtemperatur angetrieben werden.

Die in dieser Dissertation vorgestellten Protokolle bieten einen vielversprechenden neuen
Ansatz zur robusten Verteilung grofler Mengen an Verschriankung mit begrenzter klassi-
scher Kontrolle. Die gewonnenen theoretischen Erkenntnisse iiber ihre Skalierbarkeit und
Leistungsfihigkeit unter realistischen Bedingungen dienen als Leitfaden fiir erste Experi-
mente in diesem Bereich und unterstreichen ihr enormes Potenzial fiir die Realisierung
grofiflichiger Quantennetzwerke in der Zukunft.
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Chapter 1
Introduction

The year 2025 has been declared the International Year of Quantum Science and Tech-
nology [1], marking a century since the establishment of the foundational principles of
quantum mechanics. This milestone recognizes the first quantum revolution initiated
by Werner Heisenberg [2], who introduced a novel framework to describe the behaviour
of microscopic systems. The 20th century also witnessed the second quantum revolu-
tion, marking the transition from a theoretical understanding of quantum mechanics to
a stage where quantum principles are applied to develop practical quantum technolo-
gies [3-7]. Today, quantum mechanics is the foundation for various fields, including
quantum information and computation [8-17], quantum communication [18-25] and cryp-
tography [26-28], quantum sensors and metrology [29-31], among others. Among these
technologies, quantum computation has seen remarkable progress thanks to technological
advances [32-39]. However, as quantum computing systems with an increasing number
of coherently integrated components scale up, it is becoming evident that they will rely
on quantum networks that distribute entanglement among many physically separated
quantum processors [5, 40-48].

The availability of many highly entangled qubit pairs, shared among different nodes, is
thus a universal and, in practice, one of the most essential resources for quantum network
applications. Once established, entanglement can be locally purified [49-54] and used for
quantum teleportation and remote gate operation protocols that then require classical
communication only [14, 18].

The primary challenges in realizing a large-scale quantum network lie in transmitting
quantum states over long distances, preserving quantum coherence, and scalability of the
network infrastructure. It is then envisioned that, in future quantum devices, entanglement
must be generated and interchanged among thousands of qubits within a limited coherence
time. Given this challenge, there is a strong motivation to go beyond a serial application
of existing protocols and search for more efficient quantum communication strategies that
are fast, parallelizable, and, ideally, require minimal classical control. Existing protocols
for distributing remote entanglement in realistic systems are primarily based on one of
the following two strategies [42, 46]:

The first strategy relies on the excitation of a qubit and the entanglement generated
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between the qubit and the emitted photon [55-59]. Then, when two photons emitted from
different qubits interfere on a balanced beamsplitter, the detection of the output modes
of the beamsplitter heralds the creation of an entangled state between the physically
separated qubits [55, 60-72]. The first successful demonstration of this protocol was
achieved with two ensembles of atoms [73, 74|, surprisingly as they constitute macroscopic
objects. This approach has the advantage of requiring very little local control and is
intrinsically robust with respect to photon losses. It is, however, only probabilistic and for
many implementations [62, 66—68], the scalability of this approach is limited by the low
probability of detecting a photon, which also decreases exponentially with the number of
qubit pairs that must be entangled simultaneously in this way [46].

The second strategy, which does not rely on the probabilistic nature of heralding, is
to generate a pair of entangled qubits locally and then transfer one of the states to the
distant node, for example, through a controlled emission and reabsorption of optical or
microwave photons [41, 75-81]. This protocol is entirely deterministic. Still, it requires a
sufficiently high level of control on both network nodes.

A third and complementary idea to the deterministic entanglement protocol is to use
correlated light sources to create a correlation between different qubits by driving them
into a highly entangled state [82-98]. Contrary to the deterministic transfer protocol, here
the photon source is continuously driving the qubits. In the simplest case, entangled beams
of optical and/or microwave fields can be generated in a parametric down-conversion
process [99], which produces a propagating two-mode squeezed state as an output. This
process only requires a weak intrinsic nonlinearity as it occurs, for example, in nonlinear
optical crystals [100, 101] or in driven Josephson junctions in the microwave regime [24, 25,
102-108]. In general, parametric down-conversion is currently the most common method
to generate entangled pairs of optical photons [109, 110], however, usually in a probabilistic
and postselected manner [20, 111]. In contrast, here we are interested in the regime where
the parametric amplifier is strongly pumped, resulting in output fields with a high average
photon number. The entanglement produced by the parametric amplifier can then be
mapped onto an entangled qubit state. This scheme has the obvious benefit that it only
relies on an externally pumped y®-nonlinearity for generating the entanglement, which
is typically much easier to realize than strong few-photon interactions or high-fidelity
qubit-qubit gates. At the same time, this approach does not rely on postselection and can
be used to distribute entanglement deterministically.

1.1 Objectives of the thesis

The first objective of this thesis is an in-depth analysis of the above-mentioned protocol
for generating remote entanglement by driving distant qubits with the output of a
nondegenerate parametric amplifier. This setting represents a minimal model of a quantum
network. We then provide a detailed analysis of the parametric amplifier and how it
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couples to the qubits. This model allows us to perform both analytical and numerical
calculations, and we can study the amount of entanglement one can create. Furthermore,
we investigate the protocol’s robustness with respect to the most common experimental
imperfections, such as coupling imperfections between the parametric amplifier and the
qubits or qubit dephasing. Considering all the relevant imperfections in any experimental
implementation of the protocol, we then study how much entanglement can be achieved,
and we also discuss possible ways to detect it.

The second main result of the thesis is the proposal and analysis of a scalable and fully
autonomous scheme for preparing spatially distributed, multi-qubit entangled states in
a dual-rail waveguide QED setup. In this approach, arrays of qubits located along two
separated waveguides are illuminated by correlated photons from the output of a non-
degenerate parametric amplifier. These photons drive the qubits into different classes of
pure entangled steady states, for which the chosen pattern of local qubit-photon detunings
can be used to adjust the degree of multipartite entanglement conveniently. Numerical
simulations for moderate-sized networks show that the preparation time for these complex
multi-qubit states increases at most linearly with the system size and that one may benefit
from an additional speedup in the limit of a large amplifier bandwidth. Therefore, this
scheme offers an intriguing new route for distributing ready-to-use multipartite entangled
states across large quantum networks without requiring precise pulse control and relying
only on a single Gaussian entanglement source.

This thesis’s third and last result is a novel protocol for generating remote entanglement
using a thermal photon source. While driving two qubits by a Markovian thermal
reservoir would thermalize both qubits, resulting in a state which does not have quantum
correlations, we show that by reducing the bandwidth of the thermal source, a finite
amount of entanglement emerges. In this regime, the two qubits are driven by a non-
Markovian photon source. The observed emergence of such a thermally driven, delocalized,
entangled state is interesting from a conceptual and practical point of view. First of all,
this effect shows how the degree of non-Markovianty of a reservoir can change not only
the quantitative but also the qualitative properties of a system coupled to it [112-114].
This is different, for example, for locally coupled quantum systems, where Markovian
thermal noise can already pump the system into at least a weakly entangled state [115].
Secondly, while the current protocol does not avoid the requirement to cool most of the
networks, it provides a completely passive entanglement distribution scheme, which does
not require coherent control fields. As illustrative examples, we describe two scenarios
with qubits driven by filtered noise from a room temperature source: the entanglement of
two distant superconducting qubits connected by a cryogenic quantum link and a network
of SiV centers in a phononic network.
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1.2 Qutline of the thesis

The structure of this thesis is outlined as follows:

Chapter 2 introduces the fundamental concepts and theoretical techniques necessary for
a comprehensible understanding of the thesis’s primary results. The chapter provides a
description of quantum states as well as light-matter interaction, which is necessary for
the modeling of quantum networks.

Chapter 3 presents the first new results of the thesis, where we analyse the creation of
remote qubit-qubit entanglement using correlated photons. Specifically, in this analysis,
we go beyond the usual assumption of a broadband parametric amplifier and consider
finite-bandwith effects, time-delays and other experimental imperfections.

Chapter 4 investigates an extension of this protocol, namely, how the entanglement is
distributed if we increase the number of qubits in each waveguide. Using techniques similar
to those used before, we study its robustness and scalability under realistic conditions.

Chapter 5 covers an alternative protocol to generate remote entanglement. Instead of
using correlated photons, here we propose to use a filtered thermal cavity for the task.
The chapter presents a detailed theoretical description of the protocol as well as two
possible experimental implementations.

Chapter 6 summarizes the most relevant results of this thesis and presents an outlook
towards future research directions.



Chapter 2

Theoretical foundations of quantum
networks

At the core of a quantum network is the ability to entangle qubits across spatially
separated locations, creating a shared quantum state that can be manipulated and
measured collectively, even at a distance. This chapter introduces fundamental concepts
and theoretical techniques necessary to properly understand the thesis’s main results:
the creation of a qubit quantum network. We describe our qubit quantum networks in
Sec. 2.1, focusing on the fundamentals of quantum states and entanglement. In Sec. 2.2,
we introduce some of the relevant properties of Gaussian states. Next, in Sec. 2.3, we focus
on a waveguide-based quantum network and derive an effective description of the system.
We give examples of continuous-variable systems coupled to waveguides in Sec. 2.4. In
Sec. 2.5, we offer a complementary description in terms of the phase space representation
of the bosonic fields, which allows for an alternative way to solve hybrid systems formed
by bosonic modes and qubits. To end this chapter, we present an overview of well-known
remote entanglement protocols in Sec. 2.6.

2.1 Qubit quantum networks

A quantum network is a network infrastructure that uses the principles of quantum
mechanics to its advantage to transmit, process, manipulate, and store quantum informa-
tion [5]. At the core of such a quantum network, the quantum nodes are responsible for
generating, processing and storing quantum information locally. We consider the quantum
nodes to be described by two-level systems, also called quantum bits or qubits for short.
We model each qubit by a ground state |0) and an excited state |1). The principle of
superposition allows us to define the state of a single qubit as [3]

[¥) = al0) + Bl1), (2.1)

where o and [ are called probability amplitude and are normalized complex coefficients
a, 3 € C satisfying |a|? + |B]> = 1. The single qubit state [1)) belongs to a complex
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vector space defined by a two-dimensional Hilbert space H. Given the state in Eq. (2.1),
quantum mechanics tell us that the state is in the ground state |0) with probability |«|?
and in the excited state |1) with probability |3>. The concept of superposition is best
seen when we have a balanced superposition o = 3 = 1/+/2. In this case, one would
measure either the ground or the excited state with the same probability |a|? = |3]> = 1/2.
This superposition of states becomes more interesting when we consider a state formed by
many qubits.

Consider now a system formed of N, qubits. The state of these N, qubits is a vector
in the combined Hilbert space H = H; @ Hy ® ... ® Hy,. A general pure state of the
multi-qubit network can thus be described by

2Nq

o) =D csls), (2.2)

s=1

where ¢, € C are normalized probability amplitudes and s = (s, 59, ..., s, ) With binary
representation s; € (0,1). Here, we use a compact notation to describe the tensor product
of the different subsystems [s) = |51, ,sn,) = [51) ® -+ ® |sn,). The basis in which we
write this state is called the computational basis, and the state 1) is determined by 2N
probability amplitudes. The dimension of the state grows exponentially with the number
of qubits in the network. If this network were composed of Ny, = 500 qubits, this number
would be larger than the estimated number of atoms in the universe [3]. In this thesis, we
will be dealing mostly with Ny = 2 in Chapter 3 and Chapter 5. In Chapter 4, we will
obtain a way to characterize states for arbitrary N, without having to write them down
explicitly.

Due to the state’s interaction with its environment or because of some uncertainty
about it, most quantum systems are represented by a statistical mixture of pure states.
These mixed states are formally expressed in terms of the density matrix p defined as the
weighted statistical sum of different pure states

p= ;%WQ(%L (2.3)

where 0 < p; < 1 is the probability of observing the state |¢;) and >, p; = 1. A quantum
system whose state [1)) is exactly known is called a pure state, and it is represented by
the density matrix p = [1)g) (1| Otherwise, the state p is called a mized state, which is
said to be a mixture of different pure states in an ensemble. Mathematically, this can
be described by a quantity called the purity of the state u, which is obtained by taking
the trace of p?, u = Tr{p?}. We obtain u = 1 for a pure state, while a mixed state is
characterized by pu < 1. Generally, the purity is bounded by é < u < 1, where d is the
dimension of the Hilbert space where the state is defined. The concept of purity p and
pure states [1y) will appear repetitively throughout the thesis.
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Figure 2.1: Schematic representation of a qubit quantum network. The qubit state is given by |¢g).

Alternatively, one can express the density matrix in terms of the Pauli operators. Those

= (O = (YT (0 (2.4)
1 0 0 0 —1

as well as the raising and lowering operator, 6+ = |[1)(0] and 6= = |0)(1|, respectively.

are given by

Those can be expressed in terms of the Pauli matrices using 6% = (6% £ i6¥)/2. For
completeness, we define 6° = 1, as the 2 x 2 identity matrix. This allows us to express
the general density matrix in Eq. (2.3) as

1 . NG\ A K
P=gn 2 (1@ @on)o @ @ oy (2:5)
k1, kg
Here, ki, -+, ky, represents all possible combinations of {0, x,y, z} for the Pauli matrices

for each qubit. This is a convenient way to express the state, which is commonly used for
experimental reconstruction. This process is called state tomography and requires the
measurements of 4V4-1 observables.

We defined a pure multi-qubit state in Eq. (2.2). However, this is not the whole story
for a quantum network, where we want the pure state to be entangled.

2.1.1 Entanglement

Consider a general multi-qubit state described by p in Eq. (2.3). The state is called
separable if it can be written as [116]

p= Zpipﬁ’) @ @@y, (2.6)

with >, p; = 1 and p; > 0. Here, pgi) characterizes the state of the j-th subsystem. If the
state cannot be written as Eq. (2.6), the state is called entangled. The above expression
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has a clear physical meaning: The state p can be prepared by each subsystem by means
of local operators (unitary operators, measurements, etc.) and classical communication
(LOCC). In general, given a state p, it is a nontrivial task to decompose it according to
Eq. (2.6).

The minimal working quantum network is obtained when two nodes are connected.
This elementary quantum link needs two qubits N, = 2, and using Eq. (2.2) a pure state
could be written as

[10) = ¢1]00) + ¢2|01) + ¢3|10) 4 ¢4]11), (2.7)

for ¢; complex normalized coefficients. In this scenario, there is a family of states which
turns out to be maximally entangled. Those states are called the Bell states and are given
by

Lo |o1) + Jo1)

U™ = — 5 (2.8a)
o1y — Jo1)

)= (2.8b)
o [00y 4 [11)

1F) = — 5 (2.8¢)

[©7) = 190) - 111) (2.8d)

N

Those states cannot be expressed as Eq. (2.6). That is, given p = |[¥+)(UT|, it is not
possible to find a decomposition as Eq. (2.6). We can define the reduced density matrix
as p1 = Tro{p}. This reduced density matrix p; is the state describing the subsystem,
comprised of a single qubit, after tracing out all the information about the second qubit.
In this case, we obtain p; = 1/2, with purity x = 1/2. This is a completely mixed state.
While the state describing the two qubits was pure, that is, it was known for certainly,
the state of the first qubits turns out to be completely mixed. This property is one of the
ways to benchmark if a pure quantum state is in an entangled state, and it lets us define
a way to quantify entanglement using the Von Neumann entanglement entropy [117]

S(p) = —Tr{plogp}. (2.9)

The entanglement entropy for our reduced qubit state S(p1) = S(p2) = log2. The
entanglement entropy measures the uncertainty associated with a quantum state. A pure
state’s entanglement entropy is zero S(|¢g)(1|) = 0. This is because, in this case, we
know for sure which state we were in. The entanglement entropy is not limited to two
qubits; rather, it can be used for any bipartition in the network. For example, for a /N,
qubit network, one can take the n-th bipartition by considering two subsystems, one
consisting of n qubits and the other of Ny — n qubits.

Back to our two-qubit state, many different ways exist to quantify entanglement. A
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common measure for entanglement is the concurrence [118-120]
C(p) = Imax (O, )\1 - )\2 - )\3 - /\4), (210)

where \; > 0 are the eigenvalues in descending order of R = / /pp./p and p =
(0y ® oy)p*(0, ® 0,) is the spin-flipped state with * indicating the conjugate. The
concurrence is zero for any separable state C'(psep) = 0 and is maximal for any of the Bell
states C'(ppen) = 1. Some closed expressions for the concurrence can be found depending
on the two-qubit density matrix p structure. For example, assume that our density matrix
is

P11 0 0 poo,t

0 pro poiio O

0 ,031,10 Po1 0
/730,11 0 0 Poo

p= (2.11)

In this case, the concurrence takes the form

C(p) = 2max (0, |poo.11] — +/Po1p10s |Po1,10] — /Poopit)- (2.12)

This expression highlights the two main mechanisms behind the entanglement between
two qubits: the appearance of antidiagonal terms in the density matrix pgo11 and po110-
Those terms are called coherences and, as the name indicates, create a coherence between
the other elements in the density matrix. In particular, they establish coherence between
the diagonal terms p;;, known as populations. For example, the term pgg 11 is a coherence
between the population at the ground state pgy and the population of the state p;;, which
indicates the two qubits being in an excited state. Notice how the presence of those terms
is not enough to create entanglement. As we see in Eq. (2.12), some populations are
detrimental to entanglement. In Chapter 3 and Chapter 4, we will present a physical
situation in which the entanglement is governed by pgp11. Later in Chapter 5, we will
consider the other scenario, where pg; ;9 is the main contributor to the entanglement.

Alternatively, we can also define the entanglement of formation Er(p) [118], a more
general measure of the amount of entanglement in a quantum state. For a two-qubit
system, the entanglement of formation is closely related to the concurrence

Er(p) =h (1 . 12_ C<p)2) ’ (2.13)

where h(x) = —zlogy(z) — (1 — x)logy(1 — x) is the Shannon entropy function. The
entanglement of formation quantifies how much entanglement (in units of ebits) is necessary,
on average, to prepare such a state. It coincides with the entanglement entropy of the
reduced density matrix S(p;) if the original state was pure p = |1g) (¢o|.

Throughout most of the thesis, we will deal with two-qubit systems, allowing us to use
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the concurrence to quantify their entanglement. Alternatively, one can quantify it using
the fidelity with respect to any of the Bell states defined in Eq. (2.8),

F(p) = (Bell|p|Bell). (2.14)

This measures how close we are to a maximally entangled state rather than quantifying
the amount of entanglement present in the qubit system itself. The threshold F(p) > 1/2
is used to confirm that the state is indeed a Bell state. If the state is pure, p = |¢g) (%],
the state fidelity reduces to F(|1o){tbo|) = |{vo|Bell)|?.

For systems with N, > 3, quantifying entanglement becomes more difficult [121]. In
such a case, one can rely on the entanglement entropy for bipartite entangled states or use
entanglement witnesses for multipartite entangled states [122]. Not only that, but Bell
states are not ideal resources when considering larger systems. This is because when two
qubits are maximally entangled, a third qubit cannot be entangled with any of them. This
phenomenon is known as the monogamy of entanglement [123] and restricts the amount of
entanglement that can be shared between more than two nodes of a network. One strategy
to achieve more connectivity in the network is not to use maximally entangled states. In
this case of finite but not maximal entanglement, one can share the entanglement to a
larger number of qubits.
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2.2 Continuous-variable Gaussian states

In the previous section, we considered a quantum network described by a qubit multipartite
state |1)g), formed of physically separated qubits. However, by describing only the quantum
nodes, our quantum network remains incomplete. This is because the isolated qubits
cannot create a pure multipartite state. To create entangled states between the qubits,
they must first exchange information.

We consider a system of n non-interacting bosons. Such a scenario describes a continuous-
variable system characterized by an infinite-dimensional Hilbert space H = H; ® Hs ®
... ® H,. Here, H;, refers to the infinite-dimensional Hilbert space of the k-th mode [124,
125]. Each k-th mode can be described as a quantum harmonic oscillator [124] with
bosonic annihilation a, and creation &L operator, which fulfill the bosonic commutator
relations [y, 4] = g and [ag, aw] = [a, al,] = 0. They allow us to define the Fock, or
number, basis, which is composed of the eigenstates of the number operator 1, = &Ldk,
i.e. Nig|ng) = ng|nk). The Fock basis allows us to gain further insight into the annihilation
ar and creation &L operators. The action of the annihilation operator on the Fock state
is given by ax|ng) = /nk|ne — 1). Thus, its action of the Fock basis is to annihilate an
excitation or photon. On the other hand, the action of the creation operator on the Fock
state is &L\nk) = /ni + 1ni, + 1), effectively creating a new excitation at the k-th mode.
The annihilation operator allows us to define a state for which we cannot annihilate more
excitations. This is the vacuum state, defined as ax|0) = 0.

Similar to Eq. (2.2), a general pure state |¥) describing the n modes can be written in
the Fock basis as

T) =3 caln). (2.15)

Here, similar to Eq. (2.2), we have defined n = (ny,--- ,n,) and written the basis on a
compact form. Contrary to Eq. (2.2), here ny, labels the number of particles one can find
in the k-mode.

Throughout this thesis, we can associate this bosonic excitation with excitations of
the electromagnetic field, i.e. photons. It is not, however, the only bosonic field that
can be quantized. For example, one can quantize the vibrations of atoms or molecules
in a solid material. Such collective vibrations in the atomic lattice are called phonons
and behave in the same way as photons [126]. In Chapter 5, we propose implementing a
remote entanglement protocol using phonons.

Alternatively to the creation and annihilation operator, the k-bosonic mode can be
described by the quadrature field operators, defined as

B = : (2.16a)

(2.16D)
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These operators, in contrast to the discrete spectra of the creation and annihilation
operator, are described by a continuous eigenspectrum, Z|xy) = xg|rr) and pilpr) =
pr|pk). These quadrature field operators satisfy the canonical commutation relation
[Zk, Pr'] = ihdy ). The noncommuting nature of the quadrature fields imposes a bound on
their uncertainty. This can be seen from the Heisenberg uncertainty principle, which states
that given two arbitrary noncommuting observables A and B for an arbitrary state, the
product of their variance is given by ((AA)2)((AB)?) > |([A, B])|?/4, where the variance
for a generic operator is given by

A

(AA)%) = (A7) — (4)*. (2.17)

For the quadrature fields, we obtain ((AZ;)*)((Apr)?) > [{[Zk, Pr])|?/4 = 1/4. As we will
see later, this imposes a bound on the product of variances, but some states allow the
reduction of one variance at the expense of the other.

All physical information about the n-mode bosonic system is contained in the state
described by Eq. (2.15), or the density matrix p. Equivalently, one can completely
characterize any state by all possible moments of its quadrature operators (&} p*) for
any n,m € N. In general, such a complete description of a multi-mode bosonic system
requires an infinite amount of moments to compute due to the infinite dimensions of the
Hilbert space.

However, there is a family of bosonic states, called Gaussian states, that are fully
characterized by their first g and second order ¥V moments. It is convenient to group all
the quadratures into a single vector [127]

8= ('fhp\la”'ai‘naﬁn)rr- (218)

This convention allows us to rewrite the canonical commutator relations in a more compact
form
(81, 8] = 1%y, (2.19)

where €);; are the matrix elements of the symplectic matrix €2 defined as

I 0 1
O = = . 2.20
k:lw’ * <_1 0) ( )

The first moments are then obtained by taking the expectation value of the vector §

n=(3), (2.21)

and the second moments are

H = (3)(8)", (2.22)
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where we have defined the anticommutator {A, B} = AB + BA. This defines a 2n x 2n
symmetric covariance matrix. The uncertainty relations among the canonical operators
impose a constraint on the covariance matrix,

Y +iQ > 0. (2.23)

Using this definition of the covariance matrix, the purity of a n-mode Gaussian state,
defined as p = Tr{p?}, is easily computed as [128]

1
h= on\/detY'

Here, the purity ranges between 0 < p < 1, as expected for a system with an infinite-

(2.24)

dimensional Hilbert space.

2.2.1 Thermal state

Consider a bosonic system in thermal equilibrium at temperature 7" > 0. For simplicity,
we focus on a single-mode a with frequency w.. This state is represented by an incoherent
mixture of Fock states [126]

o= X ol (2.25)

where ngy, follows the Planck distribution ng, = (e™</*7 — 1)7! with kg = 1.38 x

1072 JK~! the Boltzmann constant. Given the density matrix, we can compute the

photon mean number and its variance. We obtain (2) = ng, and (AR)? = ng(ng + 1).
In general, any normally-ordered moment is given by ((a")Pa?) = ¢'nf, 6, .,

Alternatively, we can use the moments of the quadrature operators. For this thermal

N A 1 1+ 2nth 0
0 1 . 2.26
=0 V=5 ( 0 1+ Qnth> (2.26)

state, we obtain

From this covariance matrix, one can compute the purity of the thermal state

1

= 2.2
1+ 2nth ( 7>

1
From this expression, we conclude that at 7" > 0, a thermal state is always mixed.
Notice how the pure state is only possible when T"— 0. In this limit, the mean thermal
occupation also vanishes ny, — 0 and the density matrix reduces to py, = |0)(0]. This is
the previously defined vacuum state defined by a|0) = 0.

We can also obtain the variances of the quadrature from the covariance matrix. In this
case, we obtain (Ax)? = (Ap)? = (1 + 2n4y,)/2 as well as (Az)?(Ap)? = (1 + 2ny,)? /4.
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2.2.2 Two-mode squeezed state

Let us now consider a two-mode continuous variable system, described by the bosonic
operators a4 and ag. We define the two-mode squeezed (TMS) state |Uryg) as the state
produced by the action of the two-mode squeezing operator onto the two-mode vacuum
state |Wrums) = S(€)]0,0). Here, we define the two-mode squeezing operator as

S(€) = extath X datn, (2.28)
where we have defined ¢ = re'®, with r as the squeezing strength and ¢ as the squeezing
angle. Note that in the literature, the squeezing operator is sometimes defined with
an opposite sign in the exponents [124, 127]. We recover the same results by changing
X — —X-

Applying the two-mode squeezing operator produces a state that is a superposition of
pairs of Fock states.
Wrs) = —— 3~ (¢ tanh ()" [, m). (2.29)

cosh (r)

n=0

For small squeezing strength, » < 1, this state can be approximated
[Wrus) = 10,0) +re’|1,1) + O(r?), (2.30)

which contains mostly the vacuum state and a pair of photons in each mode. This
photon-pair source has long been the basis of fiber- and satellite-based quantum commu-
nication [111, 129].

One can assume the phase ¢ of the TMS state to be fixed at a reference value of ¢ = 0,
such that the state is fully characterized by its squeezing strength r. Then, we find that
its first and second moments are given by

p=0 V= <f;ff g) . (2.31)

where it is convenient to express the covariance matrix as

a=p=; (COSho(QT) cosh0(2r)> 0T ; <_ Sinél o sinh0(2r)> - (232)

The purity of the state can be computed from this covariance matrix. As expected, we
obtain p = 1, since the TMS state is pure by definition. This covariance matrix also gives
us relevant information about the variance of the quadrature operators. In this case, we
obtain

(A2a)* = (Apa)® = (Adp)" = (App)” = (1 + 2mn)/2, (2.33)
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where we have defined an effective thermal population nyg, = sinh® (r) and used that
cosh (2r) = 1 4 2sinh? (r). The definition of this effective thermal occupation number is
motivated by the fact that the reduced state of each of the modes is actually a thermal
state with that occupation number. To see this, one can look at the TMS state after
tracing out one of the modes. Specifically, if we trace out mode ag and focus on mode a4,
pa = Trg {|¥rms)(Prums|} ,we obtain

-t () sinh® (1)
pa=2 cosh? (1) )l =2 (sinh? (1) + 1)n+1| )(nl, (2.34)

n n

which is the exact thermal distribution as in Eq. (2.25) with an effective thermal population
ng, = sinh? (r).

The properties of the two-mode squeezed state are best revealed through non-local
observables rather than local ones. We define the non-local quadrature operators as
Ty = (2a%2p)/ V2 and pr = (Pa£pp)/ V2. The variances of those non-local quadratures
are [124]

(A2, )? = (Ap-)? =€¥ /2, (2.35)
(Az2_)? = (Ap,)? =e /2. (2.36)

As we increase the squeezing amplitude, two of the quadratures are amplified, while the
other two are reduced below the uncertainty of the vacuum state. In the strong squeezing
regime, r — 0o, the TMS state is the continuous-variable equivalent to the EPR state.

It is a convention to define the squeezing level S to quantify the reduction in uncertainty
relative to the vacuum state

(Az_)

2

1 = —10logy [e*ﬂ = Tog (10) ~ 8.67r, (2.37)

Thus, S quantifies the suppression of the minimum quadrature variance in decibels (dB).

2.2.3 Continuous-variable entanglement

We have described the TMS state |Urygs) as a state which exhibits a suppression of the
joint or nonlocal quadrature operators. This feature is linked to another feature of the
state, namely the entanglement between the two modes a4 and ag.

The entanglement between a bipartite system can be quantified by checking the pos-
itivity of the partially transposed state [121, 130], sometimes called the PPT criterion.
It is a necessary and sufficient condition for the separability of two-mode Gaussian
states [131]. In the case of a two-mode Gaussian state, entanglement can be quantified by
the negativity [132]

N(p) = H’;H;_l, (2.38)
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where p = p'4 stands for the partially transposed density matrix with respect to subsystem
A and ||p||; = Tr{ \/pj} is the trace norm of the state.

Our system, which describes a bipartite Gaussian state, can be written in terms of its
covariance matrix V given by Eq. (2.31). In this case, the negativity simplifies to [133,
134]

N (V) = max {O, L= 21/] ,

4y

where v = /A=YA —ddety VA;’A‘deW and A = deta + det3 — 2det~y. For a pure two-mode squeezed
state, it further reduces to v = e~?"/2, which leads to the simplified expression for the

(2.39)

negativity

N (V) = €"sinh (1). (2.40)

This quantity is unbounded and diverges when r — oco. In practice, the squeezing strength
is always finite, which limits the achievable amount of entanglement.

2.2.4 Hybrid entanglement

There are scenarios where one needs to characterize bipartite (but not limited to two
qubits) mixed states p. Unfortunately, most of the methods mentioned until now have
something in common: They either apply only to pure states or they can be evaluated only
for qubit systems or Gaussian states. A more general approach to verifying entanglement
by directly measurable quantities is based on so-called entanglement witnesses. An
observable W is called an entanglement witness if

W(p) = Tr{Wp} < 0 < pent., (2.41)

W(p) = Tr{Vp} > 0 <— puep.. (2.42)

It boils down to finding the appropriate witness W that detects the entanglement, as for
each entangled state p there exists always an entanglement witness to detect it [121].

There are many ways to build such a witness [120]. Motivated by experimental
constraints [see Sec. 3.8.2], we construct the witness using local uncertainty relations [135].
Assume we have a set of n noncommuting observables {A4;}7_, and {B;}"_, for subsystem
A and B, respectively. Then, the sum of the variance of those observables is always
bounded from below for any state p:

Xn:(Afli)Z’ > Uy; Xn:(Al%)Z > U, (2.43)

i=1 =1

where Uy p > 0. We now define a joint measurement between subsystems A and B, that
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is ]\;[Z = flz RIL+IT® Ez The inequality

n

STANM)? > Uy + Us, (2.44)

=1

holds for any separable state. A violation of this inequality implies entanglement. Therefore,
we can construct a set of entanglement witnesses

n

W(p) = Z(AMi)Q —Ua—Us. (2.45)

i=1
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2.3 Waveguide QED

In the previous section, we introduced the Gaussian states of light that carry information
between our quantum nodes. Here, we further discuss how this light propagates and couples
between different nodes. For that, we assume that the electromagnetic field is confined in
a 1D structure. The field of quantum emitters coupled to a confined electromagnetic field
is then called waveguide QFD, and it has gained recent popularity due to the experimental
progress in different platforms as well as novel theoretical predictions. [136-139]. Contrary
to photons in free space, the confinement of light in such a structure allows to achieve
higher qubit-photon coupling strengths as well as travelling modes which allow for the
distribution of excitations along the waveguide.

