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Introduction

Mechanical resonators are ubiquitous in today’s world. Aside from well-known, readily available
examples like swings, pendulums and musical instruments, mechanical resonators also influence
our daily life in ways that are not immediately noticeable or even visible to the human eye.
The advances of micro- and nanofabrication in recent decades have allowed the dimensions of
mechanical resonators to shrink significantly, leading to a wide range of novel applications in
industry and science [1]. Micrometer-sized resonators are used as compact and efficient sensing
devices, dubbed MEMS sensors (micro-electromechanical systems), in a variety of consumer
electronic devices [2, 3]. Smartphones, for example, rely on MEMS as microphones, altitude
sensors and gyroscopes, which detect the rotation of the device [4]. In cars, MEMS are used
for electronic stability control, tire-pressure monitoring and navigation systems as well as crash
detection and the deployment of air bags [5, 6]. Moreover, MEMS sensors are essential in
the advance of the internet of things (IoT). They provide the low-cost, low-energy sensors
that collect much of the data processed in decentralized wireless sensor networks (WSN) of

internet-connected wearables, smart home appliances and public infrastructure [7].

The high sensitivity of micromechanical sensors also plays a role in a variety of analytic
tools and measurement setups widely used in scientific research. For example, atomic force
microscopy (AFM) and surface tunneling microscopy (STM) rely on micromechanical cantilevers,
both being essential instruments for the precise investigation of a material’s texture, thickness
and topography [8, 9]. Similar, cantilever-based techniques have also been used to investigate
the dynamics of proteins [10] and manipulate single electronic spins [11]. By further scaling
down the dimensions of mechanical resonators to the nanometer-regime, even higher degrees of
sensitivity can be achieved. The resulting nanomechanical resonators are often comprised of
doubly-clamped strings or tubes fabricated from a tensile stressed material, reaching masses on
the order of 10722 kg and resonance frequencies in the MHz to low GHz regime. The systems
have been shown to be able to detect the mass of single molecules and atoms attached to
the resonators [12, 13], and even higher sensitivities can be reached at low temperatures [14].
Future developments in this direction could eventually lead to the emergence of nanomechanical
alternatives in biological or chemical detection, i.e. the precise characterization of trace amounts
of substances like drugs or toxins by mass spectroscopy [15, 16].



Contents

Additional, interesting fields of research present itself when mechanical modes interact with other
degrees of freedom. The integration of mechanical resonators into optical cavities lead to the
formation of the field of cavity optomechanics [17], combining the excellent control and readout
techniques for optical cavities with the high quality and coherence of mechanical modes. The
resulting optomechanical systems allow highly sensitive optical detection of small displacements
up to the limit posed by quantum fluctuations [18]. Notably, optomechanical detectors recently
gained renewed popular attention for their role in the successful detection of gravitational
waves [19], an effort eventually awarded with the Nobel prize in 2017. Apart from sensing
applications, optomechanical systems have been employed to manipulate and control mechanical
motion using light and vice versa. Thus they have been shown to enable coherent optical wave-
length conversion [20] as well as the cooling of mechanical modes to the quantum ground state [21].

Similarly, the integration of mechanical resonators into electronic circuits established the field of
circuit electromechanics. In corresponding experiments, nanomechanical resonators are used to
modulate the capacitance or inductance of (superconducting) microwave circuits, which in turn
can be used to precisely read out the mechanical motion [22, 23]. The interaction of mechanical
and electric elements can further be used to control and transfer excitations throughout the
circuit, a perk that becomes especially interesting when considering more complex systems
including other elements (e.g. qubits) [24, 25]. Furthermore, recent experiments successfully
demonstrated quantum phenomena like squeezing [26, 27| and entanglement [28, 29] in mechani-

cal resonators.

Recently, increased attention has been turned towards hybrid systems involving magnetic
degrees of freedom. This is due to the fact that magnons, the quantized excitations of magneti-
zation in magnetic materials, offer long lifetimes and good frequency tunability by magnetic
fields [30], which are important properties for information carriers. By integrating magnetic
insulators with microwave circuits, strong coupling could already be observed between magnons
and microwave photons [31-33]. Similarly, light-matter interaction between a magnetic material
and optical light was demonstrated, forming the research field of (cavity) optomagnonics [34, 35].
By combining both techniques, magnon-mediated wavelength conversion between microwave
and optical frequencies has been realized [36]. Notably, these hybrid systems do not rely on
mechanical resonators. However, experiments have demonstrated the introduction of mechanical
degrees of freedom into similar systems [37] in order to investigate magneto-mechanical interac-
tion, which will be a subject of this work.

This thesis is divided into two parts:

Part I is dedicated to the investigation of magnetoelastics on a dynamic level, i.e. the coupling
between magnonic and phononic degrees of freedom. We build upon successful concepts of
cavity optomechanics, in particular optomechanical crystals [38], in order to establish a new,
nanomechanical platform for the investigation of engineered magnon-phonon coupling. We
design and fabricate magneto-mechanical hybrid structures, aiming to couple the magnetization
of a magnetic thin film to a nanomechanical resonator and seek to observe the effects of the

interaction in ferromagnetic resonance measurements.
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In Part II, we investigate the interaction between multiple, high-Q) nanomechanical resonators
which are mechanically coupled. We design and fabricate strongly coupled multi-resonator sys-
tems and demonstrate an all-mechanical protocol for the coherent transfer of phonons between
coupled resonators.

Lastly, we conclude the thesis with a brief summary and an outlook on future experimental work
and long-term perspectives.
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Magneto-Mechanical Hybrid Systems






Chapter 1

Introduction

In the first part of this thesis, we aim to take essential first steps towards establishing a new
platform for the investigation of magnetoelastic interaction on a dynamic level [39, 40]. This
engineered magnon-phonon coupling is based on periodic, nanomechanical structures known
as phononic crystals [41, 42]. With the emergence of optomechanical crystals [38] in the field
of cavity optomechanics [17], it was found that periodicity in nanostructured materials can be
exploited to form mechanical analogues to optical Fabry-Perot cavities. These phonon cavities
are capable of confining GHz-frequency, high-Q phononic modes to nanomechanical resonators
[20, 43, 44]. Here, we attempt to extend the concept of phononic crystals towards magnetic
materials and design, fabricate and characterize a magneto-mechanical hybrid structure. As
the GHz regime is home to ferromagnetic resonance (FMR) [45] frequencies of most common
ferromagnets, localizing mechanical modes of similar frequency in a magnetic material should
lead to a strongly enhanced magnetoelastic interaction within the hybrid structure [46, 47].
Ideally, the enhanced interaction should prove strong enough to measurably affect the observed

magnetic resonance frequencies.

To this end, we present a theoretical framework for the calculation of acoustic wave prop-
agation in periodic solids in Chapter 2, introducing the concept of phononic crystals in the
process. We discuss how Finite Element Method (FEM) simulations can be employed to predict
a material’s elastic properties and how the latter can be deliberately manipulated by careful
selection of macroscopic, geometric parameters. Subsequently, we provide a brief overview of the
magnetoelastic interaction aimed to observe throughout this part of the thesis. In Chapter 3, we
discuss the detailed design process of the fabricated sample structures. In particular, we adapt
the established concepts of phonon cavities and phononic shields, relying on FEM simulations
to precisely tailor their elastic properties to our requirements. Chapter 4 is dedicated to a
step-by-step summary of the thin film fabrication process employed to produce the previously
designed sample structures. Additionally, we show Scanning Electron Microscopy (SEM) images
of fabricated samples and evaluate the achieved fidelity to the design. In Chapter 5, we present
and discuss first experimental results gathered in broadband ferromagnetic resonance (bbFMR)
measurements of two fabricated hybrid structures. Finally, we provide a summary of the findings
in Chapter 6.






Chapter 2

Theory

This chapter is dedicated to establish a theoretical framework for the description of mechanical
vibrational waves and standing waves in engineered phononic environments. In addition, this
chapter provides an introduction to the interaction of said mechanical waves with spin-waves in

magnetic materials, called magnetoelastics.