The waveguide can be described by a collection of quantum harmonic oscillators, given
by the following bare Hamiltonian [124]

Hy, = Z hog (aar +1/2) (2.46)

Here, wy indicates the angular frequency associated with the k-th mode. We assume a
waveguide of length L, along the z direction and transversal area A along the xy plane.
Then, the electric field inside the waveguide is given by

hwk

0=-iX (ui(2) al(t) — wn(2) ax(t)) . (2.47)

260

Here, ui(z) are the mode eigenfunctions, which form a normalized and orthogonal set of
basis functions [137]. The mode function can be expressed in terms of traveling waves

ui(2) = e—=e**, (2.48)

where e the polarization vector with |e| = 1 and we defined the mode volume V = L, A.
Due to the periodic boundary condition we impose on the waveguide, each mode is given
by k =k, = nW1thn—:|:1:|:2

We are 1nterested in a regime Where the light is strongly confined in the 1D plane. In this
regime, we obtain a linear relation between the angular frequency w; and the wavenumber
k, wy ~ v|k|, where v is the phase velocity of the electromagnetic wave. Other regimes of
light propagation can be studied with a waveguide, such as slow-light [140] and photonic
gaps [141].

To model the waveguide, we assume it extends infinitely along the z direction, L, — oc.
In this limit, the distance between modes decreases as Ak,, = k, —k,11 = %’: — 0. We can
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take the continuum limit of our discrete model by replacing sums by integrals according to

Zn:f(k:n) N Alk/dk:f(k:) - QL;/dk:f(k). (2.49)

Here, it is important to emphasize that real waveguides confine light only in a certain
frequency range |k| € [ko — Ay, ko + Ag]. Therefore, the integrals are always performed
over a finite bandwidth Ag. Moreover, for a consistent description of our system, it is
also important that we transform our modes of the electromagnetic field

ar — VAka(k) = \/L./(2m)a(k). (2.50)

2.3.1 Light-matter interactions

We have now introduced all the relevant ingredients for a quantum network: the nodes that
store the quantum state and photons, which can carry quantum states along waveguides.
However, we must still discuss the interaction between the stationary nodes and the
propagating photons.

Consider a quantum network of N, qubits, as described in Sec. 2.1. Each qubit in the
network is a two-level system with transition frequency wq ;. The bare energy of the qubit
system is then given by

W Az
;’J &3 (2.51)

A Nq
Hy=nY
j=1

We can assume that the waveguides’s central wavelength \g = 27 /kq is much larger than
the size of the qubits. In this regime, one can perform the so-called long wave-length
approxzimation [142] in which the electromagnetic field is evaluated at the exact position of
the emitter E(z) ~ E(z), where z is the position of the i-qubit. In this approximation,
the coupling between the qubits and the electromagnetic field is given by

A

Ny
Hint = —ZdjE(Zj), (252)
J

where the dipole operator czj of the j-qubit is given by czj =d(6; + &;r). Evaluating this
expression using the electric field from the waveguide in Eq. (2.47) we obtain

~ hw, ‘ ,
=7 *(, \ata. — E : AT —iwgzifva A AT dwgzi /v
Hint =1 Z (un(zj)ancj - hC) - /Lh ng (ake J C] — &kcje J .
n,J k,j

260 dj .
(2.53)
To obtain this expression, we have performed the rotating wave approximation (RWA),
justified when the system’s natural frequencies w; are much larger than other time scales.
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We have also defined the qubit-photon couplings

Wk
91i = | e i €] (2:54)

In general, we can assume that the coupling strength is approximately around the central
wavenumber of the waveguide and in the following, we set g; = g; -

A 1D waveguide presents the versatility we need to distribute photons between different
notes of our quantum network. Still, a simple waveguide presents different scenarios in
which photons can propagate. When a qubit emits an excitation into the waveguide, it
can travel to the left or the right. Recent experiments have shown how to engineer a
waveguide in which the excitations in one direction are more favourable than in the other.
These waveguides are called chiral waveguides [143, 144], and they are characterized by
an asymmetric coupling between the left- and right-propagating modes given by g; , and
gj, R, respectively for the j-th qubit. Taking this into consideration, we get the final
Hamiltonian

H=Hy +h > / dw waly(w)aq(w) + ik > Z/ dw g 4 (&Z(W)éje—iwzﬂw _ h.c) :
d=L.R’P d=L,R j 7B
(2.55)

where we have defined a bandwidth interval B € [wy — Ap, wp + Ap] and assumed a generic
Hamiltonian for the nodes of the network Jflsys and two independent sets of modes dg(w)
and ar,(w) for the right and left propagating fields, respectively. To model the directionality
of the modes, we take the convention that the phase velocity is vg = —vr, = v > 0.

2.3.2 Chiral master equation

The Hamiltonian given by Eq. (2.55) is a complex object. It involves infinite modes from
the waveguide and N, quantum emitters coupled to it. Solving this Hamiltonian exactly
would require solving the Schrodinger equation. This can be done in specific instances, for
example, if we limit ourselves to a single excitation. In general, this is intractable both
numerically and analytically. However, if one is interested in only the system’s dynamics,
one can obtain an effective description of this system of interest, the network, in terms of
a master equation for the reduced state of the qubits only.

Our goal is to obtain an effective description of the dynamics of the quantum emitters by
tracing out the waveguide. To keep the derivation general, we assume that the waveguide
is coupled to general quantum emitters rather than qubits. As represented in Fig. 2.2,
those quantum emitters are labelled j = 0,1,---, N, for later convenience, and their
coupling into the waveguide is described by the operators ¢; and é;

We start with the Heisenberg equations of motion for an arbitrary operator O of the
whole system, which is given by O = i[H, O] (1 = 1). The equation of motion of a mode
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Yi,Ly |V.R YNg,L| | VNg,R

Zl Zj ZNq

Figure 2.2: Schematic of a chiral waveguide coupled to Ny quantum emitters. The j-th emitter is placed
at position z; and has a left and right mode with decay rates v, 1 and v, g, respectively.
The field operator F (z,t) describes the state of the waveguide. The quantum emitters are
taken as general quantum objects that could represent qubits or resonators. We adopt the
convention that 29 < 2y < -+ <z <25 <+ < 2n,

at fixed frequency is

ag(w,t) = i[H, 4(w, )] = —iwig(w, t) + > gja;(t)e” 5/, (2.56)
J

This differential equation can be formally integrated to

) t ) )
aa(w,t) = ag(w,0)e ™" + ) gj7d/0 dr é;(r)e @t emwz/va, (2.57)
J

The field operator Fy(z,t) for the d-th propagating mode is given by

A

1 .
Fy(z,t) = m/Bdw ag(w, t)e?/ve

2.
= fin,d(t —z/va) + ) gj’zd dw /t dr eiw’z/”de‘iw(t_T)e_i‘*’zf/”déj (7). 259
j VvV 2T JB 0
Here, we have defined an input field as
£ 1 A~ —iwt
Jina(t) = \/%/Bdw aa(w,0)e™"". (2.59)

The same equations of motion can be derived for any operator belonging to the system
under consideration Os

A A

O4(t) = i[Hays, O5 ()] — 3 > /B dwg;a (ah(w, t)[e;, OJe ™5/ —he).  (2.60)

d=L,R j

This operator differential equation can now be expressed in terms of the field operator
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previously defined

O, = —il0y, Hool + Y 3 Vomgsa (El(z.8)[0,. 6] — hoc.). (2.61)

d=L,R j

This equation tells us that the dynamics of the j-th quantum emitter is governed by its
bare dynamics ]:Isys and is coupled to the others [ # 5 objects in the waveguide mediated
by the field operator F (z1,t). This equation of motion is exact, but it is not very useful
right now. To proceed, we must assume the waveguide has a broad bandwidth Ag > 1.
This approximation is called the Markov approximation, and it allows us to express the
field operators in terms of delta-correlated functions.

wo+Ap , , .
/ dw e ") = 9A gsine(Ap(t — 7))e 00T ~ 975 (t — 1)e” 0= (2.62)

wo—AB

Under this approximation, the field operators are given by [145]

A

Ey(z,t) = fimalt — 2/vq) + > VA O(z/va = 2i/va)e;(t — 2/va+ z/va),  (2.63)

where we have introduced the Heaviside step function ©(t) to take into account the
integral limits, and we have defined g;4 = 1/7;a/(27). We can now reintroduce this
expression for the field operator back into our equation of motion for the system operator

Oy =~ il0u Hoe + 32 32 /i (Fhalt = 2/0)[00, 8] — hic)
T | (2.64)
+ > Z %d7ld< (Zj/Ud—Zl/vd)@zT[057éj]6w°(zl/”d_zj/”d)—h.c.).
d=L,R j,

where to be consistent with the Markov approximation, we have assumed that the
fast dynamics of the relevant system operators is given by &;(t) =~ e~0(t=7)¢, (7). We
can now take the expectation value of such an operator differential equation using
(O4(t)) = Tr{O,(t)p}. Here, we assume the waveguide to be sufficiently cold so that we
can neglect thermal excitations, or in other words, we assume the waveguide to be in a
vacuum state pye = |0)(0[. Defining the total state of the system as ppu = psys ® Pwg, We
find fin’d(t) Ptall = Prull ff;’d(t) = 0. The differential equation for the expectation value of
any system operator is then

A

—i[(Os), Ayl
+ > Z V95dd <@(Zj/vd — 2/va) (&[0, &) et/ vamz/va) — h~C-) ~
d=L,R j,

(0.) =

(2.65)

This equation for the expectation value of any system operator should be the same in
the Heisenberg picture and in the Schrédinger picture, that is (O4(t)) = Te{O,(t)p} =
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Tr{O,p(t)}. We then obtain an equation of motion for the density matrix p(t)

A

p(t) = — i[Hyys, p(t)]
+'z:E:V%Jﬁd«X%ﬂu—&ﬁw@¢MﬂﬁwWWWr%M0_h£>'(2%)

d=L,R j
This is the most general master equation for left and right propagating modes under the
Born-Markovian approximation. We can further simplify this by explicitly evaluating the
left and right modes. In doing so, one must use ©(0) = 1/2 and we assume z; > z for
J > 1. Then O(z;/vs—2/vq) = 1 for the right-propagating modes and ©(—z;/v+2/v) =1
for the left-propagating (because vy, < 0). Taking this into consideration, we obtain a
more compact form for our chiral master equation

p(t) = —ilHys + i, + Fi, p(8)] + DIL1lo(t) + DILalo(t). (2.67)

Here, where we have defined D[¢]p = ¢pél — (éTép+peTé) /2. Due to the waveguide-mediated
interactions, this chiral master equation is governed by two collective jump operators
Lg= >, JLRe "¢ and Lp= Y V/75.0€%%¢; and a coherent dipole-dipole interaction

A 7 ik|zi— 2| At A

g<i

o ko e

Hp =557 imin (7570, —he). (2.69)
>

This master equation and its variations will be the main starting point throughout the
thesis. While we have chosen a more physically motivated approach to derive it using the
Heisenberg equations of motion, such master equations can also be derived from a general
state in the Schrodinger picture. We refer the reader to [146] for these derivations.

In Eq. (2.67), we have not yet made any assumption about the coupling strength of
each emitter to the left and right propagating modes. This allows us to study two distinct
regimes.

Bidirectional waveguide Assume the quantum emitters couple at the same rate to the
left- and right-propagating modes, v; . = 7;,r = 7; for the j-emitter along the waveguide.
In this case, the coherent dipole-dipole interaction exchange cancels out H, +Hz =0
and we are left only with the dissipative dynamics. We then obtain a bidirectional master
equation

p=—i [Hy + 3 Jcte, p} +3°T;,D[¢;, &)p, (2.70)

j?l ]7l

where introduce the notation D[¢;, &]p = 6lpé; — (é;rél P+ pé;él) /2 and defined a decay rate
[0 =2/ cos (k|z; — z|) and a coupling strength J;; = /77;sin (k|z; — z|). This
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bidirectional master equation is also called the Dicke master equation [147] and has been
used to study the phenomena of sub- and superradiant collective decay [148].

Cascaded waveguide Consider the highly asymmetric case when the coupling to the
left-propagating mode is completely negligible v, ; = 0 Vj such that all the light emitted
into the waveguide only couples to the right-propagating mode vz ; = 7;. In this scenario,
the previous master equation reduces to

e ) Dl (2.71)

To be consistent with the usual conventions, we relabel the collective jump operators as
L R= L and the coherent interaction as H R= I'—Alcasc. As we will see in the other chapters,
in the cascaded setting, the propagating phase is unimportant and only amounts to a
local rotation.

More insight can be gained into this cascaded master equation if we rewrite this equation
as

PO) = =ilfls 0] + 2 DII0) + 32 37 ( 63 020) ~ 00 ). (272
local decay >l ded int ti

As an explicit example for the cascaded interaction, consider two harmonic oscillators a4
and ap described by Eq. (2.72), such that a4 is on the left of ap. The two oscillators
are described by its individual frequency w4 and wg, such that the system Hamiltonian
is f[sys = wA&TA&A + deEdB, and decay into the waveguide at rate k4 and kp. From
our cascaded master equation, we can find the equation of motion for the first moments

(an(t)) = Tr{a,p(t)} for n = A, B. In this case, we obtain

d <(&A>> _ <—iwA —ka/2 0 ) <<dA>> (2.73)

dt \(ag) —Vkakp  —iwp —kp/2) \(dB)) '
Observe how the dynamics of the first harmonic oscillator is unaffected by the presence of
the second one. On the other hand, the second oscillator couples to the first, and any
excitation will be transferred.

Throughout this thesis, most of the analysis considers a unidirectional waveguide, which
allows us to use the cascaded master equation in Eq. (2.72). This assumption os two-fold:
On the one hand, it simplifies the theoretical analysis, as previously done in [149-151],
and on the other hand, such conditions can be realized by using circulators [152-157],
chiral waveguides [143], or other schemes for directional coupling [79, 144, 158-161].
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Remark on many waveguides The theoretical description of many independent linear
waveguides can be done by considering now n independent waveguides. Its interaction
Hamiltonian Eq. (2.55) is then extended to accommodate n independent modes by, (w)
with [byn(w), BII/,n’ (W] = dg,a0n,w0(w — w')). Equivalently, we define n independent field
operators ﬁn(z, t) to which any system operator can couple via

Os = sa sys + Z Z Z fgny]d( nd(Z]’ )[OS?éj] - hC) . (274)

n d=L,R j

One then finds similar results as Eq. (2.67) for a chiral master equation, considering other
equivalent dissipation processes for the n independent decay channels.

2.3.3 Semi-infinite waveguide

A 1D waveguide is characterized by its travelling modes along the z direction. However,
this is only the case when open boundary conditions are present. If the boundary conditions
are changed, the 1D waveguide also changes its mode structure. One case would be if
we put a mirror on the edge of the waveguide. In this case, travelling modes would
not be possible anymore, and the mode functions would be similar to a 1D cavity with
standing waves. Another case, which we motivate physically in Chapter 5, is the case of a
phononic waveguide. In this case, the phononic excitations are maximal on the edge of
the waveguide, also allowing for standing waves as mode functions. Specifically, in a 1D
phononic waveguide, the mode functions are

up(z) =€ \/gcos (kz), (2.75)

where V' = AL and k, = 7, with n = 0,1,2,3... for a closed boundary conditions.
Assume the waveguide has a linear dispersion relation wy, = v|k|. The electric field then
reads as

= —iey eo—vcos (kn2)(al —h.c.). (2.76)

n

Going to a continuum model of the waveguide, its interaction with a set of quantum
emitters is then given by [162]

Hyy = th/ w)¢;(gj,re —wzi /vy gj,Le"“Zj/“) —h.c.], (2.77)

where we have assumed asymmetric couplings into the waveguide, v, # vg. The main
difference between an infinite bidirectional waveguide and a semi-infinite waveguide is
that now we only have a single stationary mode a(w), rather than two modes ay(w) and
ar(w).

As before, we find the Heisenberg equations of motion for the field a(w,t) and for any
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system operator O,. We obtain a similar equation as in Eq. (2.61) but this time with a
different field operator

A A

F(z,t) = fult —z/v)+ > [M@(z/v — zj/va)é;(t — z/v + zj/vd)]. (2.78)

jd=L,R

Notice the extra term, which was not present in the bidirectional waveguide. As we can
see, this term accounts for the boundary conditions and the reflection of the left mode.

A

O, = =il0s, Ho) + X [(VARE (3, 1) + V32 F (=2,1)) (048] = he] . (2.79)

To proceed and simplify our results, we assume the semi-infinite waveguide behaves as a
bidirectional waveguide v; g = 7, = 7;. Then, following a similar derivation as in the
case of the chiral master equation, we obtain

p=—i [ﬁsys +> Jj,[é;él, p} + > T;De;, élp. (2.80)
al gl

Notice the similar structure as to the bidirectional master equation Eq. (2.70), but now
with slightly different decay rates I';; = 2, /9;71[cos (k(2; + 21)) + cos (k|z; — z])] and
coupling stregth J;; = /y;m[sin (k(2; + 21)) + sin (k[z; — z])]. Notice that the main
difference between a bidirectional waveguide and this semi-infinite waveguide comes from
our position-dependent decay rates. Similar position-dependent setups with mirrors have
been studied recently [163].

In the specific case when we place the emitters at distances commensurate with the
waveguide wavelength such that k|z; £ 2| = 2mn (for n € Z), the master equation
describing a semi-infinite waveguide reduces to

p= _i[[:[sysa P] + 4'D[ﬁ]p (2'81)

where L = > ’yzéj An interesting remark is that even in this symmetric limit, we
do not recover the same master equation as for the symmetric bidirectional waveguide;
instead, we obtain twice the coupling into the waveguide.
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2.4 Photon sources

The effective description of our quantum network in terms of a master equation is given
by Eq. (2.67) for a chiral master equation. This allows us to model a set of quantum
emitters that interact via waveguide-mediated interactions. For convenience, we express it
in terms of general system operators ¢ and &. The reason for this is that Eq. (2.67) can
be used to model not only qubits but also resonators or cavities, as demonstrated in the
specific example of two harmonic oscillators coupled using Eq. (2.72). However, we have
assumed the waveguide to be in a vacuum state, so currently, there are no photons in
the system that can carry information between the qubits. While we could introduce the
photons by locally driving each qubit [149, 150], here we take a different approach. We
consider some of the emitters in our network to be not qubits but rather resonators. We
then obtain a system that has both the continuous-variable and discrete-variable degrees
of freedom. We then use the photon emitted by these resonators to drive the qubits along
the waveguide. It is the interaction with these photons that creates our qubit quantum
network. Specifically for the main parts in Chapter 3, Chapter 4, and Chapter 5, we are
interested in two types of photonic fields: a thermal state and a two-mode squeezing state.

2.4.1 Thermal cavity

The first source of photons is a thermal cavity. This would be a physical realization of
Eq. (2.25) for a single-mode resonator in a hot environment represented by Fig. 2.3. This
scenario can be modeled using the theory described in Sec. 2.3, with the modification
that the waveguide is no longer cold; rather, we have thermal excitations ng,. The master
equation of this resonator in a hot environment reads

p = —ilwd'a, p] + (na + 1)xD[a]p + nwrxDlal]p, (2.82)

where we have assumed a coupling rate x between the resonator and the waveguide. The
steady state of Eq. (2.82) is the thermal distribution given in Eq. (2.25).

We can use Eq. (2.82) to derive the equation of motion for the expectation values of
the field (a) and the photon number (f) = (a'a) [126]

d . L

g(@ = —iw.(a) — 5(@), (2.83a)
d . A

a(n) = Kk(N) + KN (2.83b)

The stationary solution is given by (a)ss = 0 and ()5 = ng, confirming the results
from Sec. 2.2.1. We can use the equations of motion previously derived to find the
equation of motion for the two-time correlations. For that, we use the quantum regression

A

theorem [126]. Assume a set of operator expectation values (G;) which evolve according
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> Pth
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Figure 2.3: Schematic of a cavity of frequency w coupled to a hot waveguide at temperature T' > 0 at
rate k. The state of the cavity py, is given by Eq. (2.25).

to the general expression

d A N
J
Then, the stationary two-time correlation function obeys the same equation
d A N N «
3\ Ci()G(0)) = > M j(G5(1)Gr(0)). (2.85)
J

with initial conditions given by the expectation values (G;(0)G1(0)). For a thermal cavity,
the stationary two-time correlation function is given by

(@ (7)a(0)) = ngpelieer/D0, (2.86)

Observe how when 7 = 0, we recover (i) = ny,. Moreover, the imaginary component
vanishes in a rotating frame with respect to the mode a at w.. Given the two-time
correlation, we can define the output spectrum of the field as

Lia(w) = & /0 T dr @t (r)a(0))e . (2.87)

We obtain

) 2KN4n 2K 04 Cdkng (w — we)

o _ _ 2.88
aTa(w> K+ 2’&(&} _ wc) I{Q —+ 4(&) — wc)z 2/12 + 4((") - WC)Q’ ( )

where we have decomposed the expression into real and imaginary parts. The spectrum
is governed by a Lorentzian function centered around w. and width . Similar to the
two-time correlation function, at w = w,., the spectrum is governed by the real part only.
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In Chapter 5, we take an extension of such a master equation for a two-sided cavity,
with one side coupled to this hot waveguide and the other connected to a cold waveguide
in its vacuum state. We will see how to tune the coupling rates to the waveguides to
generate non-trivial states.

2.4.2 Nondegenerate parametric amplifier

In Eq. (2.28), we have discussed the generation of a two-mode squeezed state via unitary
dynamics. In practice, the two-mode squeezed Hamiltonian appears naturally when
putting energy into a nonlinear medium. Such a process relies on a y?-type process
between three bosonic modes [99],

H, = ix(ahalao — dadpal), (2.89)

where the nonlinearity y is small, but one of the modes, ag, is strongly pumped. This
process is called three-wave mixing, and while there are other processes, such as four-wave
mixing, they produce similar dynamics. Under the strong pump assumption, the pumped
mode can be treated as a classical field, (ao) — ap € C, and I:IX reduces to a two-mode
squeezing interaction. This process becomes most effective when the resonance condition
wa+wp ~ wy between the three modes is fulfilled (see Fig. 2.4) and is frequently employed
in nonlinear optical crystals to produce entangled photon pairs. Similar interactions
also occur in superconducting circuits, where driven Josephson junctions, specifically
nondegenerate parametric amplifiers, generate two-mode squeezed microwave beams and
many other devices. An alternative way to generate a two-mode squeezed state is to
consider two single-mode squeezed states with opposite phases and combine them on a
balanced beam splitter [164].

One can compare a parametric amplifier and a laser [99]. Both systems exhibit threshold
behavior, adjusted by the input energy, the pump, of the system, as well as to compensate
for decay processes. Below the threshold, both systems exhibit a fluctuating field with
zero mean amplitude, while above the threshold, both systems have a nonzero mean
amplitude. There is, however, a crucial difference which makes the parametric amplifier
interesting for us: its fluctuations are correlated, both below and above the threshold,
exhibiting nonclassical behavior, as we have described in Eq. (2.35). We are primarily
interested in the regime below threshold, as described by Eq. (2.28). We can model this
physical process by assuming two 1D waveguides accommodating the emitted photons.
In this case, the parametrically generated pairs of photons in modes a4 and ag decay
into the waveguides with rates k4 and kg, respectively. Using the formalism derived in
Sec. 2.3, its dynamics are described by the master equation

p=—i [I:[TMSap} + > k.Dla,]p, (2.90)
n=A,B
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Figure 2.4: Schematic of a nondegenerate parametric amplifier coupled to two waveguides. The nonlinear

medium emits photons of mode a4 and ap at rate k4 and kp, respectively.

where
75 . /i /€ 6 A A A A
Hrys = z—”;B (agag — aAaB> : (2.91)

and € ~ x|ap| is the dimensionless pump parameter, which we can assume to be real. The
value of € = 1 marks the onset of the parametric instability, beyond which our linearized
description of the amplifier is no longer valid. Therefore, we restrict the pumping parameter
toe€[0,1).

Here, to understand the nondegenerate parametric amplifier, we need to solve the
dynamics of the two modes using its quantum Langevin equations [145, 165]. These
equations read

éLA = — (K—A> aa+ MCALTB — \/HAfin,A, (2.92)

2 2
. /K AK N
CALB = — </{73> dB -+ +B€CALL — \/fiBfin’B, (293)

where fi, ,, are independent white noise operators satisfying [ finn (2), f;;’n, (1] = w0 (t—1").

By defining the vector with operators © = (a4, &J]rg, ap, &Q)T and the white noise operator

vector f = (\/IiAfin’A, ‘//foiL’B, \/IiBfA‘in’B, ,/IiAfiL,A)T, these equations can be written

in a compact form as

d A
—tﬁ =Mv - f, (2.94)
where the matrix M is given by
—fa SR 0
SVRaRE  _km 0 0
M = 2 2 ¢ SR (2.95)
0 0 —E o
0 O €V/KAKB __ kA

[\
)
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For long times, t — oo, the formal solution of Eq. (2.94) is
3 ~
o(t) = — / dr eMED F (1), (2.96)

From this result, we obtain the full covariance matrix in steady state, Vy = (99')(t — 00),
as

Vo = /OO ds M ReM', (2.97)
0

where R = diag(ka,0,xp,0) is a diagonal matrix. Since M is block-diagonal, the
individual entries of the covariance matrix can be solved analytically. We obtain

= 2
Cata (kK — RKn)e
nph7n - <a’nan> - (1 . €2>E) 3 (298)
A A VRAKBE
mph = <GACLB> = (1 _ €2>f7§7 (299)

where & = k4 + rg. All other expectation values vanish, i.e., (a!,ag) = (a2) = 0. Similar
to the thermal cavity, we can now use the expectation value together with the quantum
regression theorem to evaluate the two-time correlation functions. Assuming symmetric
decay rates into the waveguides k4 = kg = K, they are given by

_ee "/?7 (ecosh (exT/2) + sinh (exT/2))

(@l (7)an(0)) 20— &) , (2.100a)
ee "% (cosh (ekT esinh (et
(1a()an(0) = RGO (3 100

As before, we can use those expressions to evaluate the output spectrum for the photon
occupation number /i, (w) and for the photon correlations /s ,a,(w). They are given by

26 (k + 1w)

L+, = 2.101

ahan () K(EQ — (k%2 — 1) — dikw + 4w?)’ ( 2)
ek + €2k + 2iw)
I o (W) = : . 2.101b
ain () H(GQ — 1) (r%(2 — 1) — dikw + 4w?) ( )
In general, we observe that the real part of those spectrum is given by

2Re{[ &n(w)} =€l (w) —Ty(w)], (2.102)

and

Ty (@) + Tapan () = € [ (w) + To ()] (2.103)



32 Chapter 2 Theoretical foundations of quantum networks

where )
K

K2(1 £ €)? + 4w?

are Lorentzian functions. While the expressions for the output spectrum are complex

T (w) = (2.104)

to analyze, we observe that when w = 0, we can relate those with the intracavity field
occupation number npp , and photon correlation myy,. Specifically, we find that

IdT an (O) = 4nph(1 + 2nph), (2105&)

Lanap (0) = 2mpn /1 + (dmpn)?, (2.105b)

3 J— _ 62 _ €
where for the symmetric case npn = npnn = e and mp, = oy

In Sec. 2.2.2, we defined the squeezing level S, which quantifies the uncertainty reduction
with respect to the vacuum state. First, we can express the squeezing strength r defined
in Eq. (2.28) in terms of the intracavity fields as [166]

1

- 2.106
1+e ( )

r=1+2(ny —mpn) =
In the asymptotic limit when € — 1, the intracavity squeezing strength is limited to r —
1/2. This gives us the well-known bound for the intracavity squeezing of S ~ 3 dB [124].
As we will see in Sec. 3.3, the output fields of the parametric amplifier, contrary to the
intracavity fields, are not bounded, and we can achieve perfect squeezing [165].
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2.5 Phase space representations

Through the first sections of this chapter, we have developed a formalism to obtain an
adequate description for quantum emitters coupled to a waveguide in terms of a Lindblad
master equation, for example, Eq. (2.70) or Eq. (2.71). We consider only systems described
by a continuous variable, as we did in Sec. 2.4, such as harmonic or anharmonic oscillators,
degenerate and nondegenerate parametric amplifiers, among others, such that they are
described by a set of bosonic operators a, that fulfil the usual commutation relation
[, @l ] = Opm. Such a system can be described by a Lindblad master equation

pt) = Lonpl). (2.107)

While it is not generally possible to solve for p(t), we have seen in Sec. 2.2 that if the
continuous variables belong to the set of Gaussian states, they are fully characterized by
their first g and second moments V. For more general states, one can derive the equations
of motion for the populations and coherences by expressing the density matrix in a Fock
basis. For simplicity, we consider a single mode a and write the density matrix as

P =S pam(®)niml, (2.108)

n,m=0

with p,.m(t) = (n|p(t)|m). Even for this single-mode example, solving the equations of
motion might not be easy. It is, therefore, necessary to introduce an alternative way of

solving this master equation and obtaining operator averages and correlation functions [126,
167].

2.5.1 P representation

We note that the Fock basis is not the only way to represent our density matrix. Alterna-
tively, we introduce the Glauber-Sudarshan P representation [168, 169], which is diagonal
expansion in terms of coherent states

p(t) = / d2aP(a, o*, t)]a){al. (2.109)

By expressing the density matrix in this new basis, we can express any state with a
quasi-probability distribution P(«a, a*,t). This way, we obtain a classical description of
the density matrix, which we can use to obtain some operator expectation values from our
system. Assume a normally ordered operator of the form (af)"a™. From a density matrix
p(t), the operator expectation value is ((a')"a™)(t) = Tr{(a")"a™p(t)}. Equivalently, our
P representation allows us to find ((a")"a™)(t) = [ d*a (a*)"a™P(a, a*,t). Then, the P
representation allows us to obtain the expectation values of normally ordered operators in
terms of integrals over the complex amplitude a.
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Back to our master equation Eq. (2.107), in this new basis, we can find that the action
of an operator acting on this density matrix is mapped to [126, 170]

ap — aP(a,a*,t), (2.110a)

a'p — loz* — @aa} P(a,a™,t), (2.110b)
a — a— 0 P(a,a”,t) (2.110c¢)

p aa* ) ) ) *

pal — a* Pla, o, t). (2.110d)

Under this correspondence, any operator master equation transforms into a partially
differential equation for a quasi-probability distribution P(«, «*,t) which represents p(t)

p(t) = Lonp(t) — P(a, o t) = L(a, o) P(a, o, t). (2.111)

This mapping is exact and completely reproduces the dynamics of the density matrix.
It can, however, lead to very complicated nonlinear partial differential equations when
the original Lindblad has nonlinear operators. This is because, in this case, the operator
mapping would produce higher-order partial differential equations such as 9*/(0a?) among
others. Neglecting those higher-order contributions is the basis of the discrete truncated
Wigner approximation [171], which has shown to be an accurate approximation when
the system’s size is large [172]. When this partial differential equation doesn’t produce
higher-order terms, or because we can neglect them as an approximation, the partial
differential equation takes the form of a Fokker-Planck equation [173]

OP(x,t) 2.0 12

27— =y = - P 2.112

e OO Y AE R Do ] EXC LT
L(a,a*)

with initial conditions P(x,0) and where we have defined & = (a, a*). The first term
of the equation is called the drift term, and it governs the evolution for the expectation

value of an observable q

dt

The second term is called the diffusion term, and it governs the equation of motion for

(z:) = (Ai()). (2.113)

the second-order moments

d 1
3 \tizs) = {widj(2)) + (254i(2)) + 5(Dij + Dji- (2.114)

Extending this formalism to a, modes is trivial and only implies the extension of the
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dimension of the phase-space representation. For this, the summation limits in Eq. (2.112)
extend to 2n, and we define a vector containing all possible modes & = (ay, af, - -, ay, o).

Stochastic differential equations The Fokker-Planck equation describes the dynamics
of a quasi-probability distribution in phase space. In the case where D(x) is positive, this
probability distribution can be numerically sampled by a set of Ito stochastic differential
equations [170, 174].

de = A(x)dt + B(x)dW (1), (2.115)

*

where again we use the vector = (ay,af, -+ ,ay,, ) and we have defined the ma-
trix B(x;) as the square root of the diffusion matrix D(x) = B(z)B(x)*. We have
defined A(x) is a column vector of the drifts A(x) = (Ai(x), -, A (x))T. Lastly,
we have defined a vector of independent infinitesimal Wiener increments dW (t) =
(dWy(t), -+ ,dWs,(t))". Each Wiener increment is given by

AW (t) = W(t+dt) — W(t) = dte(t), (2.116)

where £(t) is a rapidly varying random process, sometimes referred to as white noise. This
random process is a Gaussian process characterized by the two moments

(£(t) =0, (2.117a)
EMEW)) = ot —1'). (2.117D)

Consequently, this translates to the the Wiener increment, which is also a stochastic

process with zero (dW;(t)) = 0 and variance (dW;(t)dW,(t)) = dtJ;, ;.

Harmonic oscillator in a thermal environment Here, we solve a specific example,
motivated in Chapter 5, of a single a single-mode harmonic oscillator with natural
frequency w, in contact with an environment at temperature 7" > 0 and decay rate k.
The Lindblad master equation describing such a process is governed by Eq. (2.82). The
corresponding Fokker-Planck equation is then described by

. o /. K 0 , K\ 0?
L(a,a*) = [8@ (zwc + 2) a+ o <—zwc + 2) o + Fmth@a@a*} : (2.118)

The steady-state solution of such a Fokker-Planck equation can be obtained by solving for

P(a,a*) = 0, which in this case gives

1

TTNth

Py(a,a*) = ——eloP/mn, (2.119)
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This steady-state distribution of the P representation can be used to calculate the steady-
state expectation value of any normally ordered function f(a,a’)

1

TTth

<f<d7 &T)> _ /d2Oéf(Oé, a*)e—‘alg/nth' (2'12())

Alternatively, this oscillator in contact with a thermal field can be described by a complex-
valued It6 stochastic differential equation [126]

da = —gadt + EngdW (t), (2.121)
with complex Wiener increment dW (t) = M\/’;WQ@, where dW;(t) for j = 1,2 are two

independent, real-valued Wiener increments. This stochastic differential equation is also
known as the complex-valued Ornstein-Uhlenbeck process. To obtain expectation values
from Eq. (2.121), we formally integrate it to obtain

t
aft) = age " 4 \//@nth/ dre="=7)/2¢ (7). (2.122)
0

Here, we have defined a constant initial condition ay = (¢ = 0) and used dvgt(t) =£(t), as
defined in Eq. (2.116). This expression allows us to, for example, obtain the expectation

value of its first moment
(a(t)) = age™™/*. (2.123)

Observe how first-order moments are entirely governed by the initial conditions and
that, as time goes on, they eventually decay to zero (a(t — 00)) — 0. We can also use
Eq. (2.122) to calculate the two-time correlation function. In our case, it reads as

(@ (t)a(t2)) =Jagl?e~ )2

¢ t ) , (2.124)
g, [ty [ e e 2 (1),

We can then look at this expression evaluated at the steady state ¢; 2 — oo. Defining
T = t1 — o, it reduces to
(a*(1)a(0)) = neg,e " I71/2, (2.125)

Observe how this correlation function matches the expression given by Eq. (2.86). This
emphasizes that the P representation of the field allows us to find any normally ordered
expectation value that we would normally compute using the quantum regression theorem.

Our expansion in Eq. (2.109) in terms of coherent states is not unique. There are other
representations, such as the Huisimi Q-distribution [175], which is defined in terms of
the anti-normal ordering of the operators, and the Wigner representation [176], which is
defined in terms of the symmetric, or Weyl, order of the operators. Here, our focus on the
P representation of the field is two-fold: On one hand, we will see later that the application
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of the P representation on our systems will produce an exact Fokker-Planck equation (by
that, we mean without any higher-order partial derivative terms), thus allowing us to
obtain an exact mapping. On the other hand, in quantum optics, the P representation
has been used to classify the states: the P representation makes it natural to highlight
the differences between classical and nonclassical fields. This is because more classical
fields, like a coherent or a thermal state, admit a stochastic description governed by the
quasi-probability P(«, a*), while nonclassical fields such as Fock or squeezed states do not
admit such a description, as in this case the quasi-probability P(a, a*) becomes negative.
In these cases, the Fokker-Planck equation does not possess a positive semifinite diffusion
matrix D(x).

2.5.2 Positive-P representation

To deal with such a problem, Drummond and Gardiner [177] introduced the positive-P
representation

o= / da? / a2 @f@ *>|P(a,ﬁ), (2.126)

with « and 3 denote two independent complex variables. This representation of the field
can always be shown to be positive, defining a probability distribution rather than a
quasi-probability distribution, such as in the case of the P representation. This comes
at the expense of doubling the degrees of freedom; now, for each single-mode a,, we
have associated two independent phase-space variables (four real dimensions). The
complex-conjugate relation is only fulfilled at the level of averages (5) = («)*.

The phase-space dynamics in this representation are still represented by the Fokker-
Planck equation Eq. (2.112), considering the extended dimensions. As with the P rep-
resentation, when the positive-P representation doesn’t involve higher-order terms, the
master equation Eq. (2.107) can be mapped into a Fokker-Planck equation similar to
Eq. (2.112), with the corresponding extended phase-space. If we consider a system of a,,
modes, in our positive-P representation, the Fokker-Planck equation describes a dynamical
equation for & = (ay, B, , an, Bn)-

As the positivity of the positive-P representation is guaranteed, this allows us to find
a Fokker-Planck equation as Eq. (2.112), and its corresponding stochastic differential
equation, Eq. (2.115), to even entangled states. One could, in general, even use the
positive-P to represent states for which the P representation would be enough, such as the
thermal states. However, the positive-P representation also comes with drawbacks. By
introducing a new independent variable S and expanding our phase space, the trajectories
can now explore new unphysical areas. In many cases, this is then translated into
spikes [178] or divergences for the trajectories. This has been seen in highly nonlinear
systems and two-photon damping processes [99].



38 Chapter 2 Theoretical foundations of quantum networks

Two-mode squeezed state For a specific example of the positive-P representation, we
focus on generating two-mode squeezed states, described in Sec. 2.2.2 and motivated by
Chapter 4, where we will use these results. Starting from Eq. (2.90), we map the two
modes a4 and Gp into positive-P distribution P(aa, a4, ap, Bp), governed by Eq. (2.112),
with a drift matrix given by

—Ka 0 0 /KAKBE
1 _
At 0 KB VKEAKBE 0 ’ (2.127)
2 0 /KAKBE —K4 0
/KAKBE 0 0 —KpB

and the diffusion matrix is given by

0100

D VEakpe [1 0 0 0 (2.128)
2 0001
0010

We can then map this Fokker-Planck equation into a set of stochastic differential equations
following Eq. (2.115) by decomposing the diffusion matrix as D = BB™. In our case, we
find this matrix is given by

147 1—7 O 0
\/N/RARKBE/2 |1 =i 1+
po VVEREZ |10 1ki 0 0 (2.129)
2 0 0 1+¢ 1—1
0 0 1—12 1+

We then obtain a set of coupled stochastic differential equations. For the symmetric case
kA = KB = K, they are given by

das = [~aa + eBplr/2dt + \/; (1+6)dWa, (1) + : u _i)dWBA(t), (2.130a)
dBa = [~Ba + caplr/2dt + ﬁ D)W, (1) + ; (L DdWsal) 9 130m)
dap = [—ap + eBalr/2dt + \/? (L+8)dWan (t) + ; (=0dWs(®) 91500
dBp = [—Bp + eaalr/2dt + \/; (1= 8)dWas(t) £ ; (L 0dWaat) (9 130q)

where the Wigner increments fulfil (dW;(¢)dW;(t)) = dté;;, for i, j € (aa, Ba, ap, ap).
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2.5.3 Stochastic master equation

At the beginning of this section, we focus only on the continuous-variable systems, allowing
us to derive an equivalent of the Fokker-Planck formalism for the master equation. In
a more general setting, our system is described by a hybrid master equation, where we
combine both continuous-variable and discrete-variable systems. This scenario constantly
arises throughout the rest of the thesis, such as in Eq. (3.1), Eq. (4.1), and Eq. (5.1).
They all have the following structure

p= Lo+ Lint) p= (Lph + Lg + Lint) p, (2.131)

with a cascaded interaction between the continuous and the discrete systems
Linp =Y v/Fn ([anp, 6,7 + (67, piat]) (2.132)

with initial conditions p(0) = ppn(0) ® p(0). We can now map this master master equation
into an equivalent Fokker-Planck equation. We start by noting that the initial state can
be written as [179]

p(0) = / d2a P(a, o*, 0)|a){a] ® pq(0), (2.133)

where we have assumed a single-mode scenario with a mode a for simplicity. From
Eq. (2.132), we can see that, due to the cascaded coupling between continuous-variable
and discrete-variable, we always have @ acting on the left of p while a' acting on the right
of p. This means that the discrete-variable system along the waveguide does not affect
their dynamics. Therefore, their dynamics remain Gaussian and can be simulated with
the Fokker-Planck equation given by Eq. (2.112) or its equivalent stochastic differential
equations Eq. (2.115). That is, with the initial representation Eq. (2.133), the operators
{a,a'} can be replaced with complex number {c, a*}. This result is a crucial aspect of the
derivation and something only possible with cascaded systems. The full system density
operator then can be expressed as

p(t) = /d% P(a, a*,t)|a){a] ® py(a, a*,t). (2.134)

One can then obtain the reduced density operator p,(t) by tracing out the bosonic degrees
of freedom,

pq(t) = /d2a P(a,a™ t)pg(a, o™, t). (2.135)

When we sample the P distribution in terms of stochastic trajectories «, the integral in
Eq. (2.135) is instead replaced over an average over a large but finite number of trajectories.
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For a given trajectory, the density matrix pq is updated according to

pQ(a7 Oé*, t) = (‘Cq + Z E"[an7 O‘;]) pQ(a7 a*a t)a (2136>

where we have already generalized to @, modes and defined a = (aq,- -+ , ;). Here, we

*
n

have also defined L,[a,, ], which is given by the cascaded coupling Eq. (2.132) after
replacing @, and a! by a, and o, respectively. The reduced qubit state is then obtained

by solving Eq. (2.136), which is coupled to Eq. (2.115), and taking the statistical average.

Remark for the positive-P representation Notice that, in writing Eq. (2.133), we have
taken the P-representation of the bosonic field for granted. Assuming a single mode,
this can be extended to the positive-P representation by extending the complex-variable
representation to a and 3

o) (7]
(6*|a)

p(t) = /d2a /d26 P(a, 8, 1) ® pqa, B, t). (2.137)
Correspondingly, the operators {a,a'} map to the complex numbers {a, 3}. For a given
trajectory, similar to the P representation, the density matrix p,, generalized to n modes,
evolves as

pQ(av /87 t) = <‘Cq + Z‘Cn[ana Bn]> pQ(a> /87 t) (2138)

This stochastic description of the bosonic field offers another advantage. In general,
Eq. (2.138) describes a large stochastic master equation for n/N, qubits in total. However,
the solution of Eq. (2.138) for a single mode n is pq (0, By, t), which is a density matrix
involving Ny qubits. We recover the global density matrix using

pa(a, B,t) = Q) pan(tn, Bu, t). (2.139)

This form allows us to decouple the master equation, solving for each stochastic process.
This way, Eq. (2.138) offers a simple way to parallelize the computation. Instead of
solving the equation for n/V, qubits, we can solve this equation for n independent modes,
effectively solving n decoupled equations for N, qubits. The reduced qubit density matrix
is then obtained by tracing out the bosonic degrees of freedom

palt) = [ e [ 28 P(er, 8,6) @ pon(ens s ) (2.140)
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2.6 Remote entanglement protocols

There are several approaches to generating a pure entangled state |¢)y) within a quantum
network. The protocol should be efficient and scalable for large-scale networks and, ideally,
require minimal external control [46, 63]. Since quantum systems naturally experience
decoherence over time, the protocol must operate faster than the system’s decoherence rate.
In the context of large quantum networks, it is also essential that the protocol is easily
implementable on a large scale, preferably in a parallelizable manner. By "minimal control”,
we refer to protocols that can run autonomously, as relying on external manipulation of
the qubits would impose an unnecessary burden on the quantum system.

Depending on the strategy used to generate remote entanglement, we distinguish
between probabilistic and deterministic protocols. For simplicity, we focus mostly on
two-qubit systems N, = 2, which forms the minimal network possible, a quantum link. A
completed overview of the experimental literature can be found in Ref. [75].

Probabilistic protocols To generate remote entanglement between two nodes, we consider
a single-photon protocol [55, 180]. The initial state is a tensor product of two decoupled
qubits |1g) = |11)|12), each qubit being in a superposition similar to Eq. (2.1), given by
[v:;) = a|0;) + B|1;). We distinguish between two regimes: weakly driven |3]? < 1 and
strongly driven |3]? ~ 1.

For weakly driven qubits, the qubits remain mostly in the ground state and, when
excited, rapidly decay back to the ground state. This decay is accompanied by the emission
of a photon, entangling the qubit with the emitted photon [46]. This photon travels a
distance x; to a beam splitter. For the i-th qubit, the state is then as follows

i) ~ al0;,n; = 0) + Be™i|1;,n; = 1), (2.141)

where the notation |z;,n; = x) indicates the number of photons n; emitted from the i-th
qubit. Following this protocol, the emitted photons from the qubit pair interfere at the
beam splitter. The detection of a photon heralds the following qubit-qubit state [181]

|01) £ ei*@i==3)|10)
7 .

This state corresponds to one of the maximally entangled states defined in Eq. (2.8),

|tho) ~ (2.142)

where the relative sign + depends on which of the two photodetectors clicked. The success
probability associated with creating this state is pqet o< |3|?v, proportional to the excited
state probability |3|* and the detection efficiency v, which includes any propagation losses.
As the state is weakly excited, the probability detection will be small, usually around
Paet =~ 1074 [181].

One must take into account that, given the detection of one photon, the conditional
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probability that the other qubit is also in |1) but the photon was lost is given by p = |5/
(in the limit that the photon detection efficiency is small v < 1). This degrades the
heralded state from a maximally entangled Bell state to

p = lal*tho) (ol +BI*[11)(11]. (2.143)

This protocol yields a fidelity of F = |a|* with probability pge; o< |5?v. As the state
is normalized |a|* + |3]* = 1, one obtains a trade-off between the state fidelity and the
detection probability.

In the other scenario, the strongly driven regime, each qubit is excited with near unity
probability, |3|> ~ 1, and the single photon carries its qubit through two distinguishable
internal photonic states (usually via polarization H or V of the emitted photon). For
example, the state of the system containing both communication and photonic qubits is
written in

0;, H;) + e*=i|1;, V;
i) = 0: Hy) NG ) (2.144)

Here, similar to Eq. (2.141), we use the notation |z;, X; = V, H) to indicate the polarization

of the emitter photon by the i-th qubit. As before, the two photons interfere at a balanced
beam splitter, and coincident detection of orthogonally polarized photons heralds a
state similar to Eq. (2.143) [65]. Here, however, the probability of success is given by
Pact < (|B8]?v)2. Even if the state is strongly excited |3]?> ~ 1, due to the small photon
detection efficiency v < 1, the probability of success of this protocol is usually lower
than operating in a weakly driven regime. Experimentally, however, this protocol is less
sensible to path fluctuations. This is because the stability depends on the wavelength A of
the emitted photons, typically at the centimetres scale for this photon, which is emitted
from hyperfine levels of the qubits [46].

Deterministic protocols The protocols to generate remote entanglement between two
nodes that don’t require heralding are called deterministic remote entanglement protocols.
Originally proposed in [41], it consists of applying a coherent drive to one of the qubits to
create a qubit-photon entangled state

B \Ol,n = 1> + ‘11,71 = 0>

|tho) = 7 ® |0g). (2.145)

Here, we use the notation |z, n,xs) to indicate the state of the first qubit, the state of

the photon, and the state of the second qubit, respectively. The photon then decays into
a unidirectional waveguide, propagating until the second qubit absorbs it. For a perfect
photon absorption by the second qubit, the photon shape must be time-symmetric [41].
This can be achieved by a modulation of the couplings into the waveguide of the emitter
and receiver qubits [75, 182, 183]. One then obtains a travelling photon that has a
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time-symmetric envelope, for example, given by ¢(t) = £ \/Keg sech (kegt/2) [75], being
ke the bandwidth of the photon. Upon perfect ideal absorption of the photon by the
second qubit, the two qubits remain in a maximally entangled state |U).

To model the photon loss along the transmission in the waveguide, we assume a beam
splitter interaction with a fictitious environmental mode [184, 185]

In=1) — VvIn=1)®|n=0)g+ V1 —1r|0)® |1)g. (2.146)

This model allows us to obtain the reduced qubit state in case of imperfection transmission.
After tracing out the environmental modes, the reduced two-qubit density matrix is

0 0
Vv 8 | (2.147)

o O O O

This density matrix allows us to estimate how close we are to the Bell state |¥*) using
the fidelity defined in Eq. (2.14). We obtain

1
Flp) = (W [p¥™) = (14 V)", (2.148)
For the same state, one can use the concurrence defined in Eq. (2.12) to obtain

C(p) = V. (2.149)

Surprisingly, the entanglement persists despite losses and only vanishes at the limit v — 0.
However, the state fidelity is bounded for F(p) = 1/2 at v = (v/2 — 1)? ~ 0.17. In

Chapter 3, we compare this expression to the effect of losses on our implementation.






Chapter 3

Qubit-qubit entanglement distribution
using squeezed light

In this chapter, we analyse the creation of the smallest possible quantum network, a
quantum link, by driving two qubits with the ouput of a nondegenerate parametric amplifier.
As we described in Sec. 2.6, theoretical protocols to generate remote entanglement between
physically separated qubits have been extensively studied in deterministic and probabilistic
cases. Here, we extend the work of [82], in which the authors propose an alternative way
to create highly entangled qubit-qubit states based on continuous-variable entanglement
transfer to the qubits. We start with Sec. 3.1, where we introduce the theoretical model of
our system. Then, in Sec. 3.2 we obtain an effective description for the qubits alone, under
the assumption that the parametric amplifier is broadband. This effective description
enables us, in Sec. 3.3, to map our qubit state into an effective squeezing reservoir, which
provides new insight into the dynamics of the qubits. With these tools in hand, in Sec. 3.4,
we focus on the steady state of the two qubits and show how the entanglement emerges.
In Sec. 3.5, we solve the qubit state again for a more general scenario and introduce
the filtered mode approximation, which allows us to consider the finite bandwidth of
the source of photons. This allows us to obtain optimal parameters to maximize the
entanglement in the presence of imperfections. In Sec. 3.6, we study the time evolution of
the entanglement. In realistic networks, the photons that propagate from one node to
another are always delayed. We investigate these delay effects in Sec. 3.7. We conclude
this chapter with Sec. 3.8, where we provide theoretical predictions for two ongoing
experimental collaborations.

3.1 Setup and master equation

Our protocol to generate deterministic qubit-qubit entanglement consists of two unidirec-
tional waveguides, which we label by n = A, B, two physically separated qubits, and a
nondegenerate parametric amplifier which emits photons into the waveguides. The setup is
sketched in Fig. 3.1. Specifically, we consider the two qubits with resonant frequencies wy
and wp 1, respectively. The parametric amplifier consists of two distinct bosonic modes

45
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Figure 3.1: Schematic of the protocol for generating a qubit-qubit entangled state, where a pair of
physically separated qubits are coupled to two unidirectional waveguides and driven by the

correlated output of a nondegenerate parametric amplifier.

with frequencies w4 and wp and annihilation operators a4 and ag, respectively. These
modes are driven into a correlated two-mode squeezed state via an externally pumped
xP-process and decay into the respective waveguides with rate x4 and kg, respectively.
The unidirectional waveguide then connects the emitted photons to each qubit at a rate
v4 and g for each qubit, respectively.

The following analysis is kept deliberately general and applies to implementations
in the optical and microwave domain, as well as mixed scenarios, where, for example,
correlated pairs of optical and microwave photons are generated via the electro-optical
effect [108, 186]. However, throughout our analysis, we will assume that all network parts
are sufficiently cold such that thermal excitations can be neglected [187].

In Sec. 2.3, we derived a master equation for the reduced system by tracing out the
waveguide dynamics. There, we derived a cascaded master equation for a set of N
quantum emitters coupled to a single waveguide. Here, where two waveguides are present,
we identify the quantum emitters for the n-th waveguide as ¢y, = @, with decay rate
Yon = Kn, and ¢, = 6, with decay rate vy, = vy

By moving into a rotating frame with respect to the photon frequencies w4 and wp and
with the identification we just mentioned, Eq. (2.72) describes the dynamics of the system
under consideration, which reads

p= (Eph + Ly + Lint) p- (3.1)

This master equation consists of three distinct terms. A term describing the dynamics of
the parametric amplifier £, which produces the continuous-variable Gaussian states. As
introduced in Sec. 2.4.2, a nondegenerate parametric amplifier coupled into an environment
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(the two waveguides in this case) is modelled as

Cphp = — [ﬁTMSa p} + Z I{np[dn]p, (32)
n=A,B

with nonlinear interaction

 VRaRBE (ahaly — dads) (3.3)

Hrys =4 5 a,ap — asap

with adimensional pump parameter ¢ € [0,1). In our protocol, although the modes a4
and ag decay into independent waveguides, they are not independent; they are strongly
correlated. Therefore, we are sending strongly correlated light into two independent
waveguides.

The second term of the master equation £, describes the qubit system. As already
described in Sec. 2.2, in the rotated frame with respect to the frequencies of the bosonic
modes, the bare dynamics of the qubit system are given by

.671, Az A— n AZ
Lop=Y" (—221[% pl+1mDl6,]p + 7‘;’D[an]p) , (3.4)

where we have defined the detunings 0,1 = w, 1 — w,. We have assumed that each qubit
decays into the waveguide with rates v, and undergoes dephasing with rate vy, .

The last term of the master equation L;,; describes the waveguide-mediated interaction
between two otherwise disconnected systems. Here, we assume both waveguides are
completely cascaded such that v, = 0. In such a setting, all the photons emitted by the
parametric amplifier drive the qubits located further along the waveguides, while the
light scattering of those qubits does not return to the parametric amplifier. The cascaded
interaction takes the form of

Linp = 3 V" (lanp, 6] + 167, pi}]) (3.5)

Additionally, in our master equation, we have included the additional parameter v™ € [0, 1]
to model linear losses in the system. This models the probability that a photon propagating
at the n-th waveguide is transmitted. Or, in other words, |1 —v"| gives you the probability
that a photon is lost. In this way, the |v"| can be adjusted to model not only linear
absorption losses but also parasitic loss channels for the qubits. We have also absorbed

Eiknlzn0=2n1] into a redefinition of the qubit operators, ensuring

all propagation phases e
that, up to local phase rotations, all results presented in this work remain independent of
the precise location of the qubits. This differs from entanglement schemes in bidirectional
channels, which typically require specific arrangements [96-98]. It is also important to
note that the validity of Eq. (3.1) relies on the assumption that propagation times between

the nodes are negligible compared to the relevant timescales of the system dynamics.
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This is usually a valid assumption for small on-chip networks, but propagation delays
can become very relevant when discussing entanglement distribution in larger networks,

in particular when the distance between the two qubits is distinct. This issue will be
addressed in Sec. 3.7.

3.2 Qubit master equation

To derive the effective master equation described in Eq. (3.1), we performed an adiabatic
elimination of the waveguide, allowing us to describe the waveguide-mediated photon
interactions using collective jump operators. The resulting master equation describes
both the nondegenerate parametric amplifier and the qubits, resulting in a hybrid master
equation that governs both continuous and discrete variables. Our main goal in this
section is to study the time dynamics and stationary states of the reduced qubit state,
pq(t) = Trpn{p(t)}. While this generally relies on solving Eq. (3.1) numerically, in the
limit k,, — oo, the dynamics of the parametric amplifier modes can again be adiabatically
eliminated to derive an effective master equation for the reduced qubit state. As detailed
in Appendix A, the reduced master equation for the qubit system is

pa =Lapg+ > mNn (D[6,1pq + D[6;]pq)
n=A,B (3.6)

+ Va5 (M*[64, 65, pall + M6, 65, pd]]) -

Two parameters govern the master equation for the reduced qubit dynamics: the photon
occupation number N, = 2Re{l,;, (0)} and the photon correlation M = [I5,a,(0) +
Iipa,(0)]. They are determined by the steady-state correlation spectra of the parametric
amplifier modes, which we derived in Sec. 2.4.2. In the symmetric case k,, = kK and " = v,
these parameters are given by the following simple expressions

N:V%GjQQ_GiOJ’ (370)
M = ve [(1_16)2 4 (1i€)21. (3.7b)

3.3 Effective squeezing and purity

To gain further intuition, and motivated by the effective master equation for the qubits,
we now consider an alternative description of the qubit system. We map the qubits driven
by the output of the parametric amplifier into a system in which the qubits are in a
general two-mode squeezed reservoir.

We focus on the symmetric configuration x,, = k and we reinterpret the output
correlation parameters N, and M as the photon number and photon correlation N =
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(af ) pe and M = (a4ag) ., of an effective two-mode squeezed thermal state

A A

pet = S(Test) pon (Tt ) ST (Test)- (3.8)

Here, pi(ner) = pi(Neft) pB. (Negr) is a two-mode thermal state, with each thermal state
pih (neg) defined in Eq. (2.25). Since we assume a symmetric configuration, we take an
identical occupation number n.gs for both modes. For the squeezing operator S (Teft)s
previously defined in Eq. (2.28), we assume a parametrization in terms of a real parameter
Teff-

We use the state given by Eq. (3.8) to model a general two-mode reservoir for the qubits.
The photon occupation number N and the photon correlation M of this environment are
given by [146]

N = (cosh2 (refr) + sinh? (Teft) ) Met + sinh? (Teft), (3.9a)
M = cosh (o) sinh (reg) (2neg + 1). (3.9Db)

We can now derive a covariance matrix for this Gaussian state, analogous to Eq. (2.31),
but expressed in terms of N and M. It reads as

N+1/2 0 —M 0
0 N+1/2 0 M
pu— . .].
v —M 0 N+1/2 0 (3.10)
0 M 0  N+1/2

When neg = 0, Eq. (2.31) is recovered. The purity of this general state is obtained from
VY using Eq. (2.24). We obtain

1

eff — 5 a1
Hell = 1 1 2N)2 — 4] M]? (3:11)

from which we recover peg = 1 when neg = 0. We can use Eq. (3.9a) and Eq. (3.9b) to
solve for the effective squeezing strength r.g. We obtain

1 | 2|M]
o7 = — tanh ™! . 12
Toff 5 an lQN‘i‘l] (3.12)

Going back to our effective master equation in Eq. (3.6), we can now use the parameters
N, given by Eq. (3.7a), and M, in Eq. (3.7b) to evaluate our effective bath parameters.
First, we realize that |M|? = N(N + v) and therefore g = 1 for a lossless channel v = 1.
This implies that in the infinite-bandwidth limit, Eq. (3.6) describes two qubits that are
coupled to a two-mode squeezed zero-temperature reservoir with a squeezing parameter

Tef = 2tanh™' (¢), (3.13)
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which becomes arbitrarily large when € — 1. As discussed in Sec. 2.2.2, the squeezing
level S is bounded to 3dB for the intracavity fields. Here, the two qubits are driven by
the output fields, from which we observe that the squeezing level becomes unbounded.
However, this is a consequence of the Markov approximation, which assumes that the
environment is probed only at a single frequency. We will show that this result no longer
holds when a finite ratio /7 is considered. In this case, considering a nonzero frequency
window Aw # 0 [see Fig. 3.3] leads to an impure effective state with reduced squeezing.
The same is true in the Markovian limit in the presence of transmission losses, v < 1.

3.4 Steady-state entanglement in ideal squeezed
reservoirs

Our master equation in Eq. (3.6) describes two qubits in an effective two-mode thermal
squeezed reservoir. However, in the ideal case of no losses and broad bandwidth, the
parameters fulfil [M|? = N(N +1). Under this condition, the system is only parametrized
by the squeezing strength 7, and we can rewrite Eq. (3.6) as

pq = _i[ﬁqqu] + Z ’YD[jn]qu (3.14)
n=A,B

for the reduced qubit density operator p,. Here, v denotes the decay rate of each individual
qubit, and we have also assumed negligible dephasing noise 74 = 0. In Eq. (3.14), the
dynamics are now governed by a purely coherent term describing the qubits detuning

On
H, = 2’15—;, (3.15)

and purely dissipative processes with collective jump operators

A

Ja = cosh(reg)6, — sinh(reg)d s, (3.16a)

(3.16b)

A

=+ W+

Jp = cosh(reg )65 — sinh(reg)

While the individual qubits are well separated and noninteracting, nontrivial correlations
between qubits can emerge once the TMS source is switched on. Such a correlation arises
between qubits in waveguide A and waveguide B mediated by the nonlocal jump operators
described in Eq. (3.16), which are an effect of the adiabatically-eliminated correlated
photon pairs.

In Chapter 2, we introduced our qubit quantum network and its requirements. There,
we not only emphasized that we are interested in a pure state [¢)g) but also that it requires
minimal external control. Ideally, a protocol in which we just need to switch on the
parametric amplifier and the qubit state would converge to an entangled state. Here, we
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show that if we let our system evolve for a long enough time, pss = pq(t — 00), the steady
state of this system is a pure state

pss = |1o) (2ol (3.17)

To identify the condition under which this pure state emerges as a solution of Eq. (3.14),
it is enough to find a qubit state that satisfies [188]

D Jalvo) =0, (3.18a)
(IT) Hg|1) = constant = 0. (3.18Db)

Condition (I) implies that [¢) is a so-called dark state of the collective dissipation
processes, i.e., it decouples from the collective TMS environment. In addition, condition
(IT) ensures that |¢) is also unaffected by the Hamiltonian dynamics and remains in a
dark state for all times. In Ref. [149], the constraints in Eq. (3.18a) and Eq. (3.18b) have
been used to construct nontrivial entangled states for an ensemble of qubits in a single
waveguide, driven by a classical field. We will again use this strategy in Chapter 4 to
find even more complex entangled states in a dual-waveguide setting, where, in particular,
entanglement between the otherwise decoupled qubits sets arises from initial correlations
in the photonic driving fields.

Back to our case, the dark state condition jn\wo) = 0 is satisfied by the unique state
o) = |,), where

) = cosh (reg)]0101) + sinh (Teﬁ‘>’1111>. (3.19)

cosh (27rqg)

Here, we follow the notation that the first(second) subindex references the qubit in the
waveguide A(B). In cases where no confusion can arise, we simply write |z1,z1) = |zx).
It is then also straightforward to show that this state is an eigenstate of the Hamiltonian

A

H, if the detunings satisty
da1+9dp1 =0. (3.20)

This means that the two qubits must either be in resonance with the amplifier modes or
detuned by the exact opposite amount. The state given by Eq. (3.19) was first discussed
in Ref. [82], and there it was shown how it approaches a maximally entangled Bell state,
as defined in Eq. (2.8), for reg > 1.