2.1 Phononic Crystals

In solid state physics, one commonly refers to a crystal as a periodic arrangement of atoms or
molecules, repeated throughout a material on a distinct pattern called the crystal lattice. By
analyzing the periodic potential induced by the crystal’s molecules and its effect on electrons
propagating through it, insight can be gained into the conductive properties of the crystal and
the corresponding material. Similarly, information about the propagation of elastic waves and
the dispersion of phonons in the crystal can be gathered (cf. Ref. [48]). It has been found that
an arrangement of different macroscopic materials, exhibiting a discrete periodicity through
varying dielectric constants, can form an optical analogue, a photonic crystal. With carefully
constructed designs, photonic crystals allow the control and manipulation of propagating light,
including the selective attenuation of desired frequencies (cf. Refs. [49, 50]). Similarly, materials
with periodic elastic properties (e.g. density and elasticity) can be constructed in order to control
the propagation of acoustic waves through a solid. The resulting structures, called phononic
crystals [41, 42], offer a wide range of applications from the detection and focusing of sound
[51, 52] to the isolation of buildings from external vibrations [53].

In this section, we give an overview of the theoretical background governing the elastic properties
of phononic crystals. In particular, we discuss the techniques and equations employed in the
numerical calculation of mechanical modes of periodic structures and their visualization as
phononic band diagrams. Subsequently, we present a common field of application for phononic
crystals, called bandgap engineering, detailing how the theoretical knowledge can be applied to
engineer materials with very specific elastic properties.

It should be noted that, in the following discussion, we make use of some of the vocabulary and
concepts established in the field of crystallography, including the reciprocal space, Bloch’s theorem
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and the Brillouin zone. Since a comprehensive introduction to this field would exceed the scope
of this thesis, we refer readers unfamiliar with these concepts to the excellent introductions in
solid state physics books such as Refs. [48] or [54].

2.1.1 Phononic Bloch Waves

The propagation of an acoustic wave in a homogeneous medium without body forces is described
by the time evolution of the displacement field t(X,t), which is given (in component notation)
by [55] )

p(i)w = 8]' [Cwmn(i)anum(i,t)] (2.1)
The differential equation 2.1 connects the elastic properties of a material, namely the scalar
density field p(X) and the rank 4 elasticity tensor C(X), with the displacement (i.e. the mode
shape) U(X,t) of an acoustic wave propagating through the material. The indices (i,7,m,n)
range up to the number of considered dimensions, i.e. (i,j,m,n) € (1,2,3)* and @ = (u1, uz, u3)
in the three-dimensional case. For the treatment of phononic crystals, we now consider a
material system with a discrete, one-dimensional translation symmetry of its elastic properties,
ie. Cijmn(X+ Ad) = Cijmn(X) and p(X + Aa) = p(X) for all integer values X. In other words,
the material is periodic along the direction & with periodicity a = |a|. Based on this periodicity,
Bloch’s theorem states that the displacement field can be expressed in the form of a Bloch wave

wi(X ) = eFRU(R 1), (2.2)
where k is the Bloch wave number and U;(X,t) is a periodic function satisfying [56]
Ui(X+4a,t) =U;(X,t). (2.3)
This implies the following relation for the periodicity of the original displacement field
wi(X + &t) = eFEFIU(R ) = KPR 1) = e, (R 1). (2.4)

Equation 2.4 is known as a Bloch boundary condition. Since the displacement in any position
% + 4 is connected to the displacement at X by a simple phase shift e?*@, calculating w(X,t) for a
unit cell of the structure (i.e. for all |X - 4| < a) with respect to the Bloch boundary condition
results in a complete description of the displacement field for all positions X. To this end, we

rewrite Eq. 2.1 using Eq. 2.2 to [56]

02U (R t)

p(i) 2 = z'k:jSZ-j ()E,t) + ajSij ()E,t), (25)

where we defined the reduced stress tensor S;;(X,t):
Sij (ivt) = Cljmn(x)[anUm(iat) + 8nUm(iat)] (2.6)

The set of differential equations presented by Eq. 2.5 can be discretized and solved numerically for
solutions of U;(X,t), classified by the wave number k. However, to further simplify the calculation

10
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we make use of another property of Bloch waves: Solutions that differ in k£ by integer multiples
of the reciprocal lattice vector b = (27 /a)a are identical. This can also be seen in Eq. 2.4 when
considering the phase shift between adjacent cells, since cilk+b)a _ ikd by definition of b. As
such, it is sufficient to consider a range of k between —7/a and 7/a, which is called the Brillouin
zone. In fact, by using time-reversal symmetry, one can even further reduce the discussion to
the irreducible Brillouin zone, spanning 0 < k < m/a, which is typically labeled by symmetry
points I' (k =0) and X (k =7/a).

In summary, one chooses a wave number 0 < k& < 7/a and numerically calculates the time-
dependent displacement field of the unit cell d(X,t) from Eq. 2.5 with respect to the Bloch
boundary conditions Eq. 2.4. Subsequently, the mechanical eigenfrequencies v, of the structure
can be obtained by a discrete Fourier transformation of the displacement field. Repeating this
calculation for various k within the irreducible Brillouin zone results in a phononic band diagram
of the structure. For the band diagrams shown throughout this thesis, this process is performed
by a Finite Element Method (FEM) solver, which divides a model of the unit cell of the structure
into a finite number of nodes and solves the necessary differential equations at these discrete
points.

Note that this procedure can easily be expanded to structures with higher degrees of sym-
metry (i.e. periodicity along more than one direction). In this case, the wave number classifying
the solutions becomes a wave vector k = (kg, ky, k-) and the irreducible Brillouin zone becomes
more complex, leading to the introduction of additional symmetry points. For example, in
the case of a two-dimensional rectangular lattice with periodicity a, the irreducible Brillouin
zone is spanned by 0 < k; < 7/a and 0 < k, < k;, introducing the new symmetry point M
(kg = ky = m/a). For further information and alternative approaches regarding the calculation
of acoustic waves in periodic structures, please refer to Refs. [55, 57, 58] and [59], with the latter
focusing on the practical application of FEM simulations.

2.1.2 Bandgap Engineering and Localization

Having established suitable tools to simulate acoustic waves in periodically structured solids,
we now want to discuss how this knowledge can be employed in order to design materials with
specific elastic properties. A goal commonly pursued in the design of phononic crystals is the
fabrication of materials with a phononic band gap [60-62], i.e. a range of frequencies for which
no eigenmodes of the system exist for any wave vector k. A simple, classical model exhibiting a
phononic bandgap is a one-dimensional, linear chain comprised of alternating small and large
masses, which are coupled by springs. Such model systems are commonly studied in solid-state
physics lectures in the context of crystal lattices with a diatomic basis [48, 54]. An illustration
of the model along with its phononic band structure is shown in Fig. 2.1a and a sketch of the
analytic calculation of the phononic dispersion relation can be found in App. A.3. Clearly, we
observe a wide gap in the frequency spectrum between the two possible vibrational modes of
the linear chain. A detailed examination of the mode shapes reveals that the low-frequency
acoustic band corresponds to a motion that is primarily carried out by the large masses M, while

11
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Figure 2.1: Phononic band diagram for a. a simple spring-mass system and b. its nanomechanical analogue
realized with the quasi-1D phononic crystal chain shown on the far right. The crystal’s bands were
simulated for a silicon structure with dimensions of (ca, ¢n, cw,t) = (500,400, 100,200) nm and are
drawn according to the symmetry of the mode. (—), (), (- --) and (- - ) correspond to modes
with (oy,0.) symmetry of (+,+), (—,—), (—,+) and (+,—) respectively, where o, denotes mirror plane
symmetry about the y-axis and o, denotes mirror plane symmetry about the z-axis. The figure is
adapted from Ref. [60].

the displacement of the high-frequency optical mode predominantly affects the small masses m.
Furthermore, it can be shown that an increased discrepancy between the masses M and m leads
to an enlargement of the frequency bandgap.