Before we proceed, let us provide some additional insights about the emergence of such
a pure entangled steady state by considering the coupling of two qubits to two isolated
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modes a4 and ap via a Jaynes-Cummings interaction of the form
2 (A=At PNNEPN A—nt PNEEPN
Hint NZ(UAaA—UAaA+UBaB—UBaB . (3.21)

An ideal two-mode squeezed state of those two modes, following Eq. (2.29), can be written
as

|Wrnms) = V1 — a2 i}x”|n>A|n>B, (3.22)

where we can set © = tanh (r.g). This expression shows that the number of photons in
the two modes are perfectly correlated, suggesting that the qubits are only excited and
de-excited pairwise. However, this argument is too naive, since, for example, the action
of Hiy on the state |00)|¥pys) would also generate single-excited states ~ [10),]01). To
explain the existence of the steady state given in Eq. (3.19) it is thus important to take
into account the coherence between the |n)4|n)p components, which leads to the following
relations

aalVrvs) = 2a|Urvs), (3.23a)
ap|Urys) = zal | Urys). (3.23b)

Equivalently, there exists a unique dark state of the interaction,
Hine (|00) 4 2[11))[Wpys) = 0. (3.24)

Therefore, once the system reaches the state [1g) in Eq. (3.19), the emission of a photon by
one qubit interferes destructively with the absorption of a photon in the other mode. When
applied to the original setting, this argument shows that the absence of any components
~ |01) or ~ |10) in [¢)g) is a consequence of a nonlocal interference effect between two
separated but correlated parts of the network. As we will see now, in deviations from the
Markovian regime, this interference effect is no longer ideal, and the single-excited states
will be populated.

3.5 Realistic networks

Let us now address a more realistic scenario where finite waveguide losses, decoherence of
the qubits, and, in particular, the finite bandwidth of the parametric amplifier are taken
into account. In this last case, it is, in general, no longer possible to eliminate the photon
modes, and the full system Eq. (3.1) must be solved numerically. Given the large Hilbert
space required to represent the two-mode squeezed state, these simulations become very
demanding when approaching the parametric instability at ¢ = 1. Thus, when numerically
solving Eq. (3.1), we restrict our simulation to values of € < 0.8, where the convergence of
the results can still be ensured by truncating the Hilbert space of each photon mode.
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We can still use the Markovian approximation to investigate the performance of this
entanglement distribution scheme also under realistic conditions, for example, when
|M|? < N(N + 1) or when a reduced master equation for p, is not available. We can
solve Eq. (3.6) for the steady state. Then, by defining p;; . = (7, j|pss|k, ) and the short
notation p;; = (i, j|pss|t, j), we obtain the following nonvanishing matrix elements,

Apoo = (1+ N)*(20y + 1+ 2N) — |[M*(3 + 2N), (3.25a)
Apio =204 N(N + 1) + (2N + 1)(N(N + 1) — | M]?), (3.25b)
Apiy = N?*(1+ 204 +2N) + |M*(1 — 2N), (3.25¢)
Apiipo = M, (3.25d)

and po1,01 = p1o10 and peo11 = (p11,00)*. Here, we introduced the normalization constant
A=(1+2N)1+2Ty+4(N(N+1+Ty4)—|M]*)] and the normalized dephasing rate
'y = 74/7. As we have discussed before, in the Markovian limit and ideal conditions
7o = 0 and v = 1, we recover the pure state from Eq. (3.19) and the single-excitation
populations disappear pi9.10 = po1,01 = 0.

From our steady state, we can now find how close we are to the maximally entangled
state | @) = (|00) + |11)) / v/2 using the previously defined fidelity F(p,) = (®|pq|®T).
By expressing our state p, in terms of the effective parameters reg and peqg, given by
Eq. (3.12) and Eq. (3.11), the fidelity is given by

Flou) = L+ ptefr + T /Tt (1 + 2fter + cosh (4re)) sech (2regr) + 2fte tanh (27eg)
Pss) = 4 + 8L \/Hest cosh (27e) ‘
(3.26)

While this expression encompasses all the system’s parameters we care about, it is still

difficult to gain some intuition. Considering the simple case where the dephasing noise is
negligible v4 = 0 , it simplifies to

F(pos) = = [1+ pregr (1 + 2 tanh (2re))] - (3.27)

A~ =

In addition, we can use the concurrence of the reduced state, C(pss), for a more direct
way to quantify the amount of qubit-qubit entanglement. As our density matrix has the
same form as Eq. (2.11), we can obtain an analytical expression for the concurrence using
Eq. (2.12). In terms of the effective parameters reg and pig, it has the following simple
form

C(pss) = max (0, e tanh (2reg) — (1 — pegr) /2) - (3.28)

For the ideal Markovian limit, u.g = 1, the fidelity takes the simpler form of F(ps) =
(1 + tanh (2reg)) /2, which shows that even for moderate squeezing strengths of reg ~ 1
(Ser = 8.68 dB) fidelities of about F(pss) = 0.99 can be reached. More realistic squeezing
experiments [22, 24, 164] with 7. = 0.35 (Seg = 3dB), would achieve a fidelity of
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Figure 3.2: (a) Contour plot of the steady state fidelity F(pss) as a function of the effective squeezing
parameter rog and the effective purity peg. The solid lines indicate the path in this parameter
space that one obtains by increasing e from 0 to 1 for different values of § = k/v and I'y, = 0
and v = 1 [see discussion in Sec. 3.5.1]. The dashed line marks the boundary of vanishing
concurrence C(pss) = 0, above which the reduced qubit state is entangled. (b) Dependence of
the effective squeezing parameter and the effective purity on the driving strength within the
FMA. The different curves are evaluated for different values of 5 and assuming v = 1 and
symmetric conditions, k, = x and 7, = 7. On the right axis, we plot the squeezing factor
Seft as defined in Eq. (2.37). Note that reg — 0o and peg — 0 when ¢ — 1 for all values of £.

F(pss) ~ 0.8. In Fig. 3.2(a) we show a plot of the steady state fidelity F(pss) for the
steady state of master equation (3.6), under the assumption that I', = 0, but allowing
for arbitrary values of N, = N and |M|* < N(N + 1). For later convenience, these
parameters are, in turn, expressed in terms of the effective squeezing parameter r.g and
the effective purity peg, as defined in Eq. (3.12) and Eq. (3.11). We see that for peg ~ 1,
the fidelity approaches unity as the squeezing parameter is increased, consistent with the
bound stated in Eq. (3.27). For values of 7o > 1, the fidelity becomes almost independent
of the squeezing parameter but decreases as F(pss) = (1 + 3peg) for impure reservoirs.
Entanglement is present as long as F(pss) > 0.5, which corresponds to a minimal purity
of about peg ~ 1/3 ~ 0.33. This result shows that improving the purity of the effective
photonic bath will be most relevant for this entanglement distribution scheme.

3.5.1 Filtered mode approximation (FMA)

When we derived an effective master equation for the qubits assuming a Markovian limit,
we took the limit where the parametric amplifier bandwidth goes to infinity x,, — co. In
this limit, the characteristic bath parameters N,, and M are independent of x,, and are
determined by the output fields of the amplifier at a single frequency, w = 0. As sketched
in Fig. 3.3(a), in the Markovian limit, the qubit bandwidth only ’sees’ the spectrum of the
parametric amplifier at w = 0. To go beyond this approximation and take into account
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Figure 3.3: Sketch of the spectrum I(w) of the parametric amplifier, given by x compared to the qubit,
given by 7, in (a) the Markovian regime § > 1, (b) for finite bandwidth 5 > 1.

the finite bandwidth of the parametric amplifier x, we must take into account that the
qubits will be affected by photons within a finite region of the spectrum IdL o (w) and
I:,a,(w) that cannot be associated with a pure squeezed state [see Fig. 3.3(b)]. The
relevant bandwidth of frequencies will be determined by the qubit dynamics and will be
roughly given by the decay rates 7,. Based on this intuition, we introduce the two filtered
modes

t
apn(t) = \/’Vn/ﬁznV”/ dse =924, (s — 1,), (3.29)

where, for a later generalization, we have already included the propagation delays 7,.
These modes represent the output of the two-mode amplifier but are delayed by 7,, and
filtered by the response of the qubits. We can now use these filtered modes to define an
adjusted set of parameters for the qubit master equation in Eq. (3.6),

N, = (a},naf,n% M = (Tasads5), (3.30)

where 7 denotes the time-ordering operator applied to the amplifier modes a4 and ay .
These parameters include the characteristic timescales of the qubits and of the photons
on an equal footing. Specifically, we obtain

o dw L. (w
anz%yn/ w Lija, (@) (3.31)

o0 2T 72/4 + w?’

for the occupation numbers and

0o . o (_ w(TB—TA)
M = /,-yA,-YBVAVB [ ;h: [IULAGB (w) + ICLBGA( w)] € 7 (332)

(74/2 +iw)(vB/2 — iw)

for the correlation parameter. These expressions explicitly show how the effective photonic
reservoir seen by the qubits depends on the amplifier correlations within finite frequency
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windows set by the decay rates 7,. The Markovian limit discussed in Sec. 3.2 is recovered
in the limit v, — 0 and 7,, — 0.

Before we proceed, we motivate such filtered mode approximation the following way.
From the Heisenberg equations of motion Eq. (2.61), we can readily derive expectation
values of qubit observables in the weak excitation limit, ¢ < 1. In this limit we can
approximate 67(t) ~ —1 and obtain

b (1) = =25 (1) = VAT fouen(t =) = V(L =0 fra®). (333)

Here fout,n(t) = Foum(z = 0,t), where Foum(z,t) = Finm(z,t) + /Enln(t — z/v,), and
£

losses. Formal integration gives us

(t) is an independent noise operator, which we have included to account for waveguide

t ~
6-() = — /70" / dse m=9/2f (s 1), (3.34)

where contributions from f/

in,n

omitted. For the evaluation of the steady-state expectation value (6,76, )(t — o0) = N,

(t), which always act on the vacuum state, have already been

(futn(®) foutn(t')) = Fa (@] (D)an (1)) (3.35)

and after some manipulations we obtain the result for N, given in Eq. (3.31). For the
evaluation of the correlations, (6,65)(t — o0) = M, we must take into account that
fina(t) and ap(t') do not commute in general, as discussed in Ref. [189)

<fout,A(t>f0ut,B(t/)> =V HAKB<TdA<t)dB(tI>>7 (336>

where 7 denotes the time-ordering operator. Again, the resulting expression for M
matches Eq. (3.32). Therefore, this comparison shows that the results obtained within
the FMA for the steady state of the qubits becomes exact in the weak driving limit,
N, |M| < 1.

3.5.2 Effective squeezing parameters for non-ideal amplifiers

While the derivation of a master equation in terms of the filtered modes is only an
approximation, it becomes exact in the regime of low qubit excitations, i.e. for small
values of €. Even for moderate and large driving strengths, it still significantly improves
over the conventional Markovian master equation discussed in Sec. 3.2. In particular, the
FMA allows us to account for the effects of a finite amplifier bandwidth. For example, by
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setting K, = K, v, = 77 and assuming 7,, = 0 for now, we obtain

2¢23(1 + 2B)v
[(B+1)? = B%e](1 —€2)’
2¢B(*B+ B+ 1)v

M= G —paa-eay 335

where § = K/ is the ratio between the amplifier bandwidth and the qubit decay.

N

(3.37)

As discussed in Sec. 3.3 and shown explicitly in Fig. 3.2(b), these parameters can be
reexpressed in terms of an effective squeezing parameter r.g and an effective purity .
In this way, the fidelity of the resulting steady state can be read off directly from the
general plot in Fig. 3.2(a).

We also use the analytic expressions for N and M from above to evaluate the first-order
corrections in 1/ for these quantities

_ 1 2e
Tef = Qtanh 1(6) — 5(1_762)2, (339)
1 8¢
Pt =~ 1 — Ema (3.40)

which is valid for (1 —€)?> > 1 and v = 1. We see that finite-bandwidth corrections
get strongly amplified as one approaches the parametric instability. In particular, the
purity of the effective squeezed reservoir, which plays a crucial role in determining the
entanglement of the reduced qubit state, decreases significantly. Thus, even for 5> 1, it
is impossible to assess the achievable amount of entanglement using a purely Markovian
description.

3.5.3 Optimal fidelities

In Fig. 3.4, we summarize the performance of the entanglement distribution scheme in
realistic settings. First of all, Fig. 3.4(a) shows the dependence of the fidelity F(pss)
on the driving strength e for different ratios 5 = /7. Here, we compare the results
from a simulation of the full master equation with the predictions obtained from the
FMA. In both cases, we find the expected maximum for intermediate values of €, which
results from an increase in squeezing on the one hand and from the loss of purity on the
other hand. While for moderate and large driving strengths, we observe a deviation of
the approximate results from exact numerics, the qualitative trends are still accurately
captured. Importantly, across all investigated parameter regimes, the FMA either agrees
with or underestimates the exact fidelity, making it a reliable tool for predicting lower
bounds on the achievable entanglement. In the limit of low pump values, the FMA
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Figure 3.4: (a) Plot of the Bell-state fidelity F(pss) as a function of the driving strength ¢ and for
different amplifier bandwidths, 8 = /. The solid lines represent the results obtained from
the numerical solution of the full cascaded master equation, Eq. (3.1), which are compared
with the predictions under the FMA (dashed lines), assuming I'y, = 0 and v = 1. (b) Plot of
the optimal fidelity Fop, and the corresponding optimal driving strength €, (inset) under
the same conditions. The dotted line shows the analytic approximation in Eq. (3.43). For all

plots in this figure we have set k, = k and ~,, = 7.

becomes exact, and we obtain a simple analytic expression for the fidelity,

20v
(1+B)(1+20,)°

—_

(3.41)
Therefore, the fidelity increases linearly with the pump strength [see Fig. 3.4(a)], with a
slope that depends on all sources of imperfections. To estimate the maximally achievable
fidelities, we assume that this maximum is reached for a pumping strength ¢ ~ 1 and
expand F to lowest order in (1 —€), 1/8, I'y and (1 — v),

(1—e€)? 3

Fleml)~1- 6 (1-o° [;ﬁ—i—ﬂﬁ—l—(l—z/)]. (3.42)

By optimizing this result with respect to the driving strength we obtain an optical pump
strength €, = 1 — \/531/6[% + Ty + (1 — v)]¥/8, which translates to an optimal fidelity
of

. 3v9 [ 1 ’
Fopt ™ —4l25+r¢+(1—’/)] : (3.43)

Although the result in Eq. (3.43) is based on various crude approximations, it still gives a
good estimate for the overall scaling of the maximal fidelity achievable with this scheme
in the presence of imperfections. In particular, as shown in Fig. 3.4 (b), for the parameter
regimes of interest, Fope > Fobt, Where Fopy is the exact optimized fidelity evaluated

numerically. In Fig. 3.5, Fop is also shown for different non-ideal settings.
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Figure 3.5: (a) Plot of the optimal fidelity as a function of the qubit dephasing I'y for v =1 and (b) as
a function of the channel transmissivity v for I'y = 0. In both plots, we assume a value of
B = 102 for the upper curves and 3 = 1 for the lower curves, where the dashed lines represent

the respective FMA results. For all plots in this figure we have set x,, = k and ~,, = 7.

Alternatively, for a more direct measure of the entanglement present in the system, we
can use the FMA with the concurrence in Eq. (3.28) in the weak-excitation limit € < 1.
Assuming a finite dephasing rate I'y, it is given by

4Pev
(1+B)(1+2ry)

Clek 1) ~ (3.44)
In Sec. 2.6, we saw that the direct entanglement protocol proposed by [41] scales as
Cairect == /v for a lossy waveguide. As 0 < v < 1, Cyirect gives a better performance
that the one estimated here. This difference in scaling originates from the number of
bosonic modes required for the protocol. While for the direct entanglement protocol, the
entanglement is transferred by a single bosonic mode along the waveguide, here we need
two modes to transfer the TMS, which then scales the photon losses.

3.6 Entanglement rates

In the previous sections, we have focused on the amount of entanglement that can be
reached under stationary driving conditions. However, for practical applications, it is
equally important to determine how quickly this entangled state can be achieved. In
particular, given the possibility of distilling a highly entangled state from many copies
of a state with a low amount of entanglement [49-54], it may be more favourable to
optimize the generation rate rather than the fidelity. These considerations are specifically
relevant for the current entanglement distribution scheme since, close to the parametric
instability, where the correlations are maximized, the relaxation time of the parametric
amplifier diverges. Therefore, even for an ideal broadband amplifier, operating close to
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Figure 3.6: (a) Plot of the entanglement distribution rate R as a function of the pulse length vT" for
different pump strengths € at fixed 8 = 100, I'y, = 0, and v = 1. (b) Dependence of the
maximally achievable entanglement rate Ryax on the driving strength e for different values

of 3.

the threshold might not be the optimal choice [190].

The optimal trade-off between entanglement generation speed and achievable fidelity
depends on various factors, particularly the local resources available for entanglement
purification protocols. We consider here only the following rudimentary scenario: The
two-mode squeezing source runs continuously while the qubits in each node are initialized
in state |0). At time ¢ = 0, the coupling between the qubits and the photonic channels is
switched on for a duration 7', after which the qubits are decoupled and stored in a local
register. This process is then repeated with a fresh pair of qubits and so on, such that an
entangled two-qubit state pq(T) is distributed between the two nodes every time interval
T'. We introduce the normalized entanglement distribution rate

_ Ep(T)

R T

(3.45)

Here Ep(T) = Er(pq(T)) is the entanglement of formation, as defined in Eq. (2.13). It
quantifies the number of pure singlet states that are needed on average to generate the
state pq(T") through LOCC operations only. This more intuitive interpretation, while still
being easily computable, makes Er well suited for a comparative study of entanglement
rates. Note, however, that Er is only an upper bound [120] on the number of singlet
states that can be extracted from multiple copies of p,(7), which depends on the available
purification protocols and many other details that go beyond the scope of this analysis. In
Fig. 3.6(a), we show the entanglement rate R for various pump strengths e. We observe
high rates that can be reached for moderate pump strength € < 0.5. For larger values,
the initial peak and later decrease of the rate can be traced back to the appearance of
Rabi oscillations between the states |00) and [11). In Fig. 3.6(b), we show the maximal
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rate Rupax = maxp{R(7T)} as a function of ¢ for different amplifier bandwidths 8. We
see that the rate is maximized at € ~ 0.3 — 0.4. For a large bandwidth ratio of 5 ~ 100,
we can use our Markovian approximations to estimate the optimal squeezing strength.
For that, using Eq. (3.13), the entanglement rate is maximized at 7oz ~ 0.6 — 0.8, which
would correspond to a squeezing level of Seg =~ 2.6 — 3.5dB.

3.7 Quantum networks with propagation delays

In the setup we have considered, at the n-th waveguide, the photons with phase velocity
v, take the time 7,, = d,, /v, to propagate the distance d,, between the parametric amplifier
and the qubit. In a strict sense, the validity of Eq. (3.1) assumes that this time is
negligible compared to the typical timescale of the system evolution. This is not a crucial
assumption in situations where the qubits are located approximately equally far away
from the amplifier, as the photons simply take 74 ~ 75 to propagate to the qubits, and
this small difference is irrelevant for steady-state correlations. However, in situations
where 74 # 7p, the qubits are driven by photons that have been emitted at two different
times. When the time lag |75 — 74| is too long, correlations between these photons are
lost [164]. Such situations can occur, for example, when the amplifier and one qubit are
located in the same laboratory while the other photons are sent via an optical fibre to the
other qubit at a remote location.

3.7.1 Effective environment with delay

To take into account the effect the delays have on the qubits, we can use the effective
parameters derived within the filtered mode approximation. For that, in Eq. (3.31) and
Eq. (3.32) we introduced the modes with a finite delay 7,,. As a result, the effective two-
mode squeezed reservoir is modified accordingly. To achieve this, we can use Eq. (3.12) and
Eq. (3.11), together with the delayed modes, to evaluate the delayed squeezing strength
re(7) and the delayed purity pegs(7), respectively. We evaluate them numerically and in
Fig. 3.7, we plot them as a function of finite delay 7 = 75 — 74 for different values of the
bandwidth # and pump strength e.

Within the filtered mode approximation, we find that in the limit of 5 > 1, the photon
correlations can be approximated to

2¢(1 + €2)

M(T) zm

e /2, (3.46)
This shows that in this limit, the correlations decay on the timescale set by 7, and not
by the relaxation rates of the amplifier, kx = k(1 £ €). Therefore, a finite amount of
squeezing persists up to delay times of about 7 ~ ! for all driving strengths. In contrast,
the behaviour of the effective purity jeq(7) depends more strongly on the driving strength.
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Figure 3.7: Time-delayed effective parameters (a) reg(7) and (b) peg(7) for € = 0.4 (solid) and € = 0.2
(dashed) and for different amplifier bandwidths 8 = 1 and 8 = 103.

This is because a larger value of M (7 = 0) implies a larger absolute change of M (7).
The timescale that determines the decay of the purity, and therefore the entanglement,
can become considerably shorter than v~! for high driving strengths. This conclusion is
consistent with the entanglement decay in delayed two-mode squeezed states reported
in Ref. [164]. In the opposite regime § ~ 1, the squeezing and purity parameters are
initially smaller, but they are more robust and decay only after a delay 7 > v~ !, roughly
independently of €. This means that to keep the purity as high as possible, the qubits
can be separated from the source by arbitrarily large distances provided that, the relative
propagation times satisfy

y|Ta — 18| < 1. (3.47)

3.7.2 Entanglement distribution with delays

For larger networks with non-negligible propagation delays, different choices for the defini-
tion of entanglement and correlations can be considered. For quantum key distribution
schemes or similar applications, where the quantum states are only used once, one is typi-
cally interested in correlations between measurements that are delayed by the respective
propagation times of the transmitting photons. However, for other applications, where
quantum states are redistributed within the network multiple times, the more relevant
question is how much entanglement exists between different nodes at a given time. In the
following, we are interested in this second type of scenario, where signal delays become
relevant.

To derive an expression for the steady-state correlations when delays are present, we
use Eq. (2.74) to form a set of quantum Langevin equations for the Heisenberg operators.
First, to handle finite propagation delays in a more general manner, we introduce a set of



3.7 Quantum networks with propagation delays 63

shifted Heisenberg operators
) =68t + 1),  al(t) =an(t+ 7). (3.48)

Here, 7. is a small time delay, which is negligible on the timescale of the system dynamics
but must be kept finite when evaluating commutation relations with the waveguide fields.
The shifted Heisenberg operators obey

Gl () = i[H (1), dl (8)] — %a;(w — St + 72, (3.49)
517 (8) = = T (0 + VAnaty (D (8) + Va0 (1) fna (D) (3.50)

517 (8) = = 2907, ()55 (1) = 2/ Antin |03 (D)an(t) + al, ()5, (1)
= 23 [0 () fonn(8) + Fln (D5 (0)] (3.51)

Since in these equations, all fmn( t) operators appear to the right and all fm n(t) operators
to the left, we can perform the expectation value with respect to the initial vacuum

state pf,; and take the limit 7. — 0 afterwards. As a result, the expectation values for
(67F(t)) and (a’,(t)) do not explicitly depend on the delay times 7, anymore and their

expressions are identical to the ones obtained for (6%(t)) and (4;(t)) from the cascaded
master equation given in Eq. (3.1).

As a next step, we show that the same is true for arbitrary operator products
S ()8 (1) A'(t), where S’ (t) are Pauli operators and A’(t) is an arbitrary product of
operators a'y p(t) and &X 5(t). To evaluate the time derivative of this product, we ap-
ply the product rule and use the time derivatives for the individual operators given in

Egs. (3.49)-(3.51). This results in terms of the form

L8O =~ VISHO. 75 0] Fa(dact + )T A W)
— VABSH() Fh(dp, t + m5)[6% (), Sp(t)] A'(t) (3.52)
— VESH(6)SHOFLO0, t + 7 )[4 (t), A'(1)]

Before we can take the expectation value with respect to pf, all fin,n(t) operators must
be commuted to the right and all fmn( ) operators to the left. To do so, we write, for
example,

Fa(da,t +74) = \/;_A “(8) + Foue.a(0,1), (3.53)

and use Fyy 4(0,1) = Fu(vre, t 4+ 7.) to show that [Fyy a(0,1), A'(t)] = 0. Further, we
write S (t) = Sp(t) + ASp(t), where ASg(t) depends on the field Fiy p(dp,t') for times
t' € [t,t + 7] only. Equivalently, it depends on the field I3 B(2,t) located in the region
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z € (0,dp] and the operator

Eou5(0,t) = Fp(0,1) + \/;_B&B(t). (3.54)
This implies that also [Sp(t), Four.a(0,1)] = 0 and Fou a(0,1) = fina(t) + /Fada(t) in
the second line of Eq. (3.52) can be commuted all the way to the right. Similar arguments
can also be made for all the other terms to achieve the desired operator ordering.

In summary, from this derivation we obtain a set of coupled equations of motion
for the expectation values of arbitrary operator products (5, (t)S%(t)A’(t)), which are
independent of the delay times 7, and have the same structure as the corresponding
equations of motion derived from the time-local cascaded master equation. After taking
again the limit 7. — 0, this result implies that

(Sat+74)Sp(t+ 1) A(t) = (S15:4)(t) " (3.55)
assuming appropriately matched initial conditions. This equation implies that a non-equal
correlation function can be evaluated using the time-local master equation given by
Eq. (3.1).

We are interested in steady-state equal-time expectation values limy_,oo (S4(t)S5(t)), for
which Eq. (3.55) cannot be directly applied. Instead we repeat the whole derivation for
the operators S’ (t +t) and take the average with respect to the state Sg(to + 75) prn (o).
Since S 5(to + 75) depends on finm (t) for t < to only, it commutes with the relevant noise
terms ~ fin,n(t + to) and we can still make use of fm,n(t + tO)S'B(tO + 78)pran(to) = 0.
Therefore, this approach provides us with the relation

(Sa(t + 74 +1t0)S5(to 4+ 78)) = (Sa(t + t0)S5(t)) " (3.56)
which extends the result from above to more general correlations. By assuming that ¢, is
long enough such that the system has reached a steady state, we can redefine ty — tg — 75
and set t = 75 — 74. This result allows us to use the master equation in Eq. (3.1) to
evaluate non-equal time correlation functions, which can be related to the steady state
expectation values of the actual network with time delays. More precisely, given an
arbitrary product of two-qubit operators 0,, and On/, its steady state expectation value
can be computed as

<OnOn’>SS = <On(Tn - Tn/)on’> s (357)

loc

assuming that 7,, > 7,,,. Based on this relation and with the help of expressing the reduced
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Figure 3.8: (a) Steady state concurrence of a network with time delays C(p,) for e = 0.5 and different
values of 8. The solid lines represent the results of a full numerical simulation based on
Eq. (3.58), while the dashed lines indicate the FMA predictions. (b) Plot of the entanglement
time Tept, i.e., the smallest delay time beyond which the entanglement vanishes, C(p-,,) = 0.

In all plots, v =1, I'y, = 0.

steady state of the two qubits as Eq. (2.5), the time-local steady state with delays then is

1 > A AV Al AV
Pr = Z Z <0Z(T)O-B> O-ZO-Ba (358>
w,v=0,z,y,2 loc

We can employ Eq. (3.57) to evaluate the full two-qubit density matrix of a time-delay
network through numerical simulations of the time-local master equation given in Eq. (3.1).
In addition, we can again use the FMA to derive a time-local master equation for p,
only. In this approach, all the propagation delays are already included in the parameters
N,, and M from Eq. (3.31) and Eq. (3.32), respectively. This is the main result of the
section, where we see that in the presence of delays, the correlation functions can be
evaluated as non-equal time correlation functions using the time-local master equation in
Eq. (3.1). Equivalently, in the broadband limit, we can use the reduced master equation
from Eq. (3.6) with the new time-delayed coefficients. In Fig. 3.8(a), we evaluate the
actual steady state concurrence of this system using Eq. (3.58) for a moderate driving
strength of € = 0.5. We see that the dependence of C(p,) captures the overall trend
inferred from pes(7) from Fig. 3.7(b). However, the exact simulations not only predict
consistently higher values for C(p,—o), they also show that the entanglement of the qubits
is considerably more robust with respect to time delays than the entanglement of the
filtered modes. In Fig. 3.8(b), we define the delay time 7.,y as the maximal delay time for
which a finite amount of steady-state entanglement can still be distributed. This timescale
is roughly given by 7.y ~ 77!, but can be significantly reduced for very large driving
strengths.
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3.8 Outlook: Experimental implementations

This last section is motivated by two ongoing experimental collaborations for which we
provide accurate predictions. Throughout this chapter, we presented a detailed study of
a remote entanglement protocol and showed how to create entanglement between two
physically separated qubits using a nondegenerate parametric amplifier. While we did
include some experimental imperfections to study the protocol robustness in previous
sections, it is still unclear whether the qubit-qubit entanglement would survive under
actual experimental conditions when all imperfections are present.

3.8.1 Qubit-qubit entanglement

This experimental collaboration is being done with the group of Quantum Integrated
Devices led by Prof. Dr. Johannes Fink at ISTA. The setup consists of two qubits, two
waveguides and a nondegenerate parametric amplifier, as proposed in Fig. 3.1. Based
on approximated experimental data, we assume the following parameters: The coupling
into the waveguide is v4/(27) = 800 kHz and g /(27) = 482 kHz for each qubit. We have
non-negligible dephasing noise, given by v, 4/(27) = 265 kHz and -, p/(27) = 217 kHz.
The nondegenerate parametric amplifier has a bandwidth of &, /(27) ~ 30 MHz for both
modes, which gives us a bandwidth ratio of S5 =~ 37.5 and g ~ 62.25.

Contrary to our model in Eq. (3.28) where we assumed symmetric qubits, the reality
is that this is rarely the case, confirmed by the experimental parameters we have. Still,
our model allows us to predict an expression for the concurrence for this asymmetric case.
While it is not as simple as Eq. (3.28), it reads as C(pss) = max(0, Casym.) Where Cagym. 18

c B 2ptanh (2r)y, (/v — 22 1 "
SYBT 942 442 (cosh (4r) — 1) + 494Dy \/mcosh (2r) 4
272 cosh (4r) — 2(v2 + 273 (p — 1)) + 4y, Ty /(1 — 2 + cosh (4r)) sech (2r)

271 + 72 (cosh (4r) — 1) 4+ 4y, Ty /1 cosh (2r) ’

(3.59)

where we have defined 7+ = (y4 & vg)/ V2 and Ty = (744 + Yo.8)/ V2. To avoid
overwriting this already large expression, we have not written down the effective subindex
at o and . Notice how Eq. (3.59) is independent of I'_, indicating that any dephasing
noise always contributes, in this case, detrimentally. In Eq. (3.59), we cannot use the
filtered mode approximation derived in Sec. 3.5 for the effective parameters rog and pieg,
as it was derived under symmetric conditions. We then must use the Markovian bath
parameters given by Eq. (3.13) and peg = 1.

In Fig. 3.9(a), we then plot Eq. (3.59) in function of the pump strength e for different
insertion losses v and compare it to the concurrence obtained from the full model using
Eq. (3.1) assuming the same experimental values.