Notably, it was found that the properties of this masses-and-springs model can be repro-
duced in a periodic, nanomechanical structure. Fig. 2.1b shows the realization of a quasi-1D
(i.e. infinitely periodic only in x-direction) phononic crystal chain, consisting of a series of
nanometer-sized squares, connected by narrow bridges, along with a FEM simulation of its
phononic band structure. Notably, as the crystal, unlike the spring model, is in fact a three-
dimensional body, significantly more modes result from the simulation. However, the bands
can be distinguished by symmetry arguments. When considering only modes with mirror
plane symmetry about the y- and z-axis (solid blue bands), we observe the formation of a
similar, several GHz wide bandgap between the two lower eigenmodes. Importantly, only a
negligible amount of energy is coupled between modes of alternate symmetry. Therefore, for
the propagation of a mechanical mode with a certain symmetry, the bands of other symmetries
can in fact be neglected for the general discussion of a phononic bandgap. Note that while
the phononic band structure of the crystal is similar to the spring model, the actual mode

12
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shapes exhibited by the crystal are much more complex and can not be straightforwardly
compared. For a detailed simulation and discussion of the individual mode shapes, please refer
to Ref. [60]. Lastly, it has been shown that the eigenfrequencies of the lower bands depend
strongly on the size of the connecting bridges, ¢y, while the high-frequency bands are almost
entirely determined by the internal resonances of the squares. As such, the position of high-
and low-frequency bands can be adjusted almost independently of each other by altering the

geometry, offering high control over the bandgap size and position over ranges of several GHz [60].

When an acoustic wave encounters a structure with a frequency inside the latter’s bandgap,
it will be assigned a complex wave number k, leading to an exponential decay of the wave’s

k% in BEq. 2.2 gains a real component).

displacement as it propagates through the material (since e’
Therefore, materials exhibiting a phononic bandgap can be used as frequency dependent mirrors
for acoustic waves (phonons), exhibiting large reflection coefficients for frequencies within the
bandgap. Potential applications are not only related to the isolation of measurements against
external vibrations, but also the confinement or localization of phonons of certain frequencies to
an area surrounded by the phononic crystal (cf. e.g. Refs. [38, 63, 64]), with the latter essentially
representing the mechanical analogue to an optical Fabry-Perot cavity. We will discuss two
specific applications of bandgap-engineered phononic crystal as phonon cavities and phononic

shields in the context of our simulations in Sec. 3.

2.2 Magnetoelastics

While a large part of this thesis is focused on the description and precise engineering of elastic
properties of hybrid-nanostructures, the long term goal is the investigation of magnetoelastic
interaction between the mechanical and magnetic degrees of freedom within the fabricated samples.
To this end, we want to dedicate this section to an introduction to the field of magnetoelastics,
providing basic definitions, an overview of research applications and an evaluation of the expected

effects on ferromagnetic resonance (FMR) measurements.

2.2.1 Fundamentals

Magnetoelasticity describes the reciprocal dependency between the elastic stress of a ferromag-
netic material and its magnetization [39, 40], enabling an alternative method of control of the
latter without requiring the generation of magnetic fields [65, 66]. In particular, a periodic elastic
deformation (i.e. a mechanical oscillation) affects the magnetic anisotropy throughout a material,
which leads to an effective torque acting on the magnetization of the system. The underlying
spin-mechanical interaction can be understood as the coupling between spin waves (magnons)
and elastic waves (phonons) present in the material. According to theory, the strength of the
coupling is enhanced if the magnons and phonons exist at similar frequencies (usually few MHz
to GHz) [46, 47]. The magnetoelastic interaction has been used in a variety of experiments from
strain sensing [67] to phonon-driven ferromagnetic resonance (FMR) [68] and the creation of
spin-polarized electrical currents [69, 70]. Furthermore, the reverse application of the interaction,
called magnetostriction [39], also constitutes an active field of study. The effect can be used to

13
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manipulate a material’s elastic properties by controlling its magnetization, e.g. by applying an
external magnetic field. For example, it has been demonstrated that magnetic thin films can
be precisely investigated using nanomechanical resonators by exploiting the magnetostrictive
properties of the material [71, 72].

In the following, we proceed with a compact overview of the equations describing the effects of
magnetoelastic interaction in order develop an understanding of how magnon-phonon coupling
could be observed in the sample structures of this thesis. For a more in-depth, theoretical
treatment of the subject please refer to Refs. [39, 46, 47].

Since we only consider magnetic films with thicknesses below 50nm throughout this thesis
(see Chap. 3), we begin with the expression for the magnetic free energy density F of a thin
magnetic film (extended in x- and y-direction), exposed to an external magnetic field H, [39]

F(m) = —,Uoﬁo -m + Bgm? + By (i - If'l)2 + const, (2.7)

using the magnetization vector normalized to the saturation magnetization m = 1\_/’I/MS =
(Mg, my, m;). Further, uy is the vaccuum permeability, Bq = poMs/2 describes the shape
anisotropy and By is the uniaxial in-plane anisotropy along G = (uz, u,,0). In a static equilibrium
scenario, the magnetization m will align itself towards the most energetically favorable state, i.e.
the minimum of F°. A mechanical oscillation will introduce a time-dependent strain &(t) to the
material, which we assume to act only along the x-direction for simplicity (i.e. £(¢) | X). The

strain contributes to the magnetic free energy due to magnetoelastic coupling [39] according to
Feas(m, t) = Bie(t)m?2 + const, (2.8)

proportional to the magnetoelastic coupling constant Bj.
The change in the free magnetic energy density can now be expressed as an effective magnetic
field

Hea(t) = Vil = — Vs (FO + F(t)), (2.9)

acting on the magnetization vector m evaluated at its equilibrium position [73]. This result
tells us that for a finite coupling constant B; the effective magnetic field gains an oscillatory
component Hejos(t) = =V F9%5(t)) due to the time-dependent strain e(t).

However, at this point, we will neglect the explicit time-dependence of £(¢) and instead consider
the effect of an averaged strain e, = (£(¢)). This simplifies the following discussion since Hejag is
now constant in time. We can consequently rewrite the time-independent effective field to

ﬁeﬁ = ﬁ() + ﬁaniso + ﬁelas; (210)

where we introduced a virtual anisotropy field Haniso t0 encapsulate the contributions to Eq. 2.7,
which are independent of the real, externally applied field ﬁo. Note that ﬁeﬁ corresponds
to a minimization of the magnetic free energy, so that the magnetization will strive to align
itself along its orientation, i.e. m || H,s in equilibrium. Therefore, the effective magnetic
field crucially influences the magnetization dynamics of the investigated system. In particular,

14
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the time-evolution of m is governed by its classical equation of motion, known as the Landau-
Lifshitz-Gilbert (LLG) equation [74, 75]:

Oy = —y1i X poHeg + a1t X 91 (2.11)

Here, « is a phenomenological damping parameter and v = gup/h is the gyromagnetic ratio
with the Landé-factor g, the Bohr magneton pup and the reduced Planck constant 7.

By solving Eq. 2.11, one finds that m performs a precessional motion around ﬁeﬁ with the
angular frequency

Wres = ’yuglﬁeﬁ ) (2.12)

Notably, a study of the precession frequency wyes for different magnetic fields H, can provide
information about the magnetic properties (e.g. the anisotropy and damping) of the investigated
material. A common approach to the quantitative investigation of wyes are ferromagnetic
resonance (FMR) measurements [45], a concept which we will now introduce.

2.2.2 Ferromagnetic Resonance (FMR)

In the following, we discuss the fundamental principles of FMR and subsequently assess the
influence of magnetoelastic coupling on the observed resonance frequency. FMR measurements
probe the resonant absorptlon of electromagnetic waves in a magnetlc material. In the presence of
an external magnetlc field Ho, the material’s magnetization M precesses around a corresponding
effective field Heg, as described by Eq. 2.11 and illustrated in Fig. 2.2a.

a. b.
Heff
A
an M C
M
-M><H

Figure 2.2: Schematic illustration of the basic working principle of ferromagnetic resonance (FMR). a. The
magnetization M precesses around an effective magnetic field H.g with frequency wres. Due to damping
effects, M will eventually cease precession and align itself along H.q. b. The external microwave field
huvw (t) alters the effective field acting on the magnetization. In the case of ferromagnetic resonance,
i.e. WMW = Wres, the damping is compensated by the microwave field (see orange arrow), which is
partly absorbed in the process. Thus, a resonance signature is visible in the microwave transmission

spectrum. The figure is adapted from Ref. [76].