It is important to emphasize that one thing is to create a remote entangled state, and
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Figure 3.9: (a) Evaluation of the concurrence C(pss) using Eq. (3.1) as a function of the pump strength e
for different insertion losses v. The dashed line corresponds to Eq. (3.59). (b) Expectation
value for the required correlations necessary to verify our entangled state as a function of a
rotation angle ¢ by which we rotate our second qubit cos (¢)5% + sin (¢)65. We have assumed
finite losses v = 0.8 and set the pump strength at ¢ = 0.2. The values in the main text set

all the other parameters.

another thing is to verify that, indeed, the state is there and that it is entangled. For
that task, one must reconstruct the two-qubit density matrix p as in Eq. (3.25). Given
the structure of our density matrix, the entanglement is given by Eq. (2.10), where only
three elements of the density matrix are relevant: pgo 11, pi0, and pp1. Experimentally,
one can reconstruct these elements using the tomography of the density matrix defined in
Eq. (2.5). By expressing the density matrix in terms of the Pauli operators, the matrix
element can be obtained by measuring the following observables

Poo,11 = 1 , (3.60)
1 —(65) + (07) — (0755

plO — < 2> <41> < 1 2>7 (361)
14 (65) — (07) — (0703

In the idealized case that the parametric amplifier is broadband, there are no photon
losses, and the qubit’s dephasing is negligible, we have seen in Sec. 3.2 that p1g = po1 = 0
and therefore, all the information about the entanglement would be encoded in the cross-
correlations 6763 and 6763 correlations. In Fig. 3.9(b), we show those correlations for the
experimental values described before using Eq. (3.1). As we are far from the idealized
conditions, we predict non-negligible populations on pig # po1 # 0. Still, for the parameters
we have selected, Fig. 3.9(a) already shows that a finite amount of entanglement is present
in the system. We observe this in the right-top plot of Fig. 3.9(b), where we predict the
behaviour of the cross-correlations. An experimental observation of such correlations
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would then verify that the two qubits are entangled. Moreover, an experimental fit of the
concurrence in Eq. (3.59) would also provide us information about the effective parameters
of the bath ueg and reg. This would provide an indirect way to probe the parametric
amplifier and extract its relevant parameters.

3.8.2 Hybrid entanglement

These results are motivated by the experimental collaboration at the Walther-Meifiner-
Institute with the group of Quantum Systems led by Prof. Dr. Rudolf Gross and Dr. Ha-
bil. Kirill Fedorov. The setup is sketched in Fig. 3.10(a). Similar to our proposal, we have
a nondegenerate parametric amplifier which emits correlated photons into two separated
waveguides. However, there is a small difference: only a single qubit is present in the
system, coupled to mode a4, while the other mode ag does not interact and propagates
along the waveguide. This scenario can be considered a natural previous step before
the qubit-qubit entanglement in which one studies the correlations between the trav-
elling mode ap and the qubit. This sort of entanglement, called hybrid entanglement,
between continuous- and discrete-variable systems has been studied before in the optical
regime [191], but to our knowledge, it has never been shown in the microwave regime.

Our model described by Eq. (3.1) needs to be modified to incorporate a few changes:
First, due to experimental constraints, our qubit doesn’t couple directly to the waveg-
uide, but rather, it is mediated by a single-mode cavity described by mode a,. with
resonant frequency w.. The cavity and the qubit interact via the usual Jaynes-Cummings
Hamiltonian [142]

Hyc = ig(aco) — aloy). (3.63)
Moreover, we assume the coupling between the waveguide and the cavity is given by 74,
while the qubit doesn’t have individual decay.

The second modification in Eq. (3.1) is more subtle: We need to assume that the other
mode ap is coupled, via the waveguide, to a virtual single-mode cavity described by the
mode Gy with resonant frequency wy. The reason we use this virtual cavity is because
the mode ap corresponds to the intracavity field of the parametric amplifier, not the
output field. In this scenario, the virtual cavity acts as the output field [192]. We assume
the qubit and the cavity to which is couples to be resonant at wy/(27) = wa1/(27) =
w./(2m) = 5.54 GHz, with coupling strength ¢/(2m) = 50 MHz. Both cavities have
identical bandwidth v4/(27) = 7v¢/(2r) = 1 MHz and also assume identical bandwidth
for the nondegenerate parametric amplifier modes k4/(27) = kp/(27) = 50 MHz. In
Fig. 3.10(b), we plot the negativity N (p) of our reduced hybrid state, formed by our
qubit and the virtual mode of the cavity, as a function of the frequency of the modes of
parametric amplifier w = ws = wp. As we scan the frequency, we observe two resonances
rather than a single resonance at wy. The reason is that due to the Jaynes-Cummings
interaction, our qubit and cavity cannot be thought of as individual objects; rather, they
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Figure 3.10: (a) Schematic of the setup to generate hybrid entanglement between a qubit and a continuous
mode. (b) Entanglement witness W(p) (in cian) and negativity N'(p) (in red) between the
qubit and the virtual mode Gy as a function of the frequency of the parametric amplifier
w = w4 = wpg. Vertical lines correspond to the frequencies of the dressed states w4 given by
Eq. (3.64). We assume the frequency of the virtual cavity to be resonant with the parametric

amplifier wy = w4.

form a joint system described by its dressed states and dressed energies [142]. In our case,
the dress energies are given by
Wy =wo £ g, (3.64)

which match the resonances seen in Fig. 3.10(b). The negativity N (p) indicates entangle-
ment between the qubit and the virtual mode. To verify it experimentally would require
us to perform tomography on the continuous- and discrete-variable system to obtain the
state p. Alternatively, we can use an alternative witness as described in Sec. 2.2.3. In our
system, the observables we can measure are

{(Ay={2,-p}, {By={8,6.}, — {M}y={6,+&6.-p} (3.60)

The lower bounds for our observables can be computed exactly. For the qubit system, the
bound is

Z(ABZ-)Q = (86,2 4+ (A6.)2=2—(6,)2 = (6.)> > 1+ (6,)>>1—=Up =1, (3.66)

where we have used that the norm of the Bloch sphere is (6,)% + (6,)? 4 (6,)* < 1. For
the continuous system

Zznjl(AAi)? = (AZ2)? + (Ap)? = (AD)* + 4(A1£)2 >1—=Us=1 (3.67)

where we have used the Heisenberg uncertainty relation (A%)%*(Ap)? > [([Z,p])|?/4 and
then used that the function f(X) = X + 7% has a minima for X = 1/2. This all translates
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to the following entanglement witness
Wip) = (A6, + 2))* + (A(6. — p))* — 2 (3.68)

which must fulfil W(p) < 0 to show the state p is entangled. We plot entanglement witness
in Fig. 3.10(b) superimposed with the negativity N'(p). We observe that we can achieve
W(p) < 0, and therefore detect entanglement, for one of the dressed frequencies w_, while
at w,y, even if there is entanglement, our witness is not able to detect it. Surprisingly, the
entanglement at w, can be detected, at the expense of not detecting it at w_, by changing
our witness to {M} = {6, — 2,6, + p}.



Chapter 4

Multi-qubit entanglement distribution

The creation of robust entanglement between two qubits, allowing for the creation of
the smallest possible network, opens the question as to whether those results extend to
a larger network of qubits. In this chapter, we consider such a multi-qubit extension
of the entanglement distribution protocol discussed in Chapter 3. We start in Sec. 4.1
with the theoretical model of the setup, which consists of an extension of the previous
system taking into account more qubits. Next, in Sec. 4.2, we derive a reduced qubit
master equation and obtain its dark states. This allows us to start to gain insight into the
entanglement structure of the system. We use these analytical tools to parametrize any
general state in terms of only a few parameters, such as the detunings and the squeezing
strength. Increasing the number of qubits in the system would also, in principle, lengthen
the time required to generate the desired states. In Sec. 4.3, we show how one can
parallelize this process to obtain an advantage with respect to serially using this protocol.
Considering the finite bandwidth of the nondegenerate parametric amplifier, we analyze
the scalability of our protocol in Sec. 4.4. In Sec. 4.5, we transform our master equation
into a stochastic master equation, which allows us to simulate finite-bandwidth effects
for large occupation numbers. We finish this chapter by making a theoretical prediction
about the maximal number of qubit pairs that we can produce with our protocol with
state-of-the-art experimental parameters.

4.1 Quantum network master equation

Our extended protocol to generate multi-qubit entangled states consists, as previously, of
two unidirectional waveguides, labelled n = A, B, a nondegenerate parametric amplifier
which sends correlated photons into the waveguides, and a set of qubits. We label the
qubits by index j, = 1,..., Ny along the direction of the waveguide, from left to right.
Here, we assume both waveguides have the same number of qubits. The index j, = 0
corresponds to the parametric amplifier, as in the previous chapter. The setup is sketched
in Fig. 4.1. To connect with the original waveguide system in Sec. 2.3.2 where we model
N, emitters with decay rates 7;, we again identify ¢y = a,, and vy = &, for waveguide
n, and ;o with 6;55. Now, we relabel the index j to j = 1,..., Nq. Imposing the

71
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Figure 4.1: Schematic of a dual-rail quantum network, where qubits along two separated waveguides are
driven by the correlated output of a non-degenerate parametric amplifier and relax into a
pure steady state |t (r, XA, P)). As shown in the inset, the qubits in waveguide A (B) are
detuned from the central photon frequency wa (wp) by 64 (0p,;) and the qubit-waveguide

coupling is assumed to be fully directional.

same waveguide conditions as in Chapter 3, i.e. broadband and linear dispersion relation,
and going to a rotating frame with respect to w4 and wg, we arrive at a similar master
equation for the whole setup

p=(Lon+ LS+ Lint) p. (4.1)

Here, the Liouvillian of the parametric amplifier £, is the same as in Eq. (3.2), while the
qubit description now takes into account all N, qubits per waveguide

299 = 32 (%5105, 0Pl o+ D ). (42)
n.j

where 0, j = wy, j — wy, is the detuning of the qubit frequency w,, ; from the central photon

frequency w,.

Considering the cascaded interaction in Eq. (4.1), we must account for not only the
photons emitted by the parametric amplifier but also those scattered by each qubit, which
influence subsequent qubits along the waveguide. Therefore, in the interaction mediated
by the waveguide, we also need to consider cascaded qubit-qubit interactions

Eintp = Z \/ /’fn’Yn,iV(T)L,i ([&npa &r—i_,z] + [&;w pail])
+ 3 Vit (180aps 685 + 6050 06,01)

n,j>1

(4.3)
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Here, we have included the additional parameters v;"; € [0, 1] to model losses in the system.
In general, \I/,L”]\ is the loss probability for a photon propagating at waveguide n between
node 7 and node j, where the index ¢ = 0 refers to the parametric amplifier. In this way,
the 1", can be adjusted to model not only linear absorption losses but also parasitic loss
channels for the qubits. Notice that by setting N, = 1, we recover the initial model from
the previous chapter. As before, in Eq. (4.1) we have absorbed all propagation phases
into a redefinition of the qubit operators. This means that up to local phase rotations, all
results presented in this work are independent of the precise location of the qubits.

4.1.1 Qubit master equation

We first focus on the limit of a broadband amplifier, x,, — oo, in which case the dynamics
of the photons can be adiabatically eliminated to obtain an effective master equation for
the reduced density operator p, = Tron{p} of the qubits only. To do so, first, we rewrite
the full master equation as

p = (Lon+ Lq+ Lon—q) p, (4.4)

where

Lyp = £0p+ Z \ Vn,in gV z]( nzp7 'n,] [A;jap(}r—:i])» (4.5)

n,j>1

now includes all waveguide-mediated interactions among the qubits, while

Lonap =Y Ve ([anp, L] + Lo, pil)) . (4.6)

n=A,B

Here, we have introduced the collective operators

= Z \ s V05 O g (4.7)
J

In this form, the master equation in Eq. (4.4) is identical to the master equation Eq. (3.1)
considered in the previous chapter, but with the collective operators ﬁn, instead of &,
appearing in the photon qubit interaction in Eq. (4.6). Therefore, following Appendix A,
we obtain

pa=Lapat Y. Nu(DlLnlpg + DILE]pg)+(M*[La, [Lp, pall + MILYy, [L], po)]) , (4.8)
n=A,B

where N,, and M are given, respectively, by Eq. (3.9a) and Eq. (3.9b) for n.g = 0, as we
assume a Markovian reservoir. In the limit of negligible losses, v;"; = 1, the Markovian
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parameter relation allows us to write the effective master equation as
pq = —i[Hq, pq] +7D_D[Julpg- (4.9)

In this equation, we have assumed identical decay rates for all emitters v, ; = v and
negligible dephasing 74, = 0. Moreover, we have already rewritten the underlying
directional qubit-qubit interactions in terms of a coherent Hamiltonian evolution with

7 6niA . ~ ~_
H, = Z 2’ Ufl,i + Z% Z (a:{’ian,j — h.c.) , (4.10)

n,i n,j>1

and purely dissipative processes with collective jump operators

Ja = cosh(r)L — sinh(r) L, (4.11)
Jp = cosh(r)Lg — sinh(r)L},, (4.12)

where L, = >_; 0y,;- This master equation has been derived in the broadband limit, similar
to Eq. (3.6). In this case, the system is fully determined by the squeezing parameter r,
characterizing the degree of two-mode squeezing of the photon source, and the two sets of
qubit detunings, 5n:A7B = (6n,1,0n,25 - - - On N )-

4.2 Steady states and entanglement

Equation (4.9) describes an open quantum many-body system with competing coherent
and dissipative processes, which in general drive the qubits into a highly mixed steady
state. However, in the following, we show that there exist specific conditions under which
the steady state of the network, ps = [100) (o], is not only pure but also exhibits different
degrees of multipartite entanglement that can be controlled by the local detunings 6, ;.
Here, we employ the same strategy as in Sec. 3.4 to find its dark states. The main different
is that now the jump operators J,, involve a collective qubit operator L, and that the
Hamiltonian [:Iq involves the detuning contribution as well as a new term which includes
the dipole-dipole term, due to the cascaded interaction among the qubits. To make this
derivation simple, we proceed step by step, starting from smaller networks N, = 1 and
Ny = 2, to larger networks with a general N,.
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4.2.1 Small quantum network

The most trivial example here is when N, = 1, as we recover the results from the Eq. (3.19)
from Chapter 3. Specifically, there we showed that the dark state is given by

cosh (T)|0A71, 0371> + sinh (T)llA,h 1B,1>

o) = |97,) = cosh (21) : (4.13)

which approaches a Bell state when r — oc.

The first non-trivial case starts with Ny = 2. In this case, a dark state satisfying jn|@/10>
can be obtained by simply arranging the qubits pairwise in a state of the form given in
Eq. (4.13). However, since the collective jump operators J,, are insensitive to the order of
qubits, the whole subspace of dark states is spanned by states of the form

[P0) = @] 1)[®55) + BlP{,)[P3,)- (4.14)
From the second condition, ﬂq|¢0) = 0, we then obtain the additional constraint

> 6, =0, (4.15)

on the sum of all detunings together with

B(6a1 — 01— 0a2+dp2) =0, (4.16)
2’76 = z’(5A,1 + 5371 - 5A,2 - (53,2)Oé. (417)

These conditions on the detunings can only be fulfilled when either (i) 641 + dp1 = 0 and
da2+0p2 =0 or when (ii) 041+ g2 =0 and d4 2+ dp 1 = 0. This means that for a pure
steady state to exist, the detunings of the qubits in subsystem B must be of opposite sign
but the same in magnitude as the detunings in A.

In case (i) we have 3 = 0 and resulting dark state [y) = [®],)|®3,) is simply a product
of the entangled pairs given in Eq. (3.19). In case (ii), where the detunings are finite and
opposite along the diagonals, we obtain instead the state

) = 7|@i1>|@;2> +@A|CDT,2>|@;,1>
0 V2 + A2 ’

(4.18)

where A =041 — 04,.

In Fig. 4.2(a) and (b), we visualize the entanglement structure of this state in terms of
the steady-state concurrences C;; = C(pa,p,;), as defined in Eq. (2.10), of the reduced
bipartite qubit states, pap ;. For A =0, we find that for parallel pairs C;; ~ 1 already
for moderate values of r 2 1, consistent with the state |®). We see that, as [A| > 1,
the situation is reversed, and only the diagonal qubit pairs become entangled. For
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Figure 4.2: Bipartite entanglement expressed in terms of the concurrences C;; for the four-qubit state in
Eq. (4.18) (a) as a function of r and (b) as a function of A for r = 1.

the same value of squeezing, we obtain Ci5 = Cy; ~ 1. For any intermediate regime,
the entanglement is distributed among the four qubits. Specifically, when A = ~, the
four-qubit steady state takes a simplified form and can be written as

|%0) =Coshl(2r){ cosh?(7)|0000) + sinh?(r)|1111) o
(1+74) (4

+ cosh(r) sinh(r)( (11100} + 0011) + L= (1001 + \0110))) }

2

We see that this state only contains components with an even number of excitations,
which can be attributed to the emission of correlated photon pairs by the TMS source.
In the limit » — oo, the concurrence saturates at C*° = 0.25 for all four bipartite states.
However, in Fig. 4.2(a), we observe the maximum of the two-quit concurrence is reached
at a finite value of r*. This can be understood by explicitly evaluating the concurrence
for this case,

1 — cosh(4r) + \/2(4 cosh(4r) + cosh(8r) — 5)
8 cosh?(2r) '

This expression reaches a maximal value of C* = 0.3090 at a squeezing parameter of
r* = 0.479, which exceeds the asymptotic value of C* = 0.25. We attribute this higher
concurrence to the multipartite nature of the state, as for any finite A, the state is a
genuine four-partite entangled state [122] and belongs to the set of locally maximally
entanglable states [193] for r > 1.

Ciqp=

(4.20)

4.2.2 Large quantum network

While identifying the dark states for Ny = 1 and Ny = 2 can be done analytically, it
becomes a tedious task for a general N, state. We would like to systemically identify
more complex multi-qubit steady states for any N,.
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We follow a two-step procedure: First, we set 53 = -5 4. In this scenario, from
Ny = 2, we showed that the two Bell states decouple, and the steady-state is given by
[1o) = |PT1)|P3,). For a general N, qubits with the same index decouple pairwise from
the photonic reservoir. The network then relaxes into the pure steady state |¢) = [®)),
where

1)) = ® ) (421)

is the product of N, consecutive Bell pairs of the type given in Eq. (3.19). Interestingly,
this result is independent of the total number of qubit pairs, similar to what has been
found for coupled spin chains [94] or discrete cavity arrays [93]. Notice that these results
show that, under the ideal conditions we assumed, in principle, we can create an infinite
amount of Bell pairs along the waveguide. As we will see in Sec. 4.4, this is an artifact of
the idealized infinite-bandwidth parametric amplifier, and taking a finite bandwidth into
account limits the number of entangled pairs we can generate.

In the second step, we would like to include the scenario where the detuning is included.
For this, we make use of the form-invariance of the cascaded master equation in Eq. (4.9)
under unitary transformations of the type [149]

Uiis1 = €1 Bt ) (4.22)

where 5, = (67,6%,67)/2 and the mixing angle satisfies tan(0; 1) = (dpi—05,+1)/7. Un-

der these transformatlons, one finds that the collective jump operators J,, and Hamiltonian
fIq are given by

Tiiv1 Ul i1 = Jn, (4.23a)

Ui,iJrlﬁ (04 5B)UiT,i+1 =H (5A7Pi,i+1gB)- (4.23b)

Here, we have introduced the permutation P, ;1 ;, which exchanges dp; and dp ;1. Observe
how the collective jump operators are invariant under this unitary transformation, but the
Hamiltonian term changes. In other WOI‘dS given a pure steady state |ig) for a certain
detuning pattern 0, the state [vh) = Ui it [1ho) is a  pure steady state of the same network
with a permuted pattern of detunings, Y 5=2F Z+15 B.

This form-invariance now allows us to construct a large family of multipartite entangled
steady states, which are parametrized by (i) the squeezing parameter r, (ii) the set of
detunings 04 for qubits in waveguide A and (ili) a permutation P that fixes the detunings
in waveguide B to be 5p = —Pd . By decomposing P =[], P, i,+1 into a product of
nearest-neighbor transpositions, we can start with the state in Eq. (4.21) and then use
the relation below Eq. (4.23) to derive an explicit expression for the corresponding steady
state,

(o (r, 64, P)) = [T Ui iia|2)). (4.24)
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A graphical illustration of Eq. (4.24) is presented in Fig. 4.3.
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Figure 4.3: Graphical illustration of Eq. (4.24). Starting from 5p = —5:4, the detunings in waveguide B
are reordered as 4, B = -P5 A through nearest-neighbor transpositions, following the coloured
lines as a guide to the eye. Each transposition maps into one of the unitary operations Ui,,url
that determine the final steady state.

We can now use Eq. (4.24) to generate any quantum network. In this scenario, using
concurrence might not be the most efficient way to quantify the amount of entanglement
present in the network. For this task, we use the entanglement entropy defined in
Eq. (2.9), S(pr) = —Tr{p, In p, } for a reduced state p, to study the entanglement between
different bipartitions of the network. First of all, as sketched in Fig. 4.4(a), if we take
a local bipartition which takes into account a local waveguide, this analysis shows that
S4 = S(pa) = —NyIn [mx(l - :E)(lf‘”)}, where z = cosh?(r)/ cosh(2r), only depends on
the squeezing parameter r. This can be understood from the fact that the unitaries
UMH only act within subsystem B. Thus, with respect to this partition, the states
in Eq. (4.24) can be understood as generalized ‘rainbow states’ [94, 194, 195] with a
volume-law entanglement S(pa) ~ NyIn2 for » > 1. In contrast, for partitions along
the chain, the entanglement entropy S, = S(ppi,...n)) depends not only on the chosen
permutation P, but also on the pattern of detunings &4. This is illustrated in Fig. 4.2(a)
and (b), where we consider as an example the detunings d4; = (¢ — 1)A and the reversed
order, dp; = —Prev0ai = —0AN,+1-i, iN Waveguide B.

We can gain new insight into the steady-state entanglement distribution of the state in
Eq. (4.24) by understanding the unitary transformation Umﬂ in each case. When A > ~,
the mixing angle is given by 6,11 ~ /2, for which the unitary transformation is just
equivalent to a SWAP gate between neighboring sites [3]. In this regime, the entanglement
entropy is then given by S,, >~ 2nIn 2.

The other regime, when A < v, the mixing angle is then 6;;,; ~ m/4. In this case,
the entangling unitaries are equivalent to Ui7i+1 ~ VSWAP, which perform a half-swap
between neighboring sites. This allows for generating more multipartite entanglement
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Figure 4.4: (a) Schematic of the detuning pattern for the family of multipartite states described in the
text and different partitions for evaluating the entanglement entropy. (b) Entanglement

entropy S,, as a function of n, for different detunings A and r = 1.

across the whole chain, which reduces the block-entanglement S, correspondingly. In
general, different choices for 94 and P can be used to define certain blocks of qubits that
are entangled among each other, independently of their physical location.

4.2.3 Uniqueness of the steady state

While we have had an extensive discussion of the steady state, we have not checked
something important about our states: the uniqueness of the steady state. While for time-
dependent protocols such as state transfer or qubit states this is not a crucial matter, we
focus on ensuring that the steady state of our network is known and therefore controllable.
If the steady state were not unique, the actual steady state of an ideal network would
then depend on the precise initial condition, while in practice residual imperfections
would create an uncontrolled mixture of multiple possible steady states. This would be
detrimental to entanglement generation. In Appendix B, we prove that Eq. (4.24) is
indeed the unique steady state of Eq. (4.9), and therefore the unique steady state of the
quantum network.

4.3 Time dynamics

So far, we have shown that a single two-mode squeezing source is, in principle, enough
to entangle an arbitrary number of qubits. However, for practical applications, we must
still evaluate the time T, that it takes to prepare this state. In Sec. 3.6, we computed
the entanglement rate R for a single qubit pair, N, = 1, and concluded that working
with large squeezing strength r > 1 is not the optimal strategy. Here, we fix r = 1 and
study the relaxation dynamics towards the steady state [1o) for a larger network. For
that, we consider the ideal qubit master equation Eq. (4.9), which assumes the parametric
amplifier is already in the steady state. Then, similar to Sec. 3.6 at ¢t = 0, all qubits are



80 Chapter 4  Multi-qubit entanglement distribution

(c) 125
sequential .

100 prep. \ //

—— A=7v/2 —— A=2y

1 2 3 4 5N,

Figure 4.5: (a) Relaxation into a bipartite entangled state for 54 =0and (b) into a multipartite entangled
state for S'B = —Preng and A = /5. In both cases Ny = 5. (c) Scaling of the preparation
time Tpyep for different ratios A/, where d4,; = A(i — 1) and 5p = —d4. For the examples
in (a) and (b), Tprep is indicated by the dashed vertical line. In all plots, r = 1.

initialized in state |0). We consider a larger network formed of N, = 5 qubit pairs, and
we are interested in the required time to reach the steady state, Trep. We define Th,e, via
the condition (1 — ft(Tprep))/Nq = 0.001, where p = Tr{p?} is the purity of the total state.
This condition comes from the knowledge that in the steady state, our state is pure, and
it is given by Eq. (4.24).

In Fig. 4.5(a), we show the time evolution of this state when all the qubits are on
resonance 04 = 0. We know that with this detuning pattern, the steady state is given by
Eq. (4.21), which is a product state of five Bell-like pairs. We observe how the entanglement
builds over time as it reaches a steady state. As expected from the unidirectional waveguide,
the first qubit pair is the first to reach the steady state. Observe that the second and
consecutive qubit pairs do not need the first qubit pair to reach the steady state, and thus
become a dark state, before they begin to create entanglement themselves.

Additionally, we consider a multipartite entangled state in Fig. 4.5(b). In this case, the
detuning configuration is the same we used for the steady-state multipartite entangled
state in Fig. 4.4. Here, instead of the concurrence, we use the entanglement entropy S,
as used in the previous section. We observe how even in this multipartite configuration,
the steady state also builds up from left to right due to the cascaded interaction. As
in that case, the concurrence is not a good metric to quantify the entanglement, so we
show the time evolution of the entanglement entropy S, (¢)/In 2. We observe how, for this
multipartite case, the state preparation T, is faster than the previous case. Notice how
the steady-state entanglement entropy S; and Sy, as well as Sy and S3, coincide at the
steady state, as expected, but not through its time dynamics. As with the resonant case,
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this is because entanglement starts to build up from the left to the right.

Consider the protocol from Chapter 3, where only a single qubit pair Ny = 1 is driven
to create a Bell-like state. A sequential preparation of N, independent qubit pairs would
require a total time which scales linearly with the number of qubit pairs one wants to
create, Tpep ~ Nq. In Fig. 4.5(c), we show the total preparation time as a function of
Ng. The dotted line represents the sequential preparation of the protocol, which scales
linearly with N,. We then compare it with the total preparation time from Fig. 4.4(a),
which is given by A = 0. As mentioned before, the entanglement along the waveguides
starts to build up even before the first qubit reaches the steady state. This gives us a
faster preparation time with respect to the sequential preparation of N, individual qubit
pairs, i.e., Tprep(Ng) < NqTprep(INg = 1).

Due to the dark state conditions, the same steady state is reached either on resonance
5 4 = 0 or with opposite detunings 5 A = —0p. We can then assume the opposite detuning
pattern and take the magnitude of each detuning as d4,; = A(i—1). By that, we mean that
the first qubit pair is on resonance d4; = 0, the second qubit pair is detuned by 642 = A,
and so on. This new detuning configuration, which does not alter the steady state, does
alter the time evolution of the state. We plot this also in Fig. 4.4(c), where we observe
that the preparation time starts to decrease to even reach Tyep(Ng) o Tprep(Nyq = 1) for
A > 7, i.e., all pairs are prepared in parallel. The reason for that is that in this case,
where the qubits are all detuned from each other, the parametric amplifier is driving them
independently. It is then, in this regime, where we can achieve perfect parallelization of
the protocol.

For multipartite entangled states, where the detuning differences [04; — 04 ;| are nec-
essarily small, a full parallelization is not possible, but even in this case we obtain an
intrinsic advantage compared to a sequential distribution of entanglement, followed by
local gates.

4.4 Scalability in realistic networks

All the results so far have been derived within the infinite-bandwidth approximation,
which underlies Eq. (4.9) and assumes that correlated photons are available at arbitrary
detunings. This assumption must break down when 6,,,x = max{|d4,|} 2 &, but even for
04, = 0 it has been shown in the previous chapter that any finite x limits the transferable
entanglement. Therefore, to provide physically meaningful predictions about the scalability
of the current scheme, it is necessary to go beyond the assumption of a Markovian squeezed
reservoir and take finite-bandwidth effects into account, as we did in the previous chapter.
To do so, we now simulate the dynamics of the state of the full network, p, as described
by the quantum master equation Eq. (4.4).

Let’s focus on the entanglement propagation along the waveguide. In the infinite-
bandwidth limit, it seems as if one could, in principle, create an infinite amount of
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Figure 4.6: Steady-state entanglement (a) for different bandwidth 8 = k/+ as a function of the length of
the waveguide, (b) for Nq = 2 in the limit when the bandwidth of the parametric amplifier
becomes extremely narrow § < 1. In both plots, » = 1 and resonant condition 5 4 =0.

entangled pairs. Considering the finite-amplifier bandwidth, we observe a more realistic
situation. In Fig. 4.6(a) we plot the steady-state concurrences C;; for the resonant case
4 = 0 and different bandwidth ratios 8 = k/v. We observe that the finite bandwidth
of the parametric amplifier not only reduces the maximum entanglement of the first
pair, as shown in Chapter 3, but also causes a gradual decay of entanglement along
the chain. Thus, unlike the idealized infinite-bandwidth scenario, where, in principle,
an infinite number of qubit pairs could emerge, the parametric amplifier’s bandwidth
imposes a realistic limitation on the number of entangled pairs. The finite-bandwidth
case also allows us to explore the opposite regime, when 5 < 1. In Fig. 4.6(b), this is
what we observe if we focus only on the parallel pairs C1; and Cs. Surprisingly, this is
not the only effect observed. At around g < 1, a new entanglement structure emerges,
creating correlations between both diagonal and consecutive qubits. One might consider
the diagonal correlations to result from the two-mode squeezer correlations, as we see
similar effects when the qubits have finite but opposite detunings, as seen in Fig. 4.2.
However, this is not the case, as they vanish when increasing the amplifier bandwidth.
This observation cannot be fully explained here. However, in Chapter 5, we will analyze a
simpler yet equivalent system where the same entanglement structure arises. There, we
will be able to explain these quantum correlations as a non-Markovian effect from the
parametric amplifier.

4.4.1 Maximal number of entangled pairs

By using a linear extrapolation, Ny, = Ci1/(C11 — Ca2), we can use these finite-size
simulations to extract the maximal number of pairs that can be entangled for more
realistic scenarios, for example with finite bandwidth 5 and dephasing rate 7,. These
results are summarized in Fig. 4.7. We see that for otherwise ideal conditions, rather
large numbers of Ngy ~ 10 — 100 can be entangled for moderate [, while the presence of



4.4 Scalability in realistic networks 83

6 —7T, =
——=T4 = 0.001
49 N Iy =0.01
2 ___________ R
0
10 20 30 40 50 02 04 06 08 1.0 1.2

5 T

Figure 4.7: Maximal number of entangled pairs, Neyt, as a function of (a) 8 = k/v for different dephasing
rates v, at fixed squeezing strength » = 1.0 and (b) as a function of the squeezing strength r
for the same dephasing rates 74 at fixed § = 30. For both plots, we have assumed 5 4=0.

dephasing or other imperfections sets additional limits on Ng,. Note that these results
are for 04 = 0, where the formation of the steady state is the slowest [see Fig. 4.5(c)].
Thus, these results represent approximate upper bounds for Ng,; and also for all other
classes of multipartite entangled states. For a more complete and detailed analysis of the
protocol, we provide some additional numerical results on the dependence of N, on the
squeezing strength and on the influence of waveguide losses and imperfect chiral couplings.
In Fig. 4.7 (a), we plot Nep as a function of § = k/v for a small squeezing parameter
of r = 1.0. In Fig. 4.7 (b) we fix the value of 8 = 30 and plot Ny as a function of r.
The decay of entanglement along the chain for smaller r is much slower and also more
robust with respect to qubit dephasing. Even for negligible dephasing, we observe how
the number of possible entangled pairs decrease as we increase the squeezing strength 7,
indicating how fragile the states become as we increase its entanglement. On the other
hand, working in a weak squeezing environment, while it would allow the creation of
larger networks in close-to-ideal situations, one must take in mind that also the amount of
entanglement present would be weak. In this scenario, where one is distributing a small
amount of entanglement along a large network, one could think of purification protocols
to increase the amount of entanglement on the smallest section. In general, this plot
shows the expected trade-off between a high degree of entanglement and the number of
entangled pairs.

4.4.2 Waveguide losses

To scale our protocol, we have begun considering finite bandwidth effects and non-negligible
dephasing noise. In Fig. 4.8, we analyze a chain of Ny = 4 qubit pairs and simulate
the effect of waveguide losses. Although superconducting cryogenic links experience no
losses due to their superconducting state, various components, such as circulators, do
incur photon losses. To model this, we assume v; = v(i — ), meaning that a fixed loss
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Figure 4.8: (a) Effect of finite propagation losses v > 0 on the steady-state entanglement for N, = 4 for
(a) squeezing strength » = 1 and on resonance A = 0, (b) for » = 1 and parallel configuration

with detuning A = 2v. For all plots, v;'; = v|i — j| and  — oo have been assumed.

probability |v| exists between successive nodes of the network. In Fig. 4.8, we observe the
detrimental effect of the losses. For small values of v, this plot predicts an approximately
linear decay of the entanglement along the waveguide. For larger values, the first qubit
pair has already lost half of its entanglement due to source losses, and this decay becomes
faster than linear along the chain.

4.4.3 Nonideal chiral coupling

Throughout this chapter, we have considered the waveguide to be completely directional;
that is, all the photons propagate along the same direction. While this allows us to get
analytical results, realizing such directional interactions will only be possible with a certain
fidelity. Here, we present additional numerical results for waveguides; the qubits along the
waveguides can decay into left-propagating modes with rate v, and into right-propagating
modes with rate yz. The main results are then recovered when v, = 0 and vz = v. To
extend our model to a bidirectional waveguide, we include the effect of an additional
left-propagating channel into our effective qubit master equation (see, e.g., Ref. [150]).
We obtain

pq = _i[ﬁchiralapq] + Z PYRD[jn]pq + Z P)/LD[En]pq (425>
n=A,B n=A,B

The new modes contribute to both the coherent and incoherent interaction. The coherent
interaction now depends on the difference between left- and right-modes and vanishes at
a completely bidirectional waveguide,

Al = 202 12) > S (616, o). (4.26)
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Figure 4.9: Plot of the bipartite concurrence of the steady state of the master equation in Eq. (4.25),
which includes a decay into left-propagating waveguide modes with rate ;. The plots in (a)
and (d) assume parallel detunings with p = —6,4 and 64, = A(i — 1), while the plots in (b),

(c), (e) and (f) assume a reversed detuning pattern 65 = —Prevd4. In all plots 7 = 1.

For the incoherent term, we have assumed that the left-propagating modes decay into
vacuum modes with a collective jump operator L,= ZlN:ql On,i. Therefore, only the right-
propagating modes are squeezed and correlated. Note that this form also assumes that
the qubits are spaced by multiples of the central wavelength, such that all propagation
phases cancel.

In Fig. 4.9, we numerically solve this master equation for different degrees of chirality,
~v1/vr- We observe that the effect of a finite v, on the resulting steady state depends a
lot on the type of entanglement, which in turn is determined by the detunings. While
multipartite entangled states are strongly affected by a finite bidirectional coupling,
bipartite entangled states are more robust, and in the far-detuned regime, a finite amount

of entanglement survives up to v, /vg = 1.

4.4.4 Far-detuned qubits protocol

In Sec. 4.3, we observed a time speedup for far-detuned qubits. We now consider the
effects of a finite-bandwidth amplifier. In Fig. 4.10(a), we first investigate the dependence
of Cy; on the detuning 641 = A/k. As expected, this plot shows a significant decay of the
entanglement for A/k > 1, from which we also deduce that d,,,x < k£ must be satisfied in
the multi-qubit case. Since, for a parallel preparation with 7}, (IN) ~ const., we require
Omax ~ 7Ny, we conclude that the number of pairs that can be entangled in parallel,
N = Neyt, is comparable to the total number of entangled pairs for 5 4 = 0. As a minimal
illustration of this behaviour, we consider in Fig. 4.10(b) the example of N, = 4 pairs with
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Figure 4.10: a) Dependence of the concurrence of a single qubit pair on the detuning A, where 64,1 =
—0p,1 = A and different values of 8 have been assumed. (b) Plot of the concurrence Cyq in
a chain of Ny = 4 qubit pairs with 04,; = (¢ — 1)A = —dp,; and a finite dephasing rate. In
all plots, r = 1.

da; = A(i —1). We plot the concurrence of the last pair, Cy4, for a fixed dephasing rate
74 and increasing detuning A. Up to A ~ k, entanglement increases due to a reduced
preparation time, while for larger detunings finite-bandwidth effects set in and degrade
the entanglement again. We observe that the initial gain from a parallel preparation when
A > 0, while the entanglement decreases again when 0y = (Vg — 1)A = &, due to finite
bandwidth effects. Note that for a parametric amplifier with asymmetric decay rates,
KA # Kp, the structure of the ideal qubit master equation in Eq. (4.1) remains the same,
but finite-bandwidth effects are determined by the minimal rate Ky, = min{xa, kp}.

4.4.5 Entanglement purification

As we have seen throughout the previous section, entanglement distribution is fragile.
As we increase the squeezing strength to stabilize a highly entangled state, it becomes
more susceptible to imperfections, such as coupling inefficiencies or dephasing noise. In
view of this, it might be more favorable to create a larger network of wealy entangled
states and sacrifice some of them to boost the entanglement at the remaining qubit pairs.
Here, we describe the application of an entanglement purification protocol, the DEJMPS
protocol [50], to distill highly entangled states.

First, we give a general introduction to the protocol. For that, consider two identical
qubit pairs Ny = 2, given by the joint state p = p; ® p2. To make a connection to our
setup, each p;—1 2 is a two-qubit state between waveguide A and waveguide B. We then
assume each qubit state has the following decomposition

pi=12 = A|PTN@T| + B|®T)(@T| + C|TT) (| + D|W)(T, (4.27)

where A+ B+C+ D =1and A> B > C > D. The DEJMPS protocol works as follows:
1) Select one of the qubit pairs, p;, for which to distill entanglement.



4.4 Scalability in realistic networks 87

2) Perform R,(mw/2) rotations both qubits at waveguide A, and R,(—m/2) on both
qubits at waveguide B.

3) We perform two CNOT gates, one at each waveguide, between each qubit. We
decided to keep p1, so p; forms the control qubits, while py are the target qubits.

4) The target qubits on both waveguides are measured, and their measurement results
are exchanged.

5) If both measurements coincide, the protocol is successful, and the first qubit pair p;
has been distilled. If their measurements are different, the protocol has failed, and both
qubit pairs are discarded.

The successful purification probability for this protocol is given by

Psuce. = (A+ D)* + (B+ C)?, (4.28)

and after the successful purification, the state after the protocol has a fidelity given by

A? + D?
fsucc. - ) (429)
psucc.
which is higher than the initial fidelity Fy = A. Our protocol then offers the perfect
scenario for the application of this purification protocol. Assume we are on resonance
da = 0. In this case, our steady state is given by Eq. (4.21), which is a sequence of

independent Bell-like states. Specifically for N, = 2, the state is

B 2 (cosh (r)]00); ; + sinh (r)|11>”)1
[o) = & (cosh (2r))#/2 ’

(4.30)

1

with occupation number N = sinh®(r). Given our initial state, the density matrix
decomposition given by Eq. (4.27) is

A= O |ho)]* = ; (1+ tanh (2r)), (4.31a)
B = (@ o) = 5 (1 — tanh (2r)), (431b)
C = (Ut |h)i]* =0, (4.31c)
D = [{T™ [¢ho)il* = 0. (4.31d)

As required, they fulfill A+ B + C + D = 1. Evaluating Eq. (4.28) with our coefficients,

we obtain )
h* (2
Psuce. = 1— e 2( T)' (432>

Then, if the protocol is successful, the remaining state’s fidelity is boosted to

Fouce. = (1 + tanh (47")) . (433)

DN | —
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Observe how when r = 0, A = pyyce. = Fsuce. = 1/2. However, for r > 0, this protocol
always gives a higher entangled state. Starting from relatively high squeezing strength
r = 1, the initial fidelity is already right, A = 0.982, for which the purified state would
reach a fidelity of Fyee. = 0.999 with probability pguee. = 0.964. Considering a more
realistic squeezing of r = 0.35 (S = 3dB), the initial fidelity is A = 0.80, from which we
can distill Fyuee. = 0.94 with probability pguce. = 0.68.

4.5 Stochastic master equation

Investigating multi-qubit quantum networks for the case of a finite-bandwidth parametric
amplifier places a huge burden on the numerical simulations, as in solving Eq. (4.4), the
Hilbert space now also needs to take into account n = 2 bosonic modes. To mitigate
this scaling problem, we take advantage of the stochastic master equation described in
Sec. 2.5.3. First, we map the bosonic modes from the parametric amplifier a4 and apg
to complex-valued stochastic variables using the positive-P representation described in
Sec. 2.5.2. Thus, our parametric amplifier is characterized by 4 complex-valued variables
{aa, Ba,ap, B}, which are governed by Eq. (2.130), and are used to drive the qubits
along the waveguide, as show in Fig. 4.11(a).

Therefore, we can map our original master equation to a stochastic master equation for
the qubit system that looks like

pa(e, B,1) = (Lq + Ls(a, B)) pa(ex, B,1), (4.34)

with a stochastic term given by

Lo, B)pa= Y V&Y ([Balt)Ln — an(t) L] p]) - (4.35)

n=A,B

Here, we have defined a = (s, 0p), B = (B4, 5B), and we have L, = >0 The
dynamics of the reduced qubit master equation are recovered by taking the statistical
average of this equation pq(t) = (pq(a, B,1)) over a finite amount of trajectories Mi,;. In
Fig. 4.11(b), we plot the time evolution of the concurrence C;; for a system formed by
Ny = 2 and compare it with the solution from Eq. (4.4). We observe a perfect agreement
between both models due to the large averaging of the stochastic master equation.

In general, this stochastic master equation provides the advantage of mapping an
infinite Hilbert space into complex-valued variables at the expense of stochastic averaging.
This allows us to explore the parameter regime of strongly driven qubits. In this case,
the noise fluctuations also grow, which requires further averaging. We found that, in
general, the positive-P representation needs much more averaging trajectories than the P
representation we employ in Chapter 5.
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v

Figure 4.11: (a) Schematic of 4 qubits driven by a classical correlated field. (b) Comparison of the
time evolution of the concurrence C;; for Ny = 2 using the stochastic master equation in
Eq. (4.34) (dashed) and the original master equation in Eq. (4.4)(faded solid). We have
assumed the following parameters: §4 = dp =0, e = 0.1, kK = 10, v = 1, and the stochastic
averaging is over My;,j = 50000 with dt = 0.05.

4.6 Microwave quantum networks

To illustrate the performance of this protocol in a realistic setup, where all types of
imperfections are taken into account, we consider in this subsection the example of
superconducting qubits connected via microwave transmission lines.

As a starting point, we use the parameters from a recent work by Joshi et al. [161], which
describes the realization of a chiral coupling of a superconducting qubit to a microwave
waveguide. From this reference, we deduce a qubit dephasing rate of 7, /27 = 50 kHz (in
accordance with other state-of-the-art experiments [160]), a directional emission rate of
vr/2m =~ 1 MHz and an unwanted decay into the opposite direction with rate vz /yr ~ 0.01.
In addition, in this experiment, there is a residual decay into non-guided modes with a
rate 7/ /2m = 364 kHz. In our numerical simulations, we include this process by adding
a new term 7'}, ; D6, ;]p to our master equation. For these parameters, A = 0 and
assuming an ideal two-mode squeezing source with » = 1, we obtain N, ~ 1 and the
concurrence of the first pair is C1; >~ 0.1. Obviously, this poor result is mainly related to
the large residual decay rate 4'. By assuming that this decay channel can be eliminated
in future setups, v/ — 0 [196], the result improves to Ney, =~ 2 and Cy; ~ 0.53, now being
primarily limited by decoherence with rate v,/ =~ 0.05.

Let us now consider the same parameters, but assume the finite detunings 4 = (i —1)A
with A = qg. Consistent with Fig. 4.10(b), we find that while keeping Cy; ~ 0.53, this
modification would already boost the total number of entangled pairs to about Ng, ~ 20
(assuming 7" = 0). Further, by improving the ratio v4/vr by a factor of ten (which is
well within the range of typical qubit coherence times) would boost this number to about
Nent >~ 120 (with A = ~vg) and Ny ~ 6 (with A = 0) and with Cy; ~ 0.85. At this stage,
the effects of a finite rate v, become relevant.

Let us now address the effect of a finite amplifier bandwidth. In the microwave regime,
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two-mode squeezing sources are usually realized with Josephson parametric amplifiers
(JPAs) or travelling wave parametric amplifiers (TWPAs). Typical bandwidths for these
devices are kypa ~ 2w x 10 MHz [22] and kpwpa ~ 27 x 1 GHz [197, 198]. Combining the
parameters from above with the JPA| the relevant ratio between the amplifier bandwidth
and the qubit decay rate is Sjpa = kypa/vr =~ 10. In this case, the finite bandwidth does
not change the conclusion from above for A = 0, and we obtain Ng,; ~ 2 with C; = 0.45
for v/ = 0. For A = ~yr our extrapolation predicts Ney ~ 50, but since we must limit the
maximum detuning to d,.c < K, the limit in this example is set by Ny = 5 ~ 10.

To go beyond this limit, we can use a TWPA. In this case, the bandwidth ratio can
reach values up to Brwpa = krwea/7r = 10® and all the results for Ny, and Cp; reduce
to the infinite-bandwidth results from above. Note, however, that this assumes an ideal
amplifier without any added noise.

In summary, these estimates show that while the preparation of highly entangled multi-
qubit states naturally requires sophisticated experimental setups, existing experimental
techniques in the field of superconducting circuits are, in principle, already enough to
demonstrate the simultaneous entanglement of N, ~ 2 — 10 qubit pairs or generate
multipartite entanglement among ~ 4 — 8 separated qubits.



Chapter 5

Thermal entanglement distribution

In this chapter, we continue the investigation of a small effect that we only briefly pointed
out in Sec. 4.4. There, in Fig. 4.6(b), we observed that below a certain bandwidth of
the correlated photon source, entanglement was emerging between consecutive qubits
along the same waveguide, in addition to the diagonal quantum correlations that appear
in the diagonal-detuning configuration. To understand the emergence of these quantum
correlations, in this chapter, we investigate a simpler but equivalent system in which
we show that they are a direct consequence of the non-Markovianity of the photonic
source. We start by introducing our system in Sec. 5.1 as well as the main theoretical
techniques necessary to solve it. We apply those techniques in Sec. 5.2 and show both
numerically and analytically the emergence of the quantum correlations. In Sec. 5.3, we
develop an effective model to predict how much entanglement can be generated by our
qubits, considering the bandwidth of the photon source. To get a better understanding
of the photon source, in Sec. 5.4, we offer a detailed analysis in terms of the phase or
amplitude of the photons. We end this chapter with Sec. 5.5 by offering two experimental
implementations which can take advantage of the generation of entanglement with a
source at room temperature.

5.1 A thermally driven quantum link

Consider a small quantum network as depicted in Fig. 5.1, where two spatially separated
two-level systems (qubits) are coupled to a common bosonic quantum channel, for example,
a photonic or phononic waveguide. At the beginning of the waveguide, we place a cavity,
which we call the thermal/filter cavity. Each qubit has frequency wq;, and the cavity has
a resonant frequency of w, ~ wq ;. Assuming the waveguide is cascaded, we can use the
results from Sec. 2.3.2 to derive an effective master equation for the system formed by
the thermal cavity and the two qubits. As in the previous chapters, we assume that the
waveguide is sufficiently cold, Ty < fiwy;/kp, to be in a vacuum state and has a linear
dispersion relation. We then proceed with the simple identification between our system
and Eq. (2.72) by assigning the first element as a cavity with bosonic mode a, that is
¢o = a with decay rate 79 = k. The two qubits’s notation remains identical as in the

91
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filter

Figure 5.1: Schematic of the setup considered for the analysis in Chapter 5. Here, the source emits
incoherent radiation at a high temperature 7', which is successively filtered, and drives two

or multiple qubits along the waveguide.

original derivation assigning the operator ¢, = 071 5.

To generate excitations along the system, we connect the filter cavity to a thermal
source. This can be implemented, for example, if our filter cavity is a two-sided filter
cavity which separates a region of high temperature T > Tj from the low-temperature
quantum channel. To model this, we can assume that the filter cavity is coupled to
another waveguide, or just any reservoir, at temperature 7' > 0 with decay rate xyot. For
simplicity, we assume a symmetric two-sided cavity, with identical decay to the hot and
the cold waveguides kot = k. In this case symmetric case, the qubits are driven with an
average photon flux ® = kny, /2, where ngy, = (e~/(ksT) — 1)=1,

Therefore, we obtain a master equation for the density operator p, which describes the
state of the qubits and the thermal source. This master equation is then of the form

p=(Len+ Ly + Lint)p, (5.1)

where the individual terms describe the dynamics of the thermal source, the bare evolution
of the individual qubits and the waveguide-mediated interactions, respectively.

The thermal cavity, described in Sec. 2.2.1, needs to be modified to account for the
two reservoirs. By changing into a frame rotating with frequency w,, the dynamics of the
thermal cavity is purely incoherent and described by the Liouville operator

Lip = k(nw + 1)Dla)p + ki D[a'p + xDla]p . (5.2)
T>0 T=0 '




5.1 A thermally driven quantum link 93

In the same frame, the bare dynamics of the qubits is given by
Lap = —ilHq, p] + X 7DI57 Ip, (5.3)

where flq = 0107/2 + 0265 /2, and §; = w,; — w. denote the detunings of the qubits from
the cavity frequency. Finally, the unidirectional waveguide mediates a cascaded interaction
between the cavity and the two qubits, which can be modelled as

Lowp =Y Voaiir (lap, 67+ (67, pal)) + 7igms (610,65 + [65,067]) . (54)

Here, as with our previous analysis in Chapter 3 and Chapter 4, we have included a
coupling constant v; ; such that |1 — v, ;| is the probability that a photon emitted by ¢ is
lost before reaches j. In our initial theoretical analysis, we assume v; ; = 1. In Sec. 5.5,
when we investigate the protocol’s performance under experimental conditions, we will
again take the coupling inefficiencies into consideration.

In our analysis below, we are primarily interested in the case y; >~ v = 7, where it is
more convenient to regroup the cascaded interaction in Eq. (5.4) in terms of a collective
dissipation term with jump operator L = 01 + 65 and a purely coherent term with
Hamiltonian

A VY
Hcasc = g(af—oé -0 U;) (55>

In this way, the full master equation in Eq. (5.1) can be rewritten in the form

P = (Lin+ Lsys + Lint)p, (5.6)
where
Leysp = —i[Hy + Hease, p| +7vD[L]p, (5.7)

describes the dissipative dynamics of the qubit system, while

Linep = V5 ([ap, L) + L, pa']) (5.8)

accounts for the effect of the thermal driving field.

In this configuration, the two qubits can be best represented in a triplet-singlet basis,
as depicted in Fig. 5.2(a). Here the triplet state |T) = (|01) + |10))/+/2 and the fully
excited state |11) decay via a collective emission into the waveguide, while the singlet
state |S) = (J01) — |10))/ v/2 is a dark state of the collective jump operator, L|S) = 0.
However, the singlet is coupled to the triplet state via the Hamiltonian f[casc and eventually
decays, which reflects that in a unidirectionally coupled system, there is no complete
destructive interference. The thermal source, which also drives the qubits symmetrically,
induces transitions between the ground state |00) and the states |T") and |11), while again
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Figure 5.2: a) Schematic representation of the symmetric coupling basis. b) Entanglement between the
two-qubis measured using the steady-state concurrence of the reduced qubit state C(pss)

evaluating Eq. (5.6) numerically for different values of /v and ng.

the singlet state remains decoupled. Observe how those states are also the Bell states
introduced in Eq. (2.8) with the identification |S) = |¥*) and |T) = |¥~). Therefore,
stabilising our state into the singlet or the triplet is a stabilization into a highly entangled
state.

5.1.1 Markovian master equation

In the derivation of the network master equation in Eq. (5.1), we have assumed that the
waveguide connecting the source and the qubits is sufficiently broadband, and we used
a Markov approximation to eliminate its dynamics. However, in this approach, we still
retain the exact dynamics of the source, which evolves on a timescale set by x~1. By
making the additional assumption x > 7, we can also treat the thermal cavity as an
effective Markovian reservoir and derive a master equation for the reduced two-qubit state
pq(t) = Tren{p(t)} [see Appendix A for more details]. This master equation reads

o= il + Hesser pa] + 1 + VD[E]py + v D[ g (5.9)

and describes the case of two qubits coupled to a (unidirectional) thermal quantum
channel.
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5.1.2 Stochastic master equation

While for moderate temperatures with ng, ~ O(10) the dynamics and steady states of
Eq. (5.6) can still be evaluated numerically in a straightforward manner, this is no longer
possible for much larger thermal occupation numbers, where a representation of the cavity
state in terms of number states becomes very inefficient. To treat this high-temperature
limit, it is more convenient to switch to a phase-space representation as we described
in Sec. 2.5. In particular, we derived the Fokker-Planck equation in Eq. (2.118) and its
associated stochastic differential equation in Eq. (2.121). Here, to take into account that
our resonator is two-sided and that we are on resonance, we modify the Fokker-Planck
equation to

0 0 0?
L N=k|=— * _— 5.10
(,a") =k 8&a+8a*a +nth8aaa* , ( )
as well as its associated differential equation
da = —kadt + /kng,dW (1), (5.11)

where to take into account the two-sided cavity, we change the drift term x — 2x. This
also modifies the steady-state distribution to

1

elol/man, (5.12)
T Tth

Py(a, ) =

After these changes, we can now transform our original master equation in Eq. (5.6) into
a stochastic master equation as we did in Sec. (2.5.3). In our case, the resulting state
p(a, a*,t) obeys the (stochastic) master equation

pqla, ™ t) = L(o, a”)pq(a, ™, t). (5.13)
Here, we have introduced a new stochastic Liouvillian
L(a,0)py = ilH(a,a*), pg] +vD[L]p,, (5.14)
which is governed by a stochastic Hamiltonian
H(a,a%) = Hy+ Hease + i /7 (a*i — aﬁ) : (5.15)
Alternatively, we can express our stochastic master equation as

,o'q(a,a*,t) = ('CO +OZ£+ +Oé*£_)pq(0[,oz*,t), (516>

where we split the Liouvillian into two contributions: a deterministic term Lyp and two
stochastic terms given by L,p = — w/f<ry[fﬁ,p] and L_p = 1/Hv[i,p]. The stochastic
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nature of this master equation comes from «, as it appears as a fluctuating classical
driving field. The actual qubit density operator can then be obtained by averaging over
sufficiently many trajectories pq(t) = (pq(a, a*,t)). This representation now only offers
us the numerical advantage of solving the system at large thermal occupation numbers.
As we will see in the next section, it also offers an intuitive understanding of the steady
state in the slow-noise regime.

5.1.3 Continued fraction method

As mentioned, the reduced qubit state is obtained after the stochastic averaging after many
trajectories. While this already offers an advantage with respect to the original master
equation, the stochastic master equation also presents its disadvantages, namely that we
still have to simulate a time-dependent stochastic differential equation for each parameter,
which also requires an increasing number of samples as we increase the fluctuation strength
Nih-

Therefore, it would be more favorable to obtain an equation of motion for the determin-
istic reduced qubit state pq(t) = (pq(a, a*,t)). In general, to find deterministic master
equations from stochastic master equations is a challenging task [199]. However, since
a(t) is described by a Fokker-Planck equation, given by Eq. (5.10), the averaged density
matrix pq(t) can be found by solving [200]

((i‘ + L O‘*)> pala, a”,t) = L{a, a”)pg(av, 0, 1), (5.17)

and then taking the average of the solution

palt) = (pafasa” 1)) = [ da?py(aa’,t) (5.18)

The solution to Eq. (5.17) is obtained by expanding the solutions p(c, a*,t) in a complete
biorthogonal set of eigenfunctions of L(a, a*) [201, 202]:

L(a, &™) Py (o, o) = Ny P (v, @), (5.19)
LY (a, a*) (e, ) = A%, dmn(a, ), (5.20)

forn=0,1,2,... and m = 0,£1, £2, ... The eigenvalues are A,,,, = £(2n + |m|) and the
eigenfunction can be written as

Pon(a, ) = Py(a,a)pma(a, a®), (5.21)
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where Py (a, a*) is the steady-state distribution in Eq. (5.12) and

. n! ||l a*\ "2 -
Gmn(, a*) = (0 1 )] 2) 2 (a) L™ (2], (5.22)

where L™[z], with z = |«|?/(ny,/2), are the generalized Laguerre polynomials. Using the
orthogonality relation for this biorthogonal set [145]

/ 6267, (0, 07) Pyt (0,07) = Gt O (5.23)
we can express our original state in this new basis as
pqla,a”,t) = ;Pm,n(a, a®)p™n(t), (5.24)
where the coefficients are given by

pmm(t) = /da%b%n(a, a*)pq(a, o, t) = <¢7*n,n(a7 a*)pq(a, o, t)) (525)

From this coefficients, we observe that our averaged state pq(t) is given by p0(¢) =
<¢870(Oé, Oé*)pq(Oé, Oé*v t>> = <pQ(a7 a*v t))? as ¢6,0(O‘7 Oé*) =1

The task is then to solve the equation of motion for p®°(¢). It turns out, however, that
this leads to an infinite hierarchy of equations of motion for all the other coefficients p™" ().
In Appendix C, we show that for our system under consideration, for the steady state,
can truncate this hierarchy of equations of motion and reduce it to a matrix recursion

A,0" + B,o" 1 4+ C,o" =0, (5.26)

for n =0,1,2,... Here, we have defined o™ = (p*", p17, p=2")" and the matrices A, By,
and (), are defined in Eq. (C.12), Eq. (C.13), and Eq. (C.14) respectively. This matrix
recursion can be solved in terms of a matrix continued fraction

[AO + /c] o0 — 0, (5.27)

where the matrix continued fraction is given by

7z

K =Cy 7

Bi. (5.28)

—Al — Cl BQ

7z
—Ay —Cy——B
? P_A -8
We can numerically solve this matrix continued fraction to obtain ¢”, from which we can
obtain p%°, our physical state.

This method involves an infinite number of coupled equations. For numerical analysis,
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we truncate the expansion at nj,.. In Fig. C.1, we show the convergence of the continued
fraction method for different parameters, which we use to simulate it numerically without
truncation errors.

The continued fraction method has previously been used to study the finite-bandwidth
effect of a thermal source [203] and a single-mode parametric amplifier [179] in the context
of a two-level system. In most cases, this method is employed for numerical solutions.
Analytical results can be obtained by truncating the continued fraction expansion at first
order, njer, = 0. As shown in Appendix C, this approximation is valid when fluctuations
are either weak, ny, < 1, and/or fast, k > 1. Our focus, however, is on the opposite
parameter regime: strong and slow fluctuations. Nevertheless, we use the continued
fraction method to numerically solve the qubit dynamics, and as we will see in Sec. 5.3, it
also serves as the basis for an effective model.

5.2 Steady-State Entanglement

In the following, we are primarily interested in the stationary two-qubit state pss =
Tren{p(t — o0)}. For this state, we quantify the amount of entanglement by the con-
currence, as defined previously in Eq. (2.10). In Fig. 5.2(b) we use, first of all, exact
numerical simulations of Eq. (5.6) to evaluate the steady-state entanglement, C(pss), for
different ratios of /v and moderate thermal occupation numbers n,. We clearly see the
absence of entanglement in the Markovian regime, x > ~, while finite entanglement in
the steady state can be observed in the non-Markovian regime, where the bandwidth of
the thermal source is much smaller than the qubit decay rate k < . Surprisingly, the
maximal amount of entanglement increases with the temperature of the source ngy,.

We can now offer a partial connection to the phenomena observed in Fig. 4.6(b) from
the last chapter. There, we observed the emergence of entanglement between consecutive
and diagonal qubits below a certain bandwidth of the parametric amplifier, as we do here.
While the system described in Chapter 4 and here might look different overall, this is
no longer true if we trace out one of the waveguides. Indeed, as described in Sec. 2.2,
tracing out one of the modes of the parametric amplifier gives an effective thermal state.
So, effectively, if we look at one of the waveguides, what we have is a narrow bandwidth
thermal state driving two qubits, which is precisely the same system considered here.
Therefore, understanding the origin of the entanglement generated by a narrowband
thermal source will allow us to understand the origin of the emergent entanglement from
Fig. 4.6(b). There is, however, something we cannot answer fully here. That is, the
emergence of entanglement between diagonal qubits. The reason is that our simple model
here does not take into account two waveguides, so we can only study the serial generation
of entanglement along the same waveguide.
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5.2.1 Markovian regime

We start by obtaining an analytical confirmation that entanglement cannot emerge when
the two qubits are driven by a Markovian thermal cavity. In this case, from Eq. (5.9) we can
derive a closed set of equations for the steady-state matrix elements p;; 1 = (7, 7| pss|k, 1)-
We find that the only non-zero matrix elements are

poo = (nen + 1)2/(1 + 2nth)2a
pr =ps = nan(nwm + 1) /(1 + 2na)?, (5.29)
p11 = ng/(1+ 2nw)?,

where we have defined the singlet and triplet populations pg/r = (S/T|pq|S/T) and
the simpler notation p;; = p;; ;i for the populations. We see that these matrix elements
correspond to the separable state pss = pin ® pen, Where pg, corresponds to a qubit thermal
state, which is equivalent to the one defined in Eq. (2.25) with the Hilbert space limited to
d = dim(H,) = 2. This state describes two qubits in a thermal reservoir with no coherent
interactions between them. One can calculate the amount of entanglement between the
two qubits using the concurrence Eq. (2.10). Expectedly, one finds that C(ps) = 0 for
V.

5.2.2 Quasi-adiabatic regime

To go beyond the Markovian regime, it is more convenient to switch to the phase-space
representation introduced in Eq. (5.14). In this picture, the qubits are driven by a classical
field a(t), which fluctuates on a timescale set by x~'. Therefore, in the limit £ — 0 (while
keeping kny, finite) we can assume that this field is approximately constant and evaluate
the steady state of the qubit for a fixed amplitude a(t) &~ ag. For this problem it is known
that for 6; = 0 the steady state is a pure state, pss(ao) = [¥()) (¥ ()| [149, 150], where

U(ag)) = V7100) + 2 \/ﬁaoy@
\/ Y+ 8K|ag|?

This coherent superposition is a dark state of the collective jump operator, i.e. f/\\ll(ao)> =

(5.30)

0, while transitions to the triplet state |T") are cancelled by destructive inference between
the driving term and the coupling induced by H.pee. To obtain the actual two-qubit steady
state, the result from above must be averaged over a thermal distribution of amplitudes

Qp:
_ 2ag?

2 [ ool (an) (¥(ag)e” o (5.31)

TNth

Pss =
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By reintroducing the flux parameter previously defined ® = kny, /2, we obtain

pss = T(®/7)poo + [1 = T(®/7)] ps;, (5.32)

where Y(x) = /G0, 1/(8x)]/(8x) and I'[0, 2] is the upper incomplete gamma function.