In FMR measurements, an additional, oscillating magnetic field HMW(t) is introduced per-
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CHAPTER 2 THEORY

pendicular to ﬁo, generated by a microwave signal passing through a conductor close to the
investigated structure. The origin of the resonant absorption is the interaction of the oscillat-
ing field with the precessing magnetization, as is illustrated in Fig. 2.2b. In particular, the
oscillating field counteracts the damping of the precession (see orange arrow). If the precession
frequency of 1\7[, wres (cf. Eq. 2.12), and the frequency of the driving field wyw are brought on
resonance, the microwave field compensates the damping of the precessional motion completely

and an increased absorption of the microwave signal can be observed in the transmission spectrum.

Notably, due to the addition of the oscillating magnetic field, ﬁeﬁ becomes more complex.
In order to derive a corresponding solution for the ferromagnetic resonance frequency, we assume
an orientation of the magnetic field along the x-axis, i.e. H, = HpX, and split the expressions
for ﬁeﬂr and m into static and time-dependant parts:

He(t) = Hatar + hvw (£) = (Ho + Haniso + Helas)& 4+ harw (£) (2.13)
M

m = +m(t 2.14

() (2.14)

Furthermore, we assume harmonic time-dependencies of the form HMW(t) = ﬁMW’o -e™t and
Ifl(t) = l’flo . 6th.

Inserting these expressions into Eq. 2.11 and solving' the differential equation for the FMR
frequency frmr = w/2m results in the solution [77]

fFMR = %PJO \/(HO + Haniso + Helas + (Nac - Nz)Msat) ' (HO + Haniso + Helas + (Ny - Nz)Msat)a

(2.15)
which is known as the Kittel equation®. Here, N, .. are demagnetization factors that depend
on the geometry of the investigated sample with respect to the applied magnetic field. In a thin
film, they lead to a distinction between two specific cases. For a magnetic field oriented normal
to the sample plane, N, = N, = 0 and N, = 1, resulting in the out-of-plane Kittel equation:

FO(lz/?R = %HO(HO + Msat — Haniso — Helas) (2.16)

Conversely, for a magnetic field pointing along the plane of the thin film, N, = N, = 0 and
N, = 1. Thus, we obtain the in-plane variant of the equation:

]?i\/[R = %,UO \/(HO + Haniso + Helas) : (H(] + Haniso + Helas + Msat) (217)

The Kittel equations describe the dispersion of the FMR frequency, i.e. its dependence on the
externally applied magnetic field. Therefore, the experimentally observed dispersion in FMR
measurements can be fitted with the corresponding equation in order to quantitatively analyze

the data, which we will use in Chap. 5. However, the fitting process can not distinguish between

'Here, we do not provide a detailed calculation of the equation. For a more thorough derivation, please refer to
Refs. [77-79].

2Note that the original Kittel equation does not explicitly consider elastic contributions Heias. However, as they
correspond to a simple addition to the effective field, they can be easily incorporated.
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2.2 MAGNETOELASTICS

H.pniso and Hgl,s, as they are summarized. Therefore, the magnetoelastic contribution can not
be individually extracted. Nonetheless, Eq. 2.15 clearly shows that the strain € induced by a
mechanical oscillation of the material will affect the resonance frequency fryg. Therefore, it
should be possible to observe the influence of magnon-phonon coupling in conventional FMR
measurements, as long as the magnetoelastic coupling is sufficiently strong. In particular, the
investigation of engineered materials exhibiting a complete phononic bandgap (see Sec. 2.1.2)
appears intriguing. Due to the wide tunability of the FMR frequency with the external magnetic
field, the dispersion of the FMR mode could be investigated at frequencies within the bandgap of
the material, where no resonant magnon-phonon coupling can occur, and subsequently compared
to the dispersion at frequencies outside of the bandgap.
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Chapter 3

Simulations and Sample Design

This section is dedicated to a detailed description of the design process which the samples
fabricated in the scope of this thesis underwent. We use Finite Element Method (FEM)
simulations to first recreate geometries of phononic crystals, which were previously published in
the field of optomechanics, and adapt them to our material system and evaluate the suitability for
our project. Subsequently, we introduce magnetic materials to the structures, forming a double-
layer system intended to investigate magnetoelastic interaction and simulate the mechanical
properties of the altered crystal. For additional information regarding FEM simulations of
acoustic waves, we recommend Ref. [59]. All simulations in this thesis are performed using the
FEM solver software Comsol Multiphysics [80].

3.1 Zipper Resonators

We commence by introducing the design of a "zipper”-type optomechanical crystal or zipper
resonator, a design popular in the field of optomechanics [17] for its ability to simultaneously
localize GHz-frequency elastic waves (phonons) and photons in the THz regime (cf. e.g. Refs.
[20, 38, 43, 44]). Since we intend to investigate magnetoelastic interaction, we all but neglect the
optical properties and focus our discussion on the localization of GHz-frequency phonons. An
illustration of a typical zipper resonator design is shown in Fig. 3.1. It consists of a nanomechanical

mirror area cavity area mirror area
(nominal cells) (defect cells) _ (nominal cells)
;

0000000000000

y

Lo

Figure 3.1: Schematic illustration of a typical zipper resonator geometry in top-down view. The resonator consists
of a freely suspended nanomechanical string, perforated by elliptic holes. The mirror areas extend
beyond the boundaries of the illustration and form a perfectly periodic phononic crystal. They act
as mirrors for acoustic waves of certain frequencies, confining them to the cavity area of different

geometry in the center of the string.
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CHAPTER 3 SIMULATIONS AND SAMPLE DESIGN

string, which is periodically perforated by holes, generating the discrete periodicity of elastic
properties necessary to create a phononic crystal with a phononic bandgap (as introduced in
Sec. 2.1.2). The perfect one-dimensional periodicity is interrupted in the center of the string by
a defect- or cavity area of altered geometry. If the mechanical eigenmodes of the defect area
are successfully matched to the bandgap of the surrounding phononic crystal, the latter forms
a mirror area reflecting and confining acoustic waves to the cavity. In order to achieve this
state, the geometry of the string, the holes and the defect has to be carefully chosen. In the
following, we will detail the design process of a zipper resonator, using FEM simulations in order
to determine the ideal geometry for the localization of phonons in a frequency range comparable
to magnonic resonance frequencies (i.e. several GHz).

3.1.1 Phonon Localization

At the beginning of the design process, we will focus on creating a fully periodic crystal (i.e. the
mirror area) which exhibits a wide phononic bandgap at suitable frequencies and neglect the
defect area for the time being. As discussed in Sec. 2.1.1, when dealing with periodic materials,
it is possible to make statements about the elastic properties of an extended structure by only
considering its unit cell, i.e. the largest, non-redundant building block that can form the actual
body when repeated sufficiently. Therefore, in order to simulate the elastic properties of our
mirror area, we treat it as a quasi one-dimensional, infinitely periodic repetition (projection) of
a rectangular unit cell with length a, width w and thickness ¢, which is perforated by an elliptic
hole spanned by hy and hy. A 3D model of such a unit cell is illustrated in Fig. 3.2a, with the
dimensions (a,w, hx, by, t)nominal = (350,500, 360, 160, 90) nm and periodicity along the x-axis.
The chosen geometric parameters are loosely based on Refs. [44, 64], but have been altered in
order to produce similar results in a material system of 90 nm thick SigNy .