These analytic results obtained in the quasi-adiabatic limit clearly illustrate the main
ingredients that lead to the emergence of entanglement out of a thermal reservoir. First
of all, when the bandwidth of the source is sufficiently small, the thermal field can be
considered static, and therefore coherent, over the time that it takes for the qubits to
relax into a steady state. This facilitates interference effects, which, in the present setting,
are responsible for the suppression of the triplet state. However, while being quasi-static
it is important to keep in mind that the amplitude oy has an undetermined phase and
magnitude. Therefore, a second crucial feature of the state in Eq. (5.32) is that its degree
of entanglement only depends on the population of the singlet state and not on the relative
phase between |00) and |S).

Under the conditions considered here (symmetric coupling and no other imperfections),
and due to averaging of the fluctuations, the concurrence C(pss) has the following simplified
form

Clpss) =1 =T(2/7). (5.33)

This shows that, even after averaging over the thermal distribution, the entanglement
is finite and grows as C(pss) ~ 8P/~ for small photon flux and it reaches a value of
C(pss) ~ 1 —~/(8P) for a strong thermal source.

5.3 Beyond the static limit

The analytic approximations in the previous section explain the appearance of entanglement
in the limit where the thermal driving field can be treated as a random but static field.
There, the resulting amount of entanglement scales with ® = kny,/2, but this result
has been derived in the fully adiabatic limit x — 0. To understand the validity of this
prediction, it is necessary to understand the non-static corrections that arise at a small,
but finite value of k.

To address this question, we extend, first of all, our numerical calculations to the
high-temperature regime with thermal occupation numbers up to ny, = 10°, using the
continued fraction simulation method outlined in Sec. 5.1.3. The resulting dependence
of the steady-state entanglement on ng, is shown in Fig. 5.3(a) for different values of
k/y = 1072,1073,10~* and compared to the analytic prediction of Eq. (5.32). We see
indeed that for moderate values of ny,, the concurrence follows the prediction of the static
limit, but eventually, it deviates from this result and decreases again for very high thermal
occupation numbers. The noise level at which the entanglement peaks and starts to
reverse, 1y, depends on . The following section presents an analytical model to estimate
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Figure 5.3: (a) Steady-state concurrence C(pss) for different bandwidths /v as function of the thermal
fluctuations strength ng,. (b) The population of the two-qubit state for k/y = 1073 as a
function of the thermal fluctuations strength n,. In both plots, the dashed lines always
correspond to the static regime results from Eq. (5.32) and the vertical dotted line is the

analytical expression for n}j in Eq. (5.44). In all these plots, niter. = 50000.

this parameter, shown as a vertical dotted line in Fig. 5.3.

In Fig. 5.3(b), we choose /vy = 1072 and plot the dependence of the two-qubit state
populations as a function of ny,. For moderate ny, only pgy and pg are significantly
different from zero and follow the prediction of Eq. (5.32). After some threshold, n},, the
noise fluctuations are strong enough to kick us out of the quasi-static subspace. In this
case, we start to populate the other states as pr and p;;. The static limit derived before
does not capture this behaviour [see dashed line in Fig. 5.3(b)]. While this is reminiscent
of the Markovian approximation (i.e. all populations are highly populated), we need to
emphasise that we are in a completely different parameter regime, highly non-Markovian
k < . We will dedicate the following section to studying this behaviour and to estimating
the strength ny, where this happens.

5.3.1 Weak-noise approximation

We begin the analysis by considering the noise fluctuations to be weak, or equivalently, to
work in a low flux regime ® < 1. This regime allows us to perform perturbation theory
on Eq. (5.14) to derive a deterministic master equation.

Starting from our stochastic master equation from Eq. (5.16), we would like to solve for
the averaged density matrix py(t) = (pq(a, a*,t)). To do that, we formally integrate this
differential equation, iterate and take the average, obtaining [204]

pult) = eEp(0) + T [ ares 0L (a0 [ eSO a0 ),
(5.34)
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where we have already used that {(a(t)) = 0 and used the compact notation o) (t) = a(t)
and o) (t) = a*(t). We then differentiate Eq. (5.34) to obtain

d

g0 = Lopa(t) + 3 /ot dt'£,e L (at)a” (1) pq (). (5.35)

Here, we have used the decorrelation, or Bourret, approximation

()™ (t') pa(a, o, 1)) ~ (a(t)a” (') {pq(a, ", 1)) = (a(t)a (') pq (t). (5.36)

The validity of this approximation requires either fast fluctuations x > 1, i.e. to be in a
Markovian-like reservoir, and/or small noise strength ng, < 1. Specifically, the expansion
parameter is %nth /2 = ¢/Kk* < 1, or, equivalently ® < k2.

Back to Eq. (5.35), notice that we have used that for the thermal noise, we have zero two-
time correlations for (a(t)a(t')) = (a*(t)a*(t')) = 0 and that (a*(t)a(t)) = (a(t)a*(t'))*.
Using the two-time correlation derived in Eq. (2.86), which in this case reads, (a*(t)a(t')) =
nen/2e”"t1 | we can now solve Eq. (5.35) using the Laplace transform method, for which
our differential equation is converted to

spa(s) = pa(0) = Lopy(s) + % > Lo(s+R)T — L] Lrpq(s). (5.37)

r=+4

This is a matrix algebraic equation which can be solved for p,(s). Solving for the steady-
state, in the Laplace transformed equation, is equivalent to taking the limit limg_,q [spq(s)].
Then, the steady-state populations under the decorrelation approximation are

Apyy = 645DP*(y + k), (5.38a)
Apr = 85®(992 + 4k (k + 20) + 4v(3k + 28)), (5.38D)
Aps = 8D(97° + 8ky(26D) + 4k>(k + 2®) + v*(21k + 8D)), (5.38c¢)
Apoo = 97" + 8v* (6K + @) + 16K%(k + 2®)? + 872k(11k + 6D)

+ 32vk(2K* + 3D + 20?), (5.38d)

where the normalization is A = (v + 2k)(y + 2k + 8®)((3y + 2k)? 4+ 8P(y + 2k)) and we
have reintroduced the photon flux ® = kny,/2. While those results are approximate, we
can still extract the relevant scaling factors. Specifically, we observe that to lowest order,
both the triplet pr and the double excited p;; state scale as ~ O(k), vanishing at the
complete static limit Kk — 0.

Due to the validity of the approximation, ® < 2, the Bourret approximation fails
to reproduce one of the main effects seen in Fig. 5.3, i.e. that beyond the critical
thermal population nj},, the concurrence decreases. To see this, we can use Eq. (5.38) to
obtain the concurrence given in Eq. (2.12). Expanding around x = 0, the concurrence is
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approximately given by

8 8b \/k 32k(®(3y + 8D)?2)

— — + O(K*?). 5.39
Y+8P  (v+8D)/97+8D ~y(y+8D)%(9y+ 8D) (K77) (5-39)

Cpss) =

When increasing the photon flux ®, equivalent to increasing ny, for fixed x, the concurrence
saturates to C(pss) — 1 —4r/~. While we see a correction of the order of &, this expression
does not capture the peak observed in Fig. 5.3(a). This is, of course, a consequence of the
decorrelation approximation, which is only valid for weak fluctuations. The peak occurs
in a regime of strong fluctuations, beyond the approximation’s validity. Notice that from
Eq. (5.39), we do not recover the results from the quasistatic limit, in Eq. (5.33), when
k = 0 and finite ® > 0. The reason is that Eq. (5.39) is only valid for weak driving, while
in Eq. (5.33), we performed an average over the full range of noise strengths.

5.3.2 Continued fraction effective model

To go beyond the decoupling approximation, we can use the matrix continued fraction
technique described in Sec. 5.1.3 to derive an effective model which provides us with
analytical estimates of the populations as well as the critical thermal strength nj;,. For
that, we rely on a series of approximations which will allow us to simplify the problem
considerably. We start by neglecting the population to the double excited state py;. This
is justified in Fig. 5.4(a), where the population p;; is the smallest of the system for k < 1.
As shown in Appendix C, we then solve for the equations of motion and the coherences of
the remaining system. There, we demonstrate how these equations can be reformulated as
an equivalent, solvable recurrence relation. By solving the recurrence relation via ordinary
continued fraction theory, we derive an effective population for the system near the static
limit k < 1. Specifically, the effective singlet population is given by

3K 3K 16xP
pS:1—|:T¢eff’y<1+>_ <1+ ), 5.40
(Pegr/7) S S " (5.40)
while the effective triplet population is
8kP
pr = 7[T(<I>eﬁ/v)(1 +36/7) = 3K/7]. (5.41)
We have defined an effective photon flux &4 = vgi’%. When & — oo, this effective

parameter saturates at Q.4 = %. From these effective populations, we observe that in
the limit when x — 0, while keeping ® finite, we recover static limit populations.

We now use these analytical expressions to estimate the two-qubit steady-state concur-
rence C(pss). Due to the 3-level approximation we have here, we cannot use Eq. (2.12),
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Figure 5.4: Comparison of the populations between a 4-level system (faded solid) and the 3-level system
approximation (dashed) as a function of ng, for k/y = 1073. (b) Comparison between the
exact concurrence C(pss) (solid line), the partial concurrence C(pss) (faded solid) with the
exact populations pg and pr, and the effective partial concurrence éeﬂ(pss) (dashed line) with
the effective populations from Eq. 5.40 and Eq. 5.41 for different values of x/v. Continued

fraction is truncated at njter. =50000.

which depends on p;;. Therefore, here we define a partial concurrence

C(pss) = max{0, ps — pr}, (5.42)
which is valid when p11p990 < 1. Using our effective population, we get

- T — 4D
Ceﬁ”(pss) =1- (Q)eﬂ/’y)(’z/y—i_ 35) o (1 + 272 ) ’

(5.43)

Taking the limit x — 0, but keeping ® finite, we recover the static limit results from
Eq. (5.33). In Fig. 5.4(b) we compare the entanglement as a function of ny, for different
k/v. Specifically, we compare the exact concurrence C(ps) to our partial concurrence
C (pss) taking still the exact populations, with the partial concurrence taking our effective
populations Ceg (pss). Observe how C(pys) and C (pss) behave similarly except for a shift,
which comes from the contribution from pgop11. The effective partial concurrence éeﬁ(pss)
describes perfectly the curve of C (pss) up to the point where it starts to deviate. Still, we
observe that all the entanglement measures we define here peak approximately at the same
ny,- We can then estimate the critical value of nfj, at which the concurrence reaches its
maximum by solving ac%(ti“) = 0. Solving this equation leads to a transcendental equation
due to the incomplete gamma function T'[0, f(n,)]. Still, it can be solved approximately

to )
_— ¥4+ 3K
th 1252

We can now obtain an approximate expression for the maximum effective concurrence,

(5.44)
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given by
b 6K
6k (26 " (v +36)100, %] — fy)
72 ‘
In Fig. 5.3(d), we plot the critical thermal fluctuations and see how they match the peak

(5.45)

of the achieved entanglement for the exact model. The critical thermal population scales
as 1/k?, diverging at the static limit x — 0.

5.4 Amplitude vs phase fluctuations

According to the phase-space representation introduced in Sec. 2.5, the thermal field is
described by a fluctuating complex variable «(t). Alternatively, we can express this field
in terms of polar coordinates as

alt) = r(t)e” ™, (5.46)

where the radius r(¢) and the phase () obey the coupled (It6) stochastic equations [126]

dr(t) = (—m(t) + Zl(g) dt + m;tder(t), (5.47)
do(t) = “Zth d%g”, (5.48)

with two independent Wiener increments dW,.(t) and dWy(t).

In contrast to the complex-valued Ornstein-Uhlenbeck process, these stochastic differ-
ential equations in polar form cannot be solved exactly but serve as a starting point for
further approximations. In particular, we can ask ourselves the role of each variable and
whether the breakdown of the static approximation comes from fluctuations in the phase
0(t) or in the amplitude r(t).

Consider the amplitude to be fixed r(t) = ry and let the phase be governed by Eq. (5.48).
In this case, our system then transforms into a phase-diffusion model. While exact
deterministic (averaged) master equations have been derived using the Zwanzig-Nakajima
projector operator technique for simple systems [205], this remains challenging for more
general systems. Here, we solve our problem by going into a rotating basis [206], which
makes our problem solvable. Our original stochastic master equation Eq. (5.16) is written
as

pa(0,1) = (Lo + €ProLy + e ProL ) py(0,1). (5.49)

By defining jq(6, 1) = e=L/2p (0, t)eL=/? with L, = 67 + 63, the equation of motion of
the new rotated state is

pa(6,1) = —z“;)[iz, Pa(0,1)] + €752, (0, £) "2, (5.50)
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The (rotated) stochastic master equation reads

al0,0) = Lopa(0,0) 0 (Lo + L) pol6.1) — 15 (e pa00). (550

This is a (Stratonovich) stochastic master equation for our phase-diffused model. As the
noise process 6 is a Wiener process, we can obtain an It6 stochastic differential equation
by adding the Ito correction

Fa(0,1) =Lopy (6, ) To (Ly + L) pg(0,1)
i k. 5.52
S Ll A N LN AT A XU

We can now take the stochastic average of this It6 differential equation since dWjy(t) is
statistically independent of p,(6,t). This leads to

TUDIL.pa(0). (5.53)

81

Pa(t) = Lopa(t) + 1o (Ly + L) pa(t) +

It is important to keep in mind that this is a rotated basis p. However, the system’s
populations remain invariant in this new basis. This can be seen from the action of this
rotation on our basis

e~i0/2L= 11 = ¢|11), (5.54)
e~i/2L2100) = ¢|00), (5.55)
e~/2L=|01) = |01), (5.56)
e~"02L=110) = [10). (5.57)

From these relations, we can derive that the rotated basis does not mix the singlet and the
triplet, ps = pgs and pr = pr. Observe how Eq. (5.53) is identical to the master equation
one would get under coherent driving [149] with Rabi strength 2 = r¢ /7 and collective

’mth. This dephasing noise can then be interpreted as

dephasing noise of strength v4/2 =
a system under Markovian noise.
The phase-diffusion model alone does not account for the observations in Fig. 5.3.
The reason is that as we increase ny,, in Fig. 5.3(a), we observe how the entanglement
degrades. It is, however, not what Eq. (5.53) predicts. This is because the dephasing
process, which would in other situations be the main detrimental term to the entanglement,
in this case, does not scale with the thermal occupation number. To see this, observe
that the dephasing process is proportional to nyy,/ r%. As rg o< /Ny, the terms becomes
temperature-independent. We conclude that amplitude fluctuations are the main cause of

the breakdown of the quantum correlations.
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Figure 5.5: Time evolution of the concurrence C(t) = C(pq(t)) for (a) different thermal occupation
number n¢, and (b) for different dephasing times Ty at fix ng, = 1220, which corresponds to
room-temperature noise. We assume x/(27) = 10kHz, v;/(27) = 10MHz, and 4; = 0.

5.5 Implementations

Here, we propose two possible experimental realizations of the protocol we have described
and evaluate the achievable amount of entanglement under realistic experimental conditions.
Until now, we have kept our discussion general, and our proposal can be implemented
with optical or microwave photons. As long as the bandwidth of the filter x is smaller
than the bandwidth of the qubits v, as seen from Fig. (5.2)(b), entanglement between
the qubits emerges as we increase ng,. This raises the following question: How much
entanglement can be generated and under which conditions if the photon source is at
room temperature T = 293 K?

5.5.1 Superconducting qubits thermal network

A direct implementation of our system, described by Fig. 5.1, uses a cryogenic link with
superconducting qubits [207]. Here, photons are propagated along the waveguide as
microwaves. To suppress thermal noise, they usually operate at low temperatures, on
the order of Ty ~ 10 mK. Entanglement protocols in superconducting waveguides have
been recently demonstrated [80, 208]. Here, we simulate our protocol under realistic
experimental conditions. We assume an identical coupling rate from the qubits to the
waveguide v/(27) = 10 MHz, motivated by previous experimental work [80], which gives
a limit of the thermal cavity bandwidth x to be of the order of MHz or smaller. Here,
we turn on the photon source and let it reach a steady state. Then, at t = 0, we switch
on the interaction between the cavity and the qubits. In Fig. 5.5(a), we show how the
entanglement builds up for different temperatures of the source (given by nyy,) and show
how at room temperature T' = 297 K, for which the amount of photons at microwave
frequency w./(2m) = 5.0 GHz is around ng, ~ 1220, we can still extract a finite amount
of entanglement. In Fig. 5.5(b), we consider the room-temperature case ng, = 1220 and
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Figure 5.6: Steady-state concurrence C(pss) at nyg, = 1220 (a) as function of v, and detunings 6; = J = ¢
for fixed x/(27) = 10kHz, v1/(27) = 10MHz, and (b) as a function of linear loses v for
different bandwidths x at ng, = 1220 for fixed v;/(27) = 10 MHz and §; = 0. For both plots,
Niter. =5000.

additionally consider a dephasing processes 74, also given in terms of dephasing time
v = 1/T,. To model dephasing, we simulate the stochastic master equation in Eq. (5.14)
and add an additional Markovian dephasing term for each qubit, %"’ >2DI[67]p.

The time needed to reach the steady state, ¢, should approximately scale with the
inverse of the Liouvillian gap A for our system, as tss o< —1/A. In the static limit, we find
the gap to be \ ~ —337. This is approximately what we see in Fig. 5.5, where for a fixed
v, all the time evolutions peak approximately simultaneously. We also observe a second
time scale, much slower, for which the state reaches the steady state. Our expression for
the gap does not capture this because it is obtained in the static limit, where the value of
nsn does not change over time. Still, the highest possible entanglement can be achieved in
timescales of the order of 1/7.

Having shown how the protocol can achieve steady-state entanglement within a realistic
time for superconducting technologies, we now consider imperfections in the system. Using
the continued fraction method, in Fig. 5.6(a), we show the entanglement as a function of
the most common imperfection in those systems: a mismatch between the qubit coupling
strength into the waveguide, vy, # 72, and a mismatch between the resonant frequency
between both qubits, 0; = do = 0 # 0. It is important to point out that any mismatch
between the resonant frequency and the thermal cavity can be compensated by moving
the cavity resonant frequency to w, = (wq1 + wq2) /2

Lastly, our protocol, as discussed so far, relies on both a chiral interaction between
the source and the qubits and the qubits themselves. This can be achieved by using
circulators for long distances. To take into account insertion losses due to the circulators,
we now take the insertion losses from Eq. (5.4). We see the effect on photon losses in
Fig. 5.6(b), where we consider the losses to be only between qubits, i.e. v = ;5. The
reason for this is that insertion losses from the thermal cavity to each qubit 1y ; results



5.5 Implementations 109

just in a renormalization of the photon numbers the qubits see, i, = 1 ¢y, Assuming
that both qubits have the same insertion losses 1y, = 12, we can consider the qubits
being driven by ny,. We observe that the qubit entanglement is more robust the smaller
the bandwidth of the filter cavity, allowing up to 15% photon losses along the waveguide.

5.5.2 Phononic thermal network

Here, we focus on a complementary implementation of our protocol: a phonon quantum
network, where emitters such as silicon-vacancy (SiV) centers are coupled to a 1D diamond
waveguide [209-213]. Then, in this implementation, the carriers of information are no
longer photons, but rather phonons. As depicted in Fig. 5.7, the waveguide is coupled
to a mechanical resonator of bandwidth s, which is, in turn, in contact with a phononic
reservoir at temperature 7' > 0. The resonator couples to the waveguide at zy, and we
place Nq=2 qubits at positions z; and 2, such that 2y < z; < 2. Contrary to the previous
implementation, here the waveguide cannot be modeled as a chiral waveguide, but rather
as a semi-infinite waveguide, as we described in Sec. 2.3.3. We assume a 1D phononic
crystal structure for which the quantized phononic mode is given by [214]

h n
:—zz 2‘; )b — heel), (5.58)

being here p,. the density of the crystal and ¢, (z) its mode function. The phonon operators
fulfil the usual commutation relations [bn, b;fn] = 0p,m. We can then apply the derivation of
Sec. 2.3.3 to obtain a master equation for the semi-infinite waveguide. As at the beginning
of the chapter, with the chiral waveguide, we follow the convention that the index i =0
corresponds to the thermal source, i.e. ¢y = a and vy = k, while 5 > 1 is the qubit
index ¢; = 6, . Notice that we place the filter resonator at the edge of the semi-infinite
waveguide, zy = 0, where the field is maximal. Also, to consider the coupling between the
thermal reservoir and our phononic waveguide, the mechanical resonator couples to a hot

reservoir at decay rate ko = k. The resulting master equation is then given by
p =k(ny, + 1)D[a]p + knwD[a']p

—1 {]:ISYS + Z ijlé;r'él’ p} + Z Fj,lp[éja él]p’ (5'59>
Jl al
with decay rates I';; = 2, /y;m[cos (k(zj + 21)) + cos (k[z; — z])] and coupling strength
Jii = ilsin (k(z; + 21)) + sin (k[z; — z[)]. Due to the semi-infinite waveguide, the
coupling and decay rates are rescaled by a factor of four compared with the cascaded
setting from Sec. 5.1. Here, to make an accurate comparison between the two scenarios,
we rescale the couplings such that k — x/4 and v — /4 in the semi-infinite waveguide.
We start our analysis with some trivial examples, for example, when the emitters are at
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Figure 5.7: Schematic of the setup considered for the phononic thermal network implementation. Here, a
source of incoherent phonons at temperature 7" > 0 is in contact with a 1D waveguide by a
mechanical resonator of bandwidth x and resonant frequency w.. A semi-infinite waveguide
is in contact with the mechanical resonator at zy, and we place the qubits at z; and 25 such
that zp < 21 < 25.

kz, = 2mn, or equivalently, z, = Aon, for n = 0,1,2, ... In this scenario, Eq. (5.59) reduces
to

p = —i[Hyys, p| + K(nun + 1)D[alp + s Dlal]p + D[ Vra + 767 + V765 ]p.  (5.60)

thermal source phonon waveguide

This master equation represents a dissipative and bidirectional coupling between the
resonator and the qubits. This dissipative coupling by itself is not enough to create
entanglement. We need to break the singlet-triplet symmetry, which can be achieved
by imposing finite but opposing, detunings on the qubits §; = —ds = ¢ such that
Hyy = (67 — 63)/2, similar to [149, 150]. Assuming the case when z, = A\gn and with
finite detuning, in Fig. 5.8(a), we plot the entanglement of the reduced qubit state in terms
of the concurrence C(pgs) as a function of the temperature ng, for differents x/~. For small
thermal occupation ny,, we can use Eq. (5.59) [black dashed lines in Fig. 5.8(a)]. As with
the unidirectional case, the entanglement is created by populating the singlet state |S).
Notice that with this configuration, we no longer need the qubits to be resonant with the
cavity field, nor do we need them to be identical. Given two distinct qubits with natural
frequency wq 1 and wq 2, respectively, having the cavity at frequency we = (wq1 + wq,2)/2
would give us the previous detuning configurations. Similarly, if we place the qubits at
kz, = mn, this will create the same amount of entanglement as with kz, = n)\y case, now
the mechanism is different: the qubit-qubit entanglement is created by populating the
triplet state |T).

However, as seen in Fig. 5.8(b), in between 7m < kz, < 27, the qubit dynamics is
non-trivial. This is because the terms mediated by J; ; in Eq. (5.59) allow for dipole-dipole
interactions between all the emitters in the waveguide, as well as some energy shifts. This
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is clearly seen when we explicitly evaluate this term for our case

43" J;ete =rsin (2k20)a’a + ysin (2k21)61 67 + v sin (2kz2)55 65
gl
+ /ry[sin (k|21 + 20]) + sin (k|21 — 20]) ( o) +
+ /Ey[sin (k|22 + 20|) + sin (k|ze — 20|) ( o, +a

]
] o
—|—7[51n(/f|22+z1|)—I—sm(k|22—21|)]( 6, +6765).

As we fix the resonator at zy = 0, it does not experience any frequency shift. While
this term vanishes if we fix the qubit positions described before, one must consider small
deviations from such fixed points. In this case, the dipole-dipole interaction starts to be
relevant, and Eq. (5.59) describes a complex interacting system.

New insight can be found if we express Eq. (5.59) as a stochastic master equation,
similar to what we did for Eq. (5.14). To do that, we express the coherent term of the
master equation as

—1 |:ﬁsys + Z Jj,lé;él, p:| = — i[ﬁsys + Z ijj A;r + J1 ,2 (0'1 0'2 + 0'1 O';) ,0:|
j=1

7,0
_ i[z Jog (a6 +as7) ,p},

=1

(5.62)

where the first line of the right-hand side of the equation expresses the qubits energy
shift and dipole interaction between them, and the second line describes the two qubits
interacting with the resonator. We can now apply the P representation mapping from
Eq. (2.110) to this equation, transforming Eq. (5.62) to

P A P . J . _ g .
_z{HSyS +> Jj’lC;Cl, p} — —i[Hq(t), pq +1_ Jo, (8()40j Pq — Wp@j) . (5.63)
al J=1

Here, we have defined a new effective coherent interaction

A

Hy(t) = Ffsys + Z Jj,j 670, + N 26765 +6567) + Z Jo,j(a )0; + a*(t) Aj) (5.64)

j=1 7j=1

Similarly, the dissipative term of Eq. (5.59) transforms to

2) T D, alp=2 TD67,67 |pq
Jil 7,1#0
o B 5 o . (5.65)
F STyl (007 - a)d )i + Ty (gt oa+ goert ).
=1 j=1
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Figure 5.8: Steady-state entanglement between the two qubits using the concurrence C(pss) (a) as a
function of the temperature for different bandwidths ratio /7 and fixed qubits kz; = 27 and
kzy = 4m, (b) as a function of the position of the first qubit kz; for different photon numbers
nyn at fixed k/y = 0.01. In both plots, the solid lines are obtained using the approximated
P representation, which allows us to use the continued fraction method. In (a), the black
dashed line represents exact simulations using Eq. (5.59). For both plots, the detuning is
0 =~/2 = 0.5, and niter. = 5000.

Therefore, the whole qubit master equation can be written in the following compact form

A A

Pq = _i[Heﬁ“(t)a pq] + VD[LCOS]pq

, 0 . , o .
+ Z(Fo’j + ZJOJ)afOéO'j Pq + Z<F0’j — ZJ(]J)@,OQ ;r,
J J

(5.66)

with a collective dissipator term which involves only the qubits Leos = >.jcos(kz;)6; and
a time-dependent Hamiltonian

Heg(t) = Hyo + > Ji; 5767 + Ji2(67 65 +6567)
j=1

(5.67)
+> [(Joj = iCoy)e(t)6) + (Joj + iTo,)a" (£)55 | .

The initial master equation Eq. (5.59) is not unidirectional. This gives rise to terms which
involve field derivatives 0/(0ca) and 0/(0ca*). This term would vanish for a cascaded
setting, meaning that the physical interpretation of this term is the action of the reflected
photons back on the resonator. While it is not possible to find positions such that
Lo £1iJy; = 0 and they vanish naturally (this would also make the driving term vanish),
we can neglect these terms and assume we have a cascaded interaction. While this is
not exact, we see from Fig. 5.8(a) that for x/v small, this effective model captures the
positions which are necessary to generate entanglement. The deviations caused by this
approximation are more relevant the larger x/v. Fortunately for us, this is not the regime
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in which we are interested.
We can further rearrange our master equation such that it can be written in a similar
structure as Eq. (5.14)

A

o, a* 1) = —i[Hphon. (v, @), po (@, a* )] 4 YD[Leos) pq (v, @, 1), (5.68)

with an effective (stochastic) phonon-mediated Hamiltonian

A A

thon.(av 05*) = ]i\[/ + ]i\[/ + ' 2,%7 [a*(t)LPhOH - Oé(t)f’Jr

(5.69)

Sys casc phon.] )

where we have now defined a position-dependent collective spin operator f/phon. = e hng 4
e~*225,  a position-dependent energy shift for the qubits

Sys

A, = Oy + Y 6767, (5.70)
J
and a position-dependent dipole interaction between the qubits

H, = % sin kzy cos kze (6165 + 65 67 ). (5.71)

Expressing the stochastic master equation like this allows us now to use the continued
fraction method we derived in Sec. 5.1.3. In Fig. 5.8, the solid lines are obtained using this
method, which agrees with exact simulations for small occupation number and /~ small.

Observe that the stochastic master equation for the semi-infinite waveguide also presents
some other differences compared to Eq. (5.14). Specifically, neglecting the position-
dependent offset, we have two crucial distinctions between this system and our previous
case: a new dipole terms, which vanish at kz; = 27n, which contributes when kz; # 27n
and a position-dependent driving. The dipolar term resembles, with the collective decay
channel, a cascaded interaction. Looking at Fig. 5.8(b), the maximum seems to be
around kz; ~ 7(3/4 + n). At this point, the generated entanglement seems to contribute
from both the driving term and the dipole interaction. We can further justify this by
observing that as we increase nyy,, the qubit dipolar contribution becomes small compared
with the driving term. In this case, the driving term should dominate and peak around
kz; ~ mn. To complete the implementation, we also discuss the possibility of achieving
entanglement by a phononic source at room temperature. If we consider the SiV centers
to form a two-level system of frequency w;/(27) ~ 3 GHz [214], at this frequency we
would have around ng, ~ 2000 phonons at room temperature. In Fig. 5.8, we observe that
highly entangled states can be achieved by properly positioning the qubits and using a
narrowband resonator.






Chapter 6

Conclusion and outlook

6.1 Conclusion

In this thesis, we developed an in-depth theoretical analysis of the remote entanglement
distribution for small- and large-scale quantum networks by driving qubits with photons.

We derived a master equation for the nondegenerate parametric amplifier, which
generates continuous variable Gaussian states, and its interaction with spatially separated
qubits. Assuming a broadband amplifier, we formulated an effective master equation that
describes the qubits as a two-mode squeezed reservoir, offering insight into their dynamics.
Under ideal conditions, the steady state is a pure, entangled state that converges to a Bell
state as the amplifier power increases. We analyzed the fidelity of this state and found
that entanglement emerges only if the environment’s purity satisfies pog > 1/3. Recent
experiments have demonstrated purities above this threshold in microwaves [24] and hybrid
microwave-optics [25], even reaching values up to peg =~ 0.9 [215]. We demonstrated
that, considering a finite bandwidth of the parametric amplifier, the qubit no longer
converts to a maximally entangled state when we increase the power. In this scenario, we
show how we can still obtain a large amount of entanglement and find the optimal pump
strength as well as the optimal fidelity. We also examined its robustness with respect
to coupling inefficiencies and dephasing noise. In superconducting circuits, circulators
typically introduce photon losses of 15% [75], (v = 0.85), and we compared our scheme to
other deterministic protocols, showing that our approach is more sensitive to losses due to
its dependence on two bosonic modes. Finally, we evaluated the entanglement distribution
rate, which remains high, R ~ 7!, and avoids the limitations of probabilistic schemes.
We concluded this part with predictions for two upcoming experiments: one validating
entanglement extraction in a qubit-qubit system and another providing a theoretical
framework and entanglement witnesses for a hybrid protocol.

We then explored the creation of a larger network by increasing the number of qubits
in each waveguide while still using a similar parametric amplifier to generate correlated
photons. Using similar theoretical techniques as before, we showed that the steady state
exhibits varying degrees of bi- and multipartite entanglement, which can be controlled
by adjusting the squeezing strength and local qubit detunings. We then proposed a
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detuning configuration that parallelizes the protocol, allowing the network to scale linearly
with the number of qubit pairs. We investigated the performance of this scheme under
realistic experimental conditions, taking into account finite amplifier bandwidth, waveguide
losses, and propagation delays. This analysis shows that while achieving extremely high
fidelities of the entangled state still requires near-ideal conditions, the scheme remains
highly efficient in distributing non-ideal entangled states and is rather robust against
common experimental imperfections. Our quantum network provides an ideal setting for
entanglement purification protocols. We investigate such a protocol and demonstrate how
one can distill states with a larger amount of entanglement with high success probability.