As discussed in Sec. 2.1.1, the possible mechanical modes of the structure can now be gathered
using a FEM simulation of the unit cell by defining periodic Bloch boundary conditions as in
Eq. 2.4. The periodicity further allows us to invoke Bloch’s Theorem and classify all of the
solutions by a wave number k, in the irreducible Brillouin zone, I' =0 < k, <7 = X, and a
band index n. Thus, we can fully describe the system’s mechanical modes by its phononic band
structure. The resulting band diagram for the zipper unit cell is plotted in Fig. 3.2c, where every
band represents one discrete eigenfrequency of the infinitely periodic structure, each continuous
in the wave number k. Due to the plane symmetry of the unit cell about the z =0 and y =0
planes, the eigenmodes can be further distinguished based on their vector symmetry regarding
these planes. To this end, bands with a positive y-z-symmetry are highlighted in red. The mode
symmetry becomes significant because it has been shown [38, 43], that, in an ideal scenario, the
mode-mode coupling between bands of different symmetry is negligible, resulting in an effective-
or quasi-bandgap of more than 2.6 GHz for y-z-symmetric modes in the investigated structure
(light orange area).

So far, the simulations show that the projection of the investigated unit cell can exhibit
GHz frequency oscillations and form a phononic bandgap, but no localization is yet achieved.
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v (GHz)

N Wb TN 0 O

O 1
transition to
defect cell

r X

Figure 3.2: a. The unit cell of a zipper resonator defined by the geometric parameters (a,w, hx, by, t)nominal =
(350, 500, 180, 80,90) nm. c. Band diagram simulated for the unit cell’s projection in x-direction.
Bands with mirror plane symmetry about the y- and z-axis (—) and other symmetries (- - -) are
set apart and the resulting quasi-bandgap (light orange) is highlighted. b. Eigenfrequency of the
fundamental breathing mode (second red band) in the I'-point during the transition from the nominal
unit cell to the defect cell. The final defect mode frequency vaefect = 4.61 GHz is projected (- - -) onto
c. The insets show simulated mode shapes of the breathing mode for the nominal (right) and the
fully transformed defect cell (left) with (a,w, hx, by, t)defect = (280, 500, 240, 200, 90) nm.

Consequently, the discrete periodicity of the structure has to be broken by insertion of a defect
area within the resonator, which allows the formation of mechanical modes of different frequencies.
If the defect area is designed properly, it will exhibit eigenfrequencies which are not allowed to
propagate within the nominal (non-defect) structure. The latter will thus act as a reflecting
Bragg mirror, effectively confining the defect modes to the cavity area. In our structure, the
defect is realized by inserting a number of differently shaped, rectangular cells around the center
of the resonator.

By performing further FEM simulations of unit cells with different geometries, we find that a cell
with shorter size a and a smaller, more circular hole (i.e. hy ~ hy) will exhibit a y-z-symmetric
mode with a significantly lower eigenfrequency. The effect of moving from the nominal cell
geometry to a defect cell with (a, w, hx, by, t)defect = (280, 500, 240, 200, 90) nm is illustrated in
Fig. 3.2b, where we focus only on the second y-z-symmetric mode at k, = 0. This mode is
commonly referred to as breathing mode' [38], since it is characterized by periodic expansion
and contraction of the material along the y-direction, resembling a breathing motion (the mode
shape is visualized in the insets). Notably, this defect mode has a frequency of vgefect = 4.61 GHz
which lies within the quasi-band gap of the nominal projection. As such, a defect with this
geometry should theoretically perform mechanical oscillations strictly localized to the defect area.

In order to test this hypothesis, we move on to model a complete zipper resonator, including

"While it is possible to localize other modes to the same defect, we choose to focus on the breathing mode due to
its well suited frequency with an almost linear dependence on the cell geometry. For a discussion of other
modes exhibited by a zipper resonator, see Ref. [38].
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Figure 3.3: a. The unit cell parameters a (—), hy (- --) and hx ( ) in units of anominal, plotted as a function
of the hole index ny, where n;, = 0 corresponds to the center of the defect area. Within the defect
area, the parameters are smoothly transitioned by Eq. 3.1 to the defect geometry (a, hx, hy)detect
= (280, 240, 200). For indices |nn| > 15, the unit cell remains constant at its nominal dimensions
(@, hx, Py )nominal = (350, 360,160) nm. b. Ilustration of the resulting zipper resonator’s defect area. c.
FEM simulation of the zipper resonator’s fundamental breathing mode shape at veavitey = 4.764 GHz.
The strong localization of the displacement field (color) to the center of the defect area is clearly

visible. Note that the deformation of the material is exaggerated for clarity.

the defect area discussed above, in order to perform simulations of the actual structure. We
design the resonator to have a total length of 35 um, offering space for 100 nominal unit cells,
and choose the defect area to span 15 holes to each side from the center of the string. Since
the suppression of the defect mode in the mirror region is expected to be exponential [81], this
number of surrounding nominal cells should be sufficient to form a low-loss phonon cavity. To
achieve a gradual modification of the nominal cell towards the defect cell, we transition each of
the geometric cell parameters p € (a,hy,hyx) with a smooth function of the form

2 3
n n
p(nh) = Pdefect + (pnominal - pdefect) : [3<|£’) - 2<|]\};|> ‘| ’ (31)

where ny, € [-N,N] is used to index the cells in the defect area with N being the total number
of defect cells on each side. Equation 3.1 was chosen to ensure a smooth transition of the cell
dimensions, which has been shown to have an influence on optical quality factors [82]. So far, no
significant influence of the transition function on the localization of mechanical modes became
apparent in the simulations. However, no systematic investigation was performed. The resulting
development of the parameters a, hy and hy across the defect area is plotted in Fig. 3.3a while
the corresponding zipper resonator layout is shown in Fig. 3.3b. Using the transition functions,
we obtain a complete description of the zipper resonator’s geometry and can proceed to perform
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3.1 ZIPPER RESONATORS

a FEM simulation of the structure’s possible eigenfrequencies. While the resonator exhibits
a multitude of eigenmodes, we are primarily interested in the breathing mode of the defect
cell which we expect around vgefeet = 4.61 GHz according to previous simulations. We find
the fundamental breathing mode of the zipper resonator at veavity = 4.764 GHz and present its
displacement field in Fig. 3.3c. As expected, the displacement field is confined to a small area of
roughly 12 cells within the cavity area of the string. The fact that we find the localized mode
shifted to higher frequencies in comparison to the defect cell simulations can be explained given
that the actual structure consists of a series of smoothly transitioned defect cells and not a
periodic repetition of the fully deformed cell as assumed in the single cell simulations.

3.1.2 Influence of the Cobalt Layer
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Figure 3.4: Fundamental breathing mode frequency (at the I" point) of the defect cell (red dots) and size of
the quasi-bandgap of the nominal cell (light orange) for increasing thicknesses tco of Co added in
positive z-direction to the unit cell. The values are the result of FEM simulations of unit cells with
(a,w, hx, by, t)nominal = (350, 500, 360, 160, 90) nm and (a, w, hx, hy)defect = (280, 500, 240, 200, 90) nm,
respectively. We observe a small but steady decline in the size of the quasi-bandgap and the defect

mode frequency.

According to the simulations, the localization of phonons should be achievable by fabricating
a zipper resonator with the geometric parameters described in the previous section. However,
as the aim of this thesis is to investigate magnetoelastics in the zipper structure, it is time
to introduce magnetic materials into the discussion. In a fairly straightforward approach, we
extend the zipper resonator designed above towards a double-layer system comprised of an
additional layer of cobalt applied on top of the SizNy string. In order to evaluate the impact of
this addition on the elastic properties of the zipper resonator, we perform additional single cell
FEM simulations for varying thicknesses of Co. The results are shown in Fig. 3.4. In particular,
we simulate band diagrams for the nominal cell with dimensions as described above in order to
extract the size of the quasi-bandgap. Additionally, we investigate the eigenfrequency of the
fundamental breathing mode (at the I' point) of the fully deformed defect cell as a function of
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the Co thickness tc,. The results show a decrease in the bandgap size and defect mode frequency
with increasing tc,. However, both effects are comparatively small and do not seem to prohibit
mode localization in any way. It should, however, be noted, that the Co layer breaks the perfect
mirror symmetry of the zipper structure about the z-axis, which also affects the symmetry of
its exhibited modes. Therefore, it is plausible that the mode-mode coupling between modes of
formerly completely different symmetry could become non-vanishingly small, creating a loss
channel for the localized mode. To this end, it seems advisable to keep the thickness of the Co
layer as small as possible from a mechanical standpoint, while still retaining enough magnetic
material to observe magnetic resonances. Therefore, we choose a value of tc, = 20nm for the
fabricated samples. Finally, we repeat the simulation of the full zipper geometry as shown in
Fig. 3.3 with the addition of the 20nm Cobalt layer. The localized breathing mode frequency is
determined to Veavity,co = 4.423 GHz. Tab. 3.1 summarizes the design parameters of the finalized
SizNy/Co double-layer structure.

parameter value
l 35 pm
w 500 nm
tsiN 90 nm
tco 20nm
Qnominal 350 nm
hx,nominal 160 nm
hy,nominal 360 nm
Qdefect 280 nm
hx,defect 200 nm
hy defect 240 nm
N 15

Veavity,Co 4.423 GHz

Table 3.1: Summary of the finalized design parameters for the Si3sN4/Co double-layer zipper resonator.

3.2 Phononic Shields

In an ideal scenario, the nominal cells surrounding the defect region of a zipper resonator
act as a series of Bragg mirrors and provide exponential attenuation to modes within their
bandgap. Therefore, one would expect losses from the localized defect mode to the clamps
and the remainder of the substrate to become negligible as long as the mirror region is made
sufficiently large [81, 83]. However, since we are dealing with a quasi-bandgap that relies on
the assumption of vanishing coupling between modes of alternate symmetry, small defects
inevitably occurring in fabrication processes can cause local symmetry breaking, resulting in
energy loss to other modes. This complication becomes even more relevant when considering
the broken z-symmetry introduced by the addition of the magnetic top-layer. It has been shown,
however, that energy leakage from the string can be strongly reduced by surrounding it with
an additional phononic crystal structure which is designed to exhibit a complete bandgap at

24



3.2 PHONONIC SHIELDS

the cavity frequency. The surrounding structure thus attenuates modes of any symmetry which
would otherwise propagate to the substrate. A design which has been proven to accomplish this
task very effectively is the two-dimensional cross phononic shield [60], as illustrated in Fig. 3.5.
It is constructed from a square unit cell with sidelength c,, perforated by a cross of width ¢y and

Figure 3.5: a. Schematic illustration of the quasi-2D cross phononic shield structure employed to minimize
clamping losses of mechanical resonators. b. The unit cell defining the phononic shield structure as
shown in a. (dashed line). It is constructed by the geometric design parameters (ca, ch, Cw,t), which
define size and position of the exhibited phononic bandgap.

height ¢y. The phononic shield can be considered the extension of the linear chain of squares
and bridges, discussed in Sec. 2.1.2, by introduction of a discrete two-dimensional periodicity
(in x- and y-direction). The design has been successfully employed in various experiments (cf.
e.g. Refs. [21, 63, 64]), with simulations suggesting a reduction of mechanical loss rates by
up to several orders of magnitude [83]. Furthermore, the size and frequency of the exhibited
phononic bandgap is widely tunable by altering the design’s geometric parameters, a fact we
will demonstrate in the following section and use to engineer a suitable shielding specifically for
our application.

3.2.1 Band Gap Engineering

In order to design a phononic crystal that provides effective shielding for the previously designed
zipper resonator, we aim to find a set of parameters (ca, ¢y, cy)? of the cross unit cell that results
in a material with a complete bandgap around veavity,co = 4.423 GHz. As a starting point,
we use values similar to Ref. [64] and, for simplicity, define a fixed ratio of ¢y, = 0.15¢, and
cn = 0.85¢, for the parameters. Subsequently, we proceed as above and perform FEM simulations
of the shield’s unit cell, defining periodic Bloch boundary conditions in x- and y-direction and
calculating the eigenfrequencies for wave vectors K along the high symmetry points I',X,M of
the two-dimensional, irreducible Brillouin zone (see Sec. 2.1.1). By repeating the simulation for
varying values of c,, we receive a set of band diagrams, presented in Fig. 3.6b, for differently

sized unit cells, effectively mapping out the influence of a uniform scaling operation due to the

2The thickness ¢t = 90 nm is predetermined by the used sample material and thus kept constant.
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fixed relation between the parameters.
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Figure 3.6: FEM simulated band diagrams of the phononic shield unit cell for different values of c,, showcasing the
wide tunability of the resulting band gap (light orange). For simplicity, the other cell dimensions are
kept at a fixed ratio of ¢, = 0.85¢, and ¢y = 0.15¢, respectively, with ¢; = 90 nm remaining constant.
As such, the process corresponds to an uniform scaling operation in the unit cell’s x-y-plane. The
dashed, red line highlights the localized mode frequency vecavity,co = 4.423 GHz of the zipper resonator,
making the design with ¢, = 650 nm a promising candidate for the shielding.

Clearly, the scaling operation has a large, apparently linear, influence on the frequency bands
of the shield structure, trending towards lower frequencies for increasing cell dimensions. As a
result, the exhibited bandgap (highlighted in light orange) is shifted to lower frequencies and
shrunken in width. Remarkably, this shows that the bandgap of the shield structure can be
adapted to a wide range of frequencies in a fairly predictable way by performing a simple scaling
operation. Comparing the bandgap positions with the cavity frequency veavity,co = 4.423 GHz
(dashed red line), the design with ¢, = 650nm is identified as a promising candidate for an
effective shielding of the localized mode. Naturally, when considering ¢y, and ¢, independently
of ¢,, the parameter space of possible bandgap positions and sizes becomes even larger. The
bandgap is shown to be tunable by more than 5 GHz in a silicon structure in Ref. [60]. In a last
step, we use these additional degrees of freedom in order to slightly optimize ¢, and ¢, for a
fixed value of ¢, = 650 nm, engineering a bandgap which is more precisely centered around the
cavity resonance frequency. Through this process we arrive at the finalized geometric parameters
for our design (ca, cp, cw,t) = (650,570, 100,90) nm.

In conclusion, the simulations confirm that the advantages of the cross phononic shield structure,
a highly flexible, GHz wide bandgap, which can be shifted across a wide frequency range, can be
successfully adapted to our material system and to a frequency range suited for the intended
application. Therefore, by surrounding the double-layer zipper resonator with a suitable phononic
shield, a significant reduction of the clamping losses should be achievable. Fabricated samples
based on the design parameters derived in this and the previous section are presented in Sec. 4.1.
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3.2.2 Double-Layer Phononic Shields

Previously, we focused on the sample design of a zipper resonator, intended to localize phonons
and investigate their interaction with magnetic modes present in the Co layer of the double-layer
structure. In this section, we want to discuss a parallel approach to investigate magnetoelastic
interaction, which omits the localization of phonons and relies directly on the ability of phononic
shields to exhibit complete phononic bandgaps in the GHz range. By fabricating SisN4/Co
double-layer phononic shield structures, we aim to create a magnetic system which also exhibits
a phononic band gap at typical frequencies of magnetic resonances (i.e. several GHz). Conse-
quently, we hope to observe the effect of magnon-phonon coupling when comparing magnetic
resonance features within and outside of the phononic bandgap.

To this end, we simulate the band diagram of a phononic shield structure using the previ-
ously optimized design parameters (ca, cp, ¢w,t) = (650,570, 100,90) nm and model the addition
of a Co layer of varying thickness on top of the structure, plotting the results in Fig. 3.7.
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Figure 3.7: FEM simulated band diagrams of a phononic shield unit cell with design parameters (ca, ¢h, ¢w,t)
= (650,570,100,90) nm for different thicknesses of Cobalt added as an additional layer on top of
the SigNy. Clearly, the added inhomogeneity of the material along the z-axis reduces the size of the
exhibited bandgap (light orange).