The finite-bandwidth parametric amplifier revealed a surprising phenomenon: the
emergence of quantum correlations when the bandwidth of the source is smaller than that
of the qubits. This effect motivated the final chapter of the thesis. Here, we presented an
equivalent but simpler scenario in which qubits are driven by a thermal cavity. We showed
that under Markovian conditions, entanglement between qubits cannot be generated.
However, we numerically observed that as we gradually decreased the bandwidth of the
thermal cavity, entanglement emerged among the qubits. We provided several numerical
and analytical techniques to understand this phenomenon. Finally, we proposed two
experimental implementations of the protocol based on either superconducting qubits
in a cryogenic link or SiV centers in a diamond phononic waveguide. In both cases, we
show that it is possible to drive the qubits with an incoherent thermal source at room
temperature to create highly entangled states.

6.2 Qutlook

The work done within this thesis paves the way to the realization of large-scale quantum
networks. As we have described in Chapter 3 and Chapter 4, the creation of small- and
large-scale networks relies on the generation of correlated photons by a nondegenerate
parametric amplifier. While such sources are available in microwave and optical domains,
generating such states in phononic platforms remains challenging. Therefore, it is a crucial
task to look for alternatives that generate correlated phonons. To achieve this, one can
rely on the well-known Mollow triplet [216], where by continuously driving a two-level
system, the sidebands of the emitted spectrum are correlated, similar to the nondegenerate
parametric amplifier. Additionally, recent experiments with superconducting qubits have
demonstrated entangled correlated photons [217]. In this implementation, the parametric
amplifier would be substituted by a driven two-level system, whose output is coupled into
a single waveguide. The correlated photons would then continuously drive two two-level
systems, as in our protocols. An initial exploration of this protocol has led to positive
results. It requires, however, putting cavities around the qubits to filter out the unwanted
modes. Still, the achievable amount of entanglement is an open question.

This thesis also opens another completely new direction of research. That is, instead of
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relying on a two-mode squeezing interaction to produce two-mode squeezes states, one
could explore more exotic Hamiltonians with richer and more intricate structures. Both
general Gaussian and non-Gaussian states of light can be considered. For the general
Gaussian states, exploring the output of a generic quadratic Hamiltonian and using it
to drive individual qubits can lead to the formation of complex qubit networks. We
performed initial research along those lines, where we drive multiple qubits by the output
of a bosonic Kitaev chain [218], and we observed how the correlations from the bosonic
system mapped onto the qubit networks. However, initial work showed that this qubit
state is not pure. It remains an open question how one could either purify those states
or make use of the entanglement present in such a mixed state. For that, the size of the
bosonic system plays a crucial role. It is still an open question to what degree we can use
the phase-space representations from Sec. 2.5 to obtain stochastic master equations for
the qubits, as well as the use of the continued fraction method from Sec. 5.1.3.

The final chapter revealed a completely different effect. Namely, the generation of
possible entanglement as a byproduct of the non-Markovianity of the photon source. While
outside the scope of remote entanglement distribution, this effect can be used to explore
other areas, such as many-body effects. By considering a large and complex system in
contact with such a non-Markovian reservoir, one could explore how the phase transition
of such a many-body system changes.






Appendix A

Effective master equation for the qubit
system

As stated in the thesis, after the adiabatic elimination of the waveguide, we obtain a
master equation describing both the bosonic degrees of freedom and the qubits. In general,
it takes the following form

p = (Lpn + Lq + Lint) p- (A1)

Here, we have split it into three distinct terms

ﬁphp =—1 [Z wph,ndL&n + [A{pha ,0] + Z KvnD[&n]pv <A2a>
. Wn Az r A—
Lop = —i lZ ~ On + Hq, p] +>_7Dl6,]p, (A.2b)

Linp =Y VU (anp, 7]+ 67, pitl]) (A.2¢)

where each of them describes the bosonic subsystem of n-modes, the qubit subsystem,
and its interaction, respectively. Moreover, we have explicitly written down the bare
Hamiltonian with the natural frequencies of each system. The oscillation frequencies are
the largest scales in the system. Specifically, wpp ,, ~ wy, > Ky, > 7, and any parameters
encoded in the remaining Hamiltonians.

To proceed, we need to go to a rotating frame with respect to the bare frequencies of
the bosonic modes wpp . In this frame, the bare frequencies of the qubit system w,, are
detuned by 6,, = w,, — wpnn. They will be either zero (on resonance) or small with respect
to the decay rate of the photons x,,.

After this transformation, the master equation describes a system with two distinct
timescales. On one hand, the photon source is governed by 1/k. On the other hand,
the qubits are governed by 1/v. Here, we are interested in the regime where the photon
timescales are much faster than the qubits. This is achieved by setting k — oo.

Our goal then is to perform another adiabatic elimination, this time of the fast system,
allowing us to obtain an effective description of the slow system alone. For that, we follow
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the adiabatic elimination given in Ref. [99]. Alternatively, the same adiabatic elimination
can be performed using the projector operator approach [219].

We start by taking our initial Lindblad master equation Eq. (A.1) in the rotated
basis and go to an interaction picture with respect to the free evolution, Ly, by writing
p(t) = e*lpi(t). In this representation, the master equation reads as pr(t) = L (t)p1(t)
with time-dependent interaction Liy(t) = e=£0¢ Ly erot.

We then derive a master equation for the qubit subsystem after tracing out the bosonic
degrees of freedom py1 = Trpn{pi(t)}. First, we make use of the Born approximation by
replacing the full density operator by the tensor product pi(t) =~ pq1(t) ® pgh, where pgh is
the steady state density matrix of the bosonic subsystem, Ephpgh = 0. Following standard
second-order perturbation theory, we find

pa1(t) = /_too dt" Trpn{ Ling (£) Lint (') pa,1 (') © pY, }- (A.3)

By explicitly inserting the expression of L (t'), we obtain

t
pq,l(t) = Z V Vm"im’)/m L dt, Trph{‘cint(t)

X ([am() (par(t) ® ), ,5()] + [5,(t), (paa(t) @ ph)al,(£)]) ).

(A.4)

where each time-dependent operator is given by a,,(t') = e %o a0t and 67 (1) =
e Fat’ 6,;e£qt/. By acting with the other superoperator L (t'), we now obtain the following
expression

t
Pai(t) = L dt' x

Tfph{ [ (D) [an(t)p(t'), 65,(¢)], 6. (0] + [aa(D)[6,,(t'), p(t)al, (¢)], 67 (1)] (A-D)

Here, we have used the compact state notion p(t) = pg1(t) ® pgh and have not written

down the prefactor /v"v" KKy VmYn to avoid overwriting. We can now trace out the
bosonic degrees of freedom
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To obtain this expression, we have used the cyclic property of the trace to order the
bosonic operators and used the commutator property [A, B] = —[B, A]. As the bandwidth
Kn of the photons is very large, or in other words, the correlation time 1/, is very short,
we can use the Markov approximation, pq1(t') =~ pq1(t). By defining 7 =t — ¢/, we can
rewrite our equation the following compact form

) = 3 T 3 [T O ) s o 0oy = 1), paa )] (A

8,8/ =+

Here, we have introduced the bosonic correlation functions

Con(T) = VRakm (: @5,(7)a,(0) 2), (A.8)

where we identified 4 = a! and a, = @, and assumed the normal ordering pre-
scription (: a*(7)a(0) :) = Trpp{ae“7(apl,)} = (a*(7)a(0)), while (: a*(r)al(0) :) =
Trpn{ae 7 (pd,at)} = (af(0)a’(r)). Finally, consistent with the Markov approximation,
the slow dynamics of the qubits can be neglected. Then, after going back to the Schrédinger
equation, the resulting qubit master equation takes the following form

pa(t) =Lqpa(t +Z VI, 3 s8I (0)]oy  [on Ol (AL)

s,8'=%

where I3 (w) = [¢°dT C3%,(T)e™™" is evaluated at resonance w = 0. Therefore, the
master equation for the qubits system is governed by the output spectrum of the bosonic
system evaluated at resonance. Depending on the spectrum correlations I(w) of the
bosonic system, we obtain different master equations. In Sec. 2.4, we derived the spectrum
correlations for the two-mode squeezed state and the thermal state, which we use now to
find the corresponding master equations.

A.1 Nondegenerate parametric amplifier

This case was studied in both Chapter 3 and Chapter 4. For the first case, our master
equation in Eq. (3.1) is completely equivalent to Eq (A.1) in the rotated frame. For the
second case, we identify the coupling operators as L, — o, and LT — o' In Sec. 2.4.2,
we derived the general expressions for the spectrum, which we now evaluate at resonance.
First of all, we need to match our notation from this section to Sec. 2.4.2. For that, we
identify I3% (w) = I, asae (W). Then, we find that for the parametric amplifier, some of
them vanish I3%(w) = I5p(w) = I35 (w) = 54 (w) = 0. The non-vanishing spectrum
can be regrouped together with into the final expression for the master equation, which is
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given by

pa=Lapa+ X 1ulNa (D57 ]pq + Dl ]04)
n=A,B (AlO)

+ V7478 (M*[ﬁA, 65, pal] + M6, 65, Pq]]) ;

where we have defined the occupation number N, = 2vRe{I;7(0)} and the correlation
number M = v(I,'5(0) + I54(0)). Taking the expressions from Eq. (2.101), those
parameters take the simple form of given in Eq. (3.7a) and Eq. (3.7b).

A.2 Thermal cavity

For the specific case of a thermal cavity studied in Chapter 5, from Eq. (5.6) we have a
single mode a and we identify L — 6 and Lt — 6. We also go to a rotating frame
with respect to the thermal cavity at w. to obtain an equivalent master equation to our
starting equation. Then, in Sec. 2.4.1, we derived the two-time correlation function and
the spectrum for the thermal cavity. The two-sided cavity only adds small corrections to
the expressions evaluated there. Specifically, the two-time correlation function now reads

AHa(0)) = _HTMh—(k14ko) /2]

a'(r)a(0)) = ——e , A1l
(@l (r)a(0)) = (A1)
where kq is the decay rate of the hot reservoir and ko is the decay rate to the cold
waveguide. Therefore, the output spectrum to the cold reservoir, contrary to Eq. (2.88),
and given by

2K1K2Nh . 4K1Konnhw

[& a\w) = —1 .
1a() (K14 Kk2)?2 +4w? (K1 + ko) (K1 + K2)? + 4w?)

(A.12)

According to Eq. (A.9), we evaluate this expression on resonance, which simplifies the

spectrum to
L314(0) = nen/2, (A.13)

where we have assumed a symmetric two-sided cavity k1 = k9 = Kk as in Chapter 5. This
allows us to identify the occupation number parameter N = 2v1;1,(0) = vnyy,, for which
the master equation for the two qubits is

Pq = Lapq + V”th’YD[mpq + Vnth’YD[iT]pqv (A.14)

which is the same result as in Eq. (5.9) when v = 1.



Appendix B

Uniqueness of the steady state

In Chapter 3 and Chapter 4, the master equation for /N, qubit pairs in the ideal Markovian
regime is given by

Pq = Lngpq = _i[ﬁqv pal + Z 'Yp[jn]pq- (B.1)

n=A,B

It is clear that given a state [¢)) that satisfies the dark-state conditions J,|t) = 0 and
ﬁq]w0> = 0, the density operator py = |tg) (10| is a pure steady state of this master
equation, i.e. Ly, po = 0. However, this condition does not guarantee that pg is the unique
steady state, as there could be other mixed or pure states py with Ly, pf = 0.

To prove that the state |1o(r, 04, P)) defined in Eq. (4.24) is indeed the unique steady
state of the network for a given detuning pattern 54 and permutation P, we start with
the case Ny =1 and 041 = —0p,1. In this case, we can calculate the eigenvalues of the
Liouvillian Ly, —; analytically and verify that for any finite squeezing strength r there
is only a single eigenvalue Ao = 0, which corresponds to the state p(()qul) = | D) (T4
We also find that the smallest non-zero eigenvalue is A; = vy cosh(2r)/2 for r < r* and
A1 = (6 cosh(2r) — \/18 cosh(4r) — 14)/4 for r > r*, where r* ~ 0.356. This eigenvalue
determines the gap in the Liouvillian spectrum and, therefore, for any finite r, there is a

finite relaxation rate toward the steady state.

We prove the uniqueness of the steady state by induction. We assume that we already
know that the product state péNq) = |®(Ng))(®(Ng)| defined in Eq. (4.21) is the
unique steady state of Ly, for 5 Ai = -5 B, and that it satisfies the dark-state conditions
jn|(I>||(Nq)> =0 and ]:Iq|(I>H(Nq)> = 0. We now show that under this assumption, it is also
true that p(()NqH) is the unique steady state of the network with N, 4+ 1 qubit pairs.

Let us first verify that |®(Ny + 1)) is a dark state. The conditions J,|®(Ny + 1)) = 0
are straightforward to verify since it holds for each qubit pair individually. For the second
condition, H,|®|(Ny+ 1)) = 0, we write the Hamiltonian as

. . K A . 5
H(SN“) = H(qu) — i3 > (Ln(NQ)U:,Nqul - LIL(Nq)U”qu“) ’ (B-2)

n
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and recall that

| @) (Ng +1)) ~ | (Ng)) @ (cosh(r)|0a,ng+1) 05N +1) +sinh(r)[1a,ne+1) [ 1B,Ng11))- (B.3)
It follows that

HM D |y (N + 1)) ~ [cosh(r) La(Ng) = sinh(r) L (No) | 19 (Ng)) @ [1ax,+1)[05,x5,41)

+ [cosh(r) L (N,) = sinh(r) L (V)] 1€ (Vo)) @ 04 301) Lz 1) = 0.
(B.4)

+1)

To prove that p(()Nq is also the unique steady state, we use the fact that in a fully

directional network the reduced steady state of the first N, pairs of qubits, p(() W) =

Tr;— Nqﬂ{po )} is unaffected by adding an additional pair. Further, because p(() @) i pure,

there is no entanglement between the subsystems and we can write p( NatD) p( ) ® ,0(() ),
with a steady state po ) for the last pair, which still must be determined (to simplify
notation, we use the index x to refer to the extra qubit pair with index ¢ = Ny +1). To
do so, we write

Ng+1 Ny Ng+1
o0 = L™ @ o7 + 08 @ Loph? + Lygeuopd . (B.5)

Here £,=Ly,— is the single-pair Liouville operator acting on the state of the last qubit

pair and
Nq+1) v 7 - Ng+1
Cxgapy " == 5 2 [LaN)& L, — LL(NDE 06
n=A,B
g{ 7t (Ny) cosh (r)6 4, — sinh(r )O‘E@) (B.6)
(cosh )65, — sinh(r)67 ) p(()NqH)} :
+

accounts for the remaining cross terms. Note that here we have already used that
jn(Nq)p(()NqH) = péNqH)jib = 0 due to the dark-state condition for |®|(Ng)). By looking
at all the different contributions in Eq. (B.6) we can collect terms such as
[~ La <N )+ sinh(r).J5 (Ng)] 65 00" =
= [~ La(Ny) + sinh(r) cosh(r) L (Ng) — sinh?(r) La(Ng)| 675,08

. Nt 1) (B.7)
:—cosh(r) [cosh(r) La(Ny) — sinh(r) L (No)| 674 06" = 0,

:jA(Nq)

and find that they vanish independently of péx). The same is true for other combinations

(Ng+1) _

such that Ly, _.pg = 0. Therefore, when tracing over the first N, qubit pairs, the
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steady state p{”) satisfies

o5 = Lo =0, (B.8)

which has a unique solution given by pi” = |®F)(®7|.

Finally, we consider non-trivial detuning patterns 55 = —P4 4 and show that also in this
case the steady state p(()Nq) = |1 (r, 5:4, P)) (o (r, gA, P)| is unique. This can be done by
simply assuming that there is another steady state pf, # p(()N“‘) of the Liouvillian Ly, . Then
we can simply invert the arguments about the form invariance of the master equation
presented in Chapter 4, below Eq. (4.23), and obtain a steady state for the network with
0p = —0a,

po(0p = —6a) =Upd,  U=T[Ui, .11 (B.9)
However, since we know that there is only one unique steady state for this detuning pattern,
it means that p)(6p = —d4) = | (N )Py (N,)| and ply = [tbo(r, 04, P)) (tho(r, 5, P)|.






Appendix C

Continued fraction method

Here, we present the derivation of the continued fraction method described in Sec. 5.1.3,
where we obtain a solution of a stochastic differential matrix equation in terms of an
infinite set of algebraic equations, which we can then express as a matrix continued
fraction. We start with our stochastic master equation from Eq. (5.16)

pola, 0 t) = (Lo +aly + o L) py(a, o, 1), (C.1)

where we explicitly split our Liouvillian into a deterministic term £, and two stochastic
contributions L. As the stochastic variable a can be described by the Fokker-Planck
equation in Eq. (5.10), the stochastic master equation takes the form [200]

<c?t + L(a, 04*)) pala, ', t) = L(a, o) pg(a, ™, t). (C.2)

From this expression, observe that the averaged solution could be obtained from

palt) = (pala,a”, 1)) = [ da*py(a,a”, ) (C3)

To solve Eq. (C.2), we use the biorthogonal basis given by Eq. (5.21) and Eq. (5.22). This
new basis allows us to expand our initial state as

pola,a* t) =" P (a, o) p™" (1), (C.4)
where the coefficients are given by

(1) = [ 0?6, (0,0 g, 0% 1) = (G, (0,0 )pg(a’, 1) (CH)

To obtain this expression, we have used the orthogonal relation given by Eq. (5.23). As
stated in Sec. 5.1.3, the averaged solution is given by p,(t) = p®°(t). We calculate the
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equations of motion for p”"(t) by expressing Eq.(C.2) in this new basis, obtaining

d ! !
(dt + Am,n) pm,n(t) = Z /on[gZ):‘n’n(Og7 O{*)L(a’ Oé*)Pm/’n/(Oé, a*>pm n (t)
= ﬁopm,n(t)

/ / C-6
+ > /d2a¢:n7n(a,oz*)oz£+Pm/,n/(oz,oz*)pm (t) (C6)

£ Y [ @), (0,070 L P (a,at)o™ " (1)

To solve this equation of motion, we need to use the recursion relations for the generalized
Laguerre polynomials [220]

Ly~ (z) = Ly (z) — Ly (2), (C.7a)
e (z) = (N +m+1)LMz) — (n+ 1) L2 (2), (C.7b)

which then allows us to evaluate Eq. (C.6). However, we need to evaluate 3 different cases
depending on the value of m. For m = 0, they reduce to

(d + 2f<m> P (t) = Lop”"(t)

dt
+ L, (Vi I () — Vet () (C8)

2
L (VaF T ) = V().

For m > 0, they are

(55 -+ 2 m) 57000 = om0

dt
+ e, (Vi m () — Vaprtieie) (C9)

2
+ B (Ve mpn T ) = Vi LT (),

and lastly, for m < 0, we obtain

d
(dt + K(2n + |m|)> P () = Lop™ " (t)
- —n§h£+ (y/n + |m|p™ () — Vn + 1pm+1’”+1(t)>

e (et fml + 1m0 = Ve )
(C.10)
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This is the most general formulation, which gives an infinite set of coupled differential
equations for n = 0,1,2... and m = 0,+£1,£2,.... Focusing on the steady state, those
differential equations transform into an infinite set of algebraic equations, from which we
want to solve for p®°. Depending on L, the structure of the set of algebraic equations
simplifies considerably. In our specific system, by explicit evaluation of Eq. (C.8), Eq. (C.9),
and Eq. (C.10), we observe that m = 0 only couples to m = +1 and m = £2. Therefore,

our infinite set of algebraic equations reduce to a set of 5 coupled equations p%", p=17",

and p*2" for n =0, 1,2, .... We can reduce this number further by integrating out p*2",

which leads to a set of coupled equations which can be cast in vector form. By defining
o™ = (p°", pt* p=tm)' the remaining equations can be written as the following matrix

recursion
A,0" + B,o" 1 4+ C,0" =0, (C.11)

with matrices

dnn— Ly =l [mEy
Ay = | =yl o 0
_ by, 0 N

0 Y Y
By=+vVn|0 Vn+1P? 0 : (C.13)
0 0 Vn+1P°
0 0 0
Co=vntl| =L Vot2P? 0 . (C.14)
NE 0 vn+2P?

Here, we have defined the following matrix elements

: (C.12)

ar = Kk(2n 4+ 1) — Lo — (n + 2)P2 — nPY, (C.15)
and
P = %ci k(20 + 2) — Lo] ™" Lx. (C.16)

This allows us to build the matrix continued fraction in Eq. (C.11) and solve it as [173]

[AO + IC] o’ =0, (C.17)
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Figure C.1: Steady-state concurrence C(pss) as a function of the number of iterations nje,. to solve
Eq. (C.17) for different thermal occupation ngy, at (a) x/y = 1072 and (b) k/y = 1072.

where the matrix continued fraction is given by

7

7

—Al — 01 B2

=GB
Solving this matrix continued fraction numerically involves numerically inverting an
infinite amount of matrices. Therefore, we truncate this continued matrix fraction to
some finite index nj,.. After numerically solving the matrix continued fraction, we can
solve for oY, from which we obtain p®°, our averaged state. In Fig. C.1 we check the
convergence of the continued fraction method by plotting the steady-state concurrence
C(pss) as a function of the number of iterations nj,. for different thermal occupation
nyn, and bandwidths x/v. We observe that for ng, ~ 10, convergence is reached around
Niter. ~ 10. In Chapter 5, the largest occupation number is ny, = 10%, which converges
at Niter. ~ 10%. We then use these references to numerically solve the matrix continued
fraction, ensuring no truncation errors.
By truncating to first order, ni;, = 0, Eq. (C.17) reduces to

(go + P L WT — Lo+ £ WT - £0]1£+D 20 =0, (C.19)

One then recovers the Bourret approximation’s results in Eq. (5.37) for the steady state
as a solution to such an equation. Therefore, keeping the lowest-order contribution is
equivalent to performing the decoupling approximation from Sec. 5.3.1.
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C.1 Effective model in the quasistatic limit

The method outlined before allows us to transform the stochastic master equation from
Eq. (5.14) into an infinite set of algebraic equations (for the steady state), which can be
solved, numerically, using a matrix continued fraction.

Here, we use this method to derive an effective analytical expression for the population
of our qubits around the quasistatic limit described in Sec. 5.2. For that, we rely on a
series of approximations which will allow us to simplify the problem considerably. We
start by neglecting the population to the double excited state p;;. This is justified in
Fig. 5.4(a), where the population p;; is the smallest of the system for £ < 1. In this
case, we explicitly evaluate the equations of motion for the populations and coherences
produced by Eq. (C.11). Under this 3-level approximation, our equations of motion do
not involve terms with m = +£2, which allows us to trace out the terms with m = +1
to obtain the set of equations only for m = 0. We then use a more convenient notation
p" = p®" to express them. They read

(27 + 28n) pp = %Xg‘,T — V2 (Vo Iy — Viaxir) . (C.20a)
2knpg = —%ng, (C.20b)

(y + 26n)X5 7 = (0% — ) — /29@ (Vi T Ings — Vixist) . (C.20c)

K(2n + 1)xgg = gXST +V29®(n + 1) (xer — X557 (C.20d)

(7+ (20 + )Xo = Sxos = 22980+ 1) (s — £63" — pf+4F") . (C:200)

where we have reintroduced the photon flux parameter ® = xng,/2 and defined x7; =
pi; + pj; for the coherences. The equation for the remaining population pf,, the ground
state, follows from the normalization condition pgj, = 4,0 — p& — pp, where 6, is the
Kronecker delta.

As a starting point, we recover the result from the static limit. Setting x = 0 while
® > 0, most of the equations of motion vanish. The only non-vanishing equations can be
recast as a three-term continued fraction for the steady-state population of the singlet. It
reads

[y +8®(2n + 1)]p% = 8®(n + 1)pt! + 8®npa ! + 8D (5,0 — 6n_10)- (C.21)
This three-term ordinary recurrence relation has the general form of

an X" = b, X"+ e, X"+ Yo (00 — 0n_10), (C.22)
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which can be solved in terms of a continued fraction as
A 7
2

X0 =

- _
ao CO ar—c1 a2z... b2 bl

After some algebra, this gives the same result as in Eq. (5.32). An alternative method to
solve this family of continued fractions as a solution to ordinary differential equations will
be presented in Sec. C.1.1.

The static regime is the starting point of our effective model, as we want corrections
around it. The main idea is that being close to the static regime, some states will be
similar. For example, in the static limit, we found that x§, = 0 Vn. The term x§,
corresponds to the coherence between the singlet and the triplet state. Therefore, we
assume Xg = 0 Vn as a starting point. This assumption simplifies the previous equations
of motion, reducing them to two coupled three-term recurrence relations

[ 16072 (n 4 1) 169~%n } n
(+26@n+1)? (3 +26(2n — )27
[ 8P~%(n + 1) 8P~*n -
(v+26@n+1)2 " (y+2r(2n—1)2)5 (©20
_ 8’72@(77/ + 1) (5 Y + pn+1 + 2pn+1) ‘
872dn _ _
5n7 o 571 _n=1 9251 1
(7 + 2n(2n — 1))2( 1,0 0~ Ps Pr ),
and
" 16K(2n + 1)y®(n + 1 n o, n n n
2(7 + /ﬁ?n)pT = — ( ) ( )(5n,0 - 5n+1,0 — Pg + pS+l - 2pT + 2pT+l)

(v +2k(2n+1))?
16k(2n — 1)yPn
(7 + 26(2n — 1))?

(On-1,0 = Ono — P& " + P4 — 207" + 207).
(C.25)
To make our assumption consistent, we must assume that we are in the k < 1 regime,

which allows us to expand the previous expressions around x = 0. Keeping only the
lowest-order terms, we obtain

v —169(2n + 1) | pf —

v+ 8P(2n+1)|ps =
) (C.26)

—8B(n + 1) (00 — Opp10 + Pt + 2p0H!
+ 8(I)n(5n—1,0 - 6n,0 - Pg_l - 2p%_1)7
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and

_16k@(2n +1)(n+1)

2vpp = (0n,0 = Ont1,0 — Pg + pfé“ — 2p + 2p5)
7 (C.27)

16k®(2n — 1)n _ n e n
+ ( 7 ) (6p—1,0 — Ono — P&~ " + pla — 277" + 2p7).

Unfortunately, to our knowledge, this system of equations cannot be solved exactly. We
require an additional approximation in Eq. (C.27). We consider a different and simpler
recurrence relation, which still exhibits the same behaviour. We proceed as follows: First,
numerical analysis shows that the weight of the coefficients follows pi=! < p&, which
allows us to discard those terms. Secondly, we neglect the higher-order coefficients of the

prefactor, retaining only n = 0. The resulting equation is given by
2vpp = =166 /v(0n0 — dnt10 — P§ — 207) + 165P /7 (6n—1,0 — G0 + P + 2p7), (C.28)

where, as we will see from its final form, it captures the expected behaviour. We can
now obtain two uncoupled recurrence relations for the singlet and the triplet. Combing
Eq. (C.28) and Eq. (C.26), the three-term recurrence relation for the singlet is
(72 + 8P[(2n + 1)y + 3/4;]>p7§ =8nPypl ! +8(n + 1)dyplt!
+ 8@(’}/ + H)5n70 — 8(13(”}/ + 3k + 48(1)1'{2/’)/2)(5n,1’0,

(C.29)
while the three-term recurrence relation for the triplet is
(72 +8P[(2n+ 1)y + 3ﬁ]>p1} =8Pnyph "t + 8(n + 1)Pyplt!
+ 8Prdy 0 + 3(4;};@25”170. (€30
In general, they follow the structure
anXp = by Xp-1+ cnXni1 + Yoono + Y1610, (C.31)

where the only difference between Eq. (C.29) and Eq. (C.30) are the terms Y and Y;.
This general three-term recurrence relation can be solved using an ordinary continued
fraction

(Yo + ;i)
Xo =~ ne Lo R (Yo + BaY), (C.32)
0= T ciby
ag—...

a;—c1
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where we have defined

1
F = — (C.33)
a0 — Clbg
a] — Cla
9 —
d
h F @ C.34
2 — c1by ( : )
ap —
a9 —

As previously stated, the difference between the singlet and triplet recurrences are in Yj
and Y7, not in F; and Fs.

C.1.1 Theory of continued fractions

Here, we show that ordinary continued fractions can be solved by evaluating their contin-
uants. Assume an ordinary generalized continued fraction F. A closed expression can be

found by [173]

P,
F=bo+—2 = lim -, (C.35)

a
b + bQﬁ.., %0 Qy,

where P, and @),, are the so-called continuants of the fraction and fulfil

Pn - ann—l + anPn—Qu

(C.36)
Qn = ann—l + anQn—?v
for n > 1. Defining R,, = (P,,Q,), it allows for a more compact form
Rn = ban,1 + Clan,Q, (037)

for n > 1 and initial conditions Ry = (by, 1) and R_; = (1,0). We are left with solving
a three-term recurrence relation for R,,. To solve this three-term recurrence, assume an
ordinary generating function R(z) = 3,50 R,2" [221]. Then, we multiply Eq. (C.37) by
> n>2 2" such that we obtain

Z R,z" = Z bp,Ry_12" + Z anRy_22". (C.38)

n>2 n>2 n>2

To proceed, one would need to know the coefficients R,. In general, if R, is a polynomial
of order n, it produces an ordinary differential equation (ODE) for R(z) of order n. More
insight can be gained later when we work out specific examples.

Once the recurrence relation has been expressed as an ODE, we can solve for R(z).
Then, following Abel’s theorem for the power series [221, 222], which states that the limit
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of a power series R(z) is related to the sum of its coefficients R,,, we get

lim P lim P(Z)

n—00 @ it Q(z)’

(C.39)

being z* the radius of convergence of R(z), i.e. its singular point if any.
In our case, we have 2 continued fractions: F; in Eq. (C.33) and F, in Eq. (C.34). For
the first case F7, the convergents give the following recurrence relation

Rn+2 = a'n—i-an—i—l - Cnbn+1Rna (040)
with n > 0 and initial condition Ry = (0,1) and R; = (1, ag). Specifically,
Rpyo = et + 2(2n 4 3)|Rps1 — 2*(n + 1)°R,, (C.41)

with z = 8®7, veg = 7V? + 24x® and ag = Yeg + x. Define R,, = n!S,. This transforms
our recurrence relation to

(n +2)Sny2 = et + (21 + 3)]Spi1 — 22 (n + 1)S,. (C.42)

Assume the following generating function S(z) = 3,59 S,2". This yields the following
first-order ODE,

S'(2)(1 — 22)%2 = S(2)[(Yet + 7)2 — 2°2%] — 2(Yer + ) Sy + 251, (C.43)

with initial condition S(0) = Sy = Ry. Its solution is

ZYeff
el—zz

(1l —x2)

S(z) =

2So+ e S, (r[o, et/ ] + LT[0, msz_mo } (C.44)

This solution has a singularity at z = 1/z, which means that

. P(z) e FT0, %k
Fi=1 — x4 C.45
1=l e . (C45)

The other continued fraction F; fulfils a similar recurrence
Rn+2 = an+2Rn+1 - Cn—l—lbn—i-QRny (046)

with initial conditions Ry = (0,1), Ry = (¢, a1) = (z, Vet + 3x). Define R, = (n + 1)!S,,,
then
(n +3)Sui2 = [Vt + (20 + 5)]Sns1 — 22(n + 2)S,,. (C.47)
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As before, we can find its associated ODE.
S'(2)(1 — z22)%2 = S(2)[2(err + 37) — 22227 — 1] + (1 — 2(7eg + 37))Sp + 2251, (C.48)
with initial condition S(0) = Sy. Using the same method as before, we find

/yeﬁ. e_Vef‘f/x

. 711[0’ oL (C.49)

Fo=1+

These closed expressions of the continued fractions allow us to find the singlet and triplet
populations. Using Eq. (C.32) we obtain Eq. (5.40) and Eq. (5.41) from Chapter 5.
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