Similar to the observations made in Sec. 3.1.2, the addition of a Co layer leads to a de-
crease in the size of the band gap due to a strong downwards shift of higher frequency bands.
However, in this case the effect is much more pronounced and quickly leads to a vanishingly
small bandgap. Considering the results, the design of a magnetic double-layer structure with a
complete phononic bandgap seems possible, but clearly, a thickness larger than 30 nm should
not be chosen. Fabricated samples based on the double-layer shield design are shown in Sec. 4.2

and corresponding ferromagnetic resonance (FMR) measurements are presented in Chap. 5.
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Chapter 4

Fabrication

4.1 Zipper Resonators

Fabrication Procedure

In this section, we detail the fabrication of SigN4/Co double-layer zipper resonators surrounded
by a SizN4 phononic shield structure, as designed in Sec. 3.1. The step-by-step fabrication
process is illustrated in Fig. 4.1:

a. b.

top-down

cross-section

[ Si . SN,
BN Co MM sio, [ EBL resist (pos.)

Figure 4.1: Schematic illustration of the thin film fabrication process of a SisN4/Co double-layer zipper resonator
surrounded by a phononic shield structure. Each step is presented in a top-down view (top row) and
a corresponding cross-section through the sample as visualized in the 3D model in the bottom right.
The individual process steps are described in the main text. Note that the size and placement of the

zipper resonator with respect to the phononic shield are not to scale.
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CHAPTER 4 FABRICATION

a. We commence with a commercially available silicon wafer, which is covered with a 200 nm
thick sacrificial layer of SiO5 and 90 nm of tensile stressed SigNy by low pressure chemical vapor
deposition (LPCVD). b. The substrate is coated with positive resist and a mask in the shape
of the zipper resonator is structured using electron beam lithography (EBL). c. A Co layer of
desired thickness is evaporated onto the sample and a subsequent lift-off process is performed
in order to remove the resist mask, along with excess Co. Due to the small dimensions of the
elliptic holes in the zipper design, a lift-off using warm acetone can fail to remove the resist
layer without residue. Better results were accomplished by employing a solvent based remover
recommended for the used resist. d. Another layer of positive resist is applied and structured
using EBL. In this step, the mask defines the phononic shield structure, but also includes the
previously structured zipper layout to protect the Co layer. e. The resist mask is transferred
into the substrate using a short anisotropic reactive ion etching (RIE) process. Afterwards, a
wet etching step with buffered hydrofluoric acid (BHF) solution (=~ 3%) removes the majority of
the SiOgq layer, leaving the resonator and the surrounding shield freely suspended. The etching
process is terminated by rinsing the sample with HyO, followed by multiple ethanol baths, which
remove the remaining resist layer. Finally, the sample is carefully dried using a critical point
dryer (CPD) in order to minimize potential damage to the delicate structures.

Fabricated Samples
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Figure 4.2: a. Scanning Electron Microscopy (SEM) image of a fabricated zipper resonator surrounded by a cross
phononic shield structure as designed in Sec. 3.1. b. Zoom-in on the clamping area, connecting the
zipper resonator to the phononic shield. c. Zoom-in on the defect region in the center of the zipper
resonator, showcasing the gradually changing hole shape and cell size. d. Zoom-in on the edge of the
phononic shield region of the sample.
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4.1 Z1PPER RESONATORS

Scanning Electron Microscopy (SEM) images of a finished sample, fabricated as detailed above
with the design parameters derived in Sec. 3.1, are shown in Fig. 4.2. The employed lithography
process proves capable of sharply defining the nm-sized features comprising the zipper resonator
(b. and d.) and the phononic shield (d.). Furthermore, a good agreement between the designed
feature size and the observed structures is reached, at least to the accuracy of the scale provided
by the SEM software. In particular, we measure a slightly reduced beam width w ~ 480 nm and
almost perfectly reproduced dimensions of the central hole, i.e. h, ~ 201 nm and h, ~ 240 nm.
From the top-down view provided in Fig. 4.2, the edges of the structure appear to be sufficiently
under-etched to be freely suspended and only supported at the edges of the phononic shield
area (not shown). However, it does not become clear whether the center of the squares forming
the phononic shield are fully released. The brighter spots (see panel b. and d.) could signify
material below the SigNy layer that is still connected to the substrate. On the other hand, it is
expected that the protective resist layer which covers the shield structure during the etching
process is attacked by the BHF. Therefore, the bright spots might also indicate a concentric
degradation of the top-layer itself, while the structure is fully released.

Figure 4.3: Angled (55°) Scanning Electron Microscopy (SEM) images of the fabricated sample structure shown in
Fig. 4.2. a. Wide, angled view of the zipper resonator surrounded by a cross-design phononic shield.
b-c. Zoom-in on the left (b.) and right (c.) clamping areas. It becomes obvious in the angled view
that the zipper resonator was successfully under-etched, but its central section subsequently collapsed

and is stuck to the substrate.

In order to gain more information about the state of the structure, we tilt the sample and
analyze SEM images from an angled perspective, as presented in Fig. 4.3. It becomes clear that
the central section of the zipper resonator was successfully released (see panels b. and c.), but
did subsequently collapse onto the substrate. Notably, we find released and collapsed zipper
resonators not only in the shown structure, but in a total of 20 identical resonators, located on
two different chips that underwent an identical fabrication process. Therefore, we assume the
collapse not to be caused by an external influence damaging the structure, and instead conclude
that the current zipper design is inherently incapable of supporting itself once released from the
substrate. We attribute the lack of structural integrity to the lower thickness of the material
(90 nm SizNy ) in comparison to other published works involving zipper resonators (220 nm Si
in Ref. [64] and 350nm SisNyin Ref. [44]). Notably, solid string resonators made from the
same material system can be released from the substrate and remain stable, but the perforations
necessary for the zipper design seemingly weaken the structure sufficiently to collapse during the
release. While this implies that stable zipper structure can not be fabricated on the material
system currently in use, we are confident that, given the favorable lithography results, the
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CHAPTER 4 FABRICATION

established process can be quickly adapted to a new material system and successfully produce a
freely suspended zipper resonator.

Conversely, even after investigation of the angled SEM images, it is still unclear whether the
phononic shield structure surrounding the resonator is fully released from the substrate. To
positively confirm or refute this, a destructive measurement would have to be performed. For
example a section of the structure could be cut free by a focused ion beam (FIB). Subsequently it
would be possible to determine via SEM whether the structure has collapsed or is still supported.

4.2 Double-Layer Phononic Shields

Fabrication Procedure

In the following, we will detail the fabrication process of the second sample type, a SigN4/Co
double-layer phononic shield structure, which we discussed in Sec. 3.2.2. A schematic illustration
of the process steps is presented in Fig. 4.4:

top-down

cross-section

S SiN,
BN Co BEEN 50, [N EBLresist (neg)

Figure 4.4: Schematic illustration of the thin film fabrication process of a SizN4/Co double-layer phononic shield
structure. Each step is presented in a top-down view (top row) and a corresponding cross-section
through the sample as visualized in the 3D model in the bottom right. A detailed description of the

process steps can be found in the main text.

a. The substrate is identical to the one discussed above, i.e. silicon with a sacrificial layer of
200nm SiO9 and 90 nm of tensile stressed SizNy deposited by LPCVD. b. The sample is coated
with negative resist and the phononic shield structure is defined using EBL. The use of negative
resist is advisable for this type of structure, since it requires exposition of the smaller cross
area (orange), as opposed to the larger squares (green), greatly reducing the negative effects of
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4.2 DOUBLE-LAYER PHONONIC SHIELDS

back-scattering [84] during EBL. c. Cobalt of desired thickness is evaporated onto the sample
and the resist mask is removed in a lift-off process. As described above, a specialized remover
did achieve better lift-off results for the small cross-like structures compared to warm acetone.
d. The shield structure is transferred into the substrate by anisotropic RIE and subsequently
released by a wet etching process with BHF solution (= 3%), which dissolves the sacrificial SiO,
layer. The termination of the etching process is achieved by H5O, followed by removal of the
resist in ethanol baths. Finally, the samples are dried using a CPD process.

For more information regarding specific process steps or parameters, please refer to App. A.4.

Fabricated Samples

3

<

Figure 4.5: a. Wide, angled (55°) view of a fabricated Si3sN4/Co double-layer phononic shield structure. The

X-shaped features are markers intended for alignment of optical measurements. b. A detailed look at

the dashed orange area of the phononic shield structure.

Here, we present SEM images of Si3sN4/Co double-layer phononic shield samples, fabricated
according to the procedure detailed above. In Fig. 4.5, an angled view of a small phononic
shield array spanning roughly 60x30 pxm? is shown, along with surrounding X-shaped markers,
intended for alignment purposes in measurements. The periodic cells appear to be nicely and
consistently defined, and only a few defects, mostly consisting of resist residue, are found.
Comparing the observed feature dimensions with the designed parameters, we find slightly
enlarged trenches (i.e. crosses with ¢, & 117nm) at the cost of smaller squares (¢, ~ 507 nm).
These are most likely effects of beamn broadening [84] during the EBL process. Following further
quantification of these deviations, it should be possible to derive a correction factor which can
be applied to the layout in order to achieve more precisely replicated dimensions. Notably, it
can not be positively determined from the images whether the structure is fully released from
the substrate. As previously discussed in Sec. 4.1, a definite proof can only be gained from
destructive measurements (e.g. cutting the sample with FIB). However, based on the experiences
with the zipper design (i.e. the released but collapsed resonator) and the evaluation of damaged
sample structures (shown in Fig. A.9), we believe that the wet etching duration was sufficient to
leave this phononic shield structure freely suspended.
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Chapter 5

Experimental Results

In Section 2.2, we discussed the theory of magnetoelastic interaction, i.e. how the magnetization
dynamics of a material are influenced by mechanical oscillations of the same body. Furthermore,
we discussed the principle of ferromagnetic resonance (FMR) and how it can be affected by the
magnetoelastic coupling. We found that the stress induced by mechanical oscillations leads to
a change of the effective magnetic field in the material. Thus, as the ferromagnetic resonance
frequency depends on the same effective magnetic field (see Eq. 2.15), we expect the effect
of magnon-phonon coupling to be observable in FMR measurements, i.e. through a shift in
resonance frequency. Therefore, in this chapter, we experimentally investigate two different
SigN4/Co double-layer phononic shield samples, which we designed in Sec. 3.2.2, using FMR
measurements. Notably, the samples were fabricated as detailed in Sec. 4.2, but were not exposed
to the final wet etching process. Consequently, the phononic shield structures are not fully
released and still supported by the substrate. Unreleased samples have been chosen because a
FMR measurement as performed here, especially the placement of the sample (which we will
discuss shortly), would likely damage or even destroy a freely suspended structure. As such,
the samples are not expected to exhibit the designed phononic bandgap, which would allow the
comparison of FMR lines within and outside of the frequency range of the bandgap in order to
determine the influence of resonant magnon-phonon interaction. Instead, the samples will be
used to investigate the magnetization dynamics of the fabricated hybrid structures and use this
knowledge to optimize the design in future iterations.

Figure 5.1a-b shows schematic illustrations of the two investigated samples. Both samples
are designed using the finalized geometric parameters derived from the simulations in Sec. 3.2.2
with a chosen cobalt layer thickness of 30 nm. The sample shown in panel a. consists of a small
phononic shield structure (dotted red area), spanning roughly 1x1 mm?, which is centered on a
6x5 mm? chip. Notably, the remainder of the chip is covered with an unstructured Co layer.
The second sample (see panel b.) contains a larger phononic shield structure spanning 3x1.3
mm?, centered on a chip of identical size. Furthermore, the surface of the chip, aside from the
phononic shield area, was cleared of any excess Co.

For the measurement, we employ a standard broadband ferromagnetic resonance (bbFMR)

spectroscopy setup (cf. e.g. Refs. [86, 87]). To this end, the sample is mounted on the center
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Figure 5.1: a-b. Top-down view on a schematic sample geometry of the two investigated double-layer phononic
shield samples. Sample a. consists of a small phononic shield structure (dotted red area), spanning
roughly 1x1 mm?. The remainder of the chip is covered with an unstructured, homogeneous Co film
(red). Sample b. contains a larger phononic shield array spanning 3x1.3 mm? and the surface of the
chip was cleared of any excess Co. The blue arrows indicate the magnetic field orientation during the
measurement. c. Schematic experimental setup for broadband FMR measurements. The sample is
placed in flip-chip orientation on the center conductor (brown) of a coplanar waveguide (CPW). An
external magnetic field ﬁo, oriented along the sample plane (blue arrow), is applied to the area by
an electromagnet. A vector network analyzer (VNA) connected to the ends of the center conductor
applies a microwave signal which induces an oscillating magnetic field hyw (t) (orange arrows). In
the measurement, the microwave transmission parameter S21 between the two ports of the VNA is

analyzed. The figure in panel c. is adapted from Ref. [85].

conductor of a coplanar waveguide (CPW) in flip-chip orientation, i.e. with the top layer of the
sample directly facing the CPW. The CPW is then placed in the homogeneous magnetic field
region of an electromagnet so that the external field FIO = Hy¥ acts along the sample plane
(in-plane orientation), as illustrated in Fig. 5.1c. The ends of the center conductor are connected
to the ports of a vector network analyzer (VNA). The VNA applies a microwave signal the center
conductor, inducing an oscillating magnetic field ﬁMw(t) which interacts with the magnetization
of the investigated sample. After passing through the conductor, the transmitted microwave
signal is returned to the VNA, which measures the complex transmission parameter of the
setup So; as a function of the microwave frequency v = wyw/27. As discussed in Sec. 2.2.2, an
increased absorption in the transmission spectrum is found when the frequency of the microwave
field is resonant with the internal precession frequency wiyes of the samples magnetization. The
process is then repeated for a multitude of (temporarily) constant magnetic field amplitudes Hy.
In each measurement, we investigate frequencies and magnetic fields up to 50 GHz and 1.25T
respectively.

The results of the first measurement, preformed with the sample shown in Fig. 5.1a are presented
in Fig. 5.2. In panel a., we show the experimentally measured transmission parameter in
the form of its derivative divide OpSa1/OH, a numerical derivative technique which is highly
successful in removing the signal’s background (see App. A.1 and Ref. [88]). We observe
two strong, distinct resonance lines that shift upwards in frequency roughly parallely as the
magnetic field is increased. Furthermore, curious vertical features can be observed between
woHp =~ 0.7T to 0.9 T. These are known to be unphysical measurement artifacts, which regularly
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Figure 5.2: a. bbFMR measurement data of the first sample, featuring a 1x1 mm? phononic shield structure as
shown in Fig. 5.1a. Shown is the real part of the field-derivative of the VNA transmission spectra as
a function of magnetic field and frequency. We observe two strong, distinct resonance lines which
shift in frequency as the externally applied field Hy is swept. The lower line is attributed to the FMR,
while the upper line is identified as a perpendicular standing spin wave (PSSW). Note that the vertical
features between poHo ~ 0.7T to 0.9 T are known to be caused by small cable movements or similar
disturbances to the measurement setup. The experiment was performed with the microwave power
Pyvw = 0.1mW. b. The blue circles indicate the resonance frequencies of the FMR mode, extracted
by fitting the data in panel a, where possible. The orange line is a fit to the resonance frequencies
according to Eq. 2.17. From the fit we extract poMsar = 1.697T and g = 2.135.

appear in the measurement setup, caused by cable movements or similar disturbances. Notably,
the dispersion of the lower, high intensity mode is visible almost through the entire measurement
and traverses frequencies from 1 GHz to 50 GHz. By comparing the observed behaviour to FMR
measurements found in literature (cf. e.g. Refs. [89-91]), we find that a dispersion of this form
is typical for ferromagnetic resonance lines. The higher-frequency mode on the other hand can
be attributed to a perpendicular standing spin wave (PSSW). PSSWs are additional, standing
spin wave modes that form between the boundaries of thin films perpendicular to the applied
magnetic field, and are the topic of various publications [89, 91]. In this case however, we will
focus the discussion on the analysis of the FMR mode and neglect the PSSW for the time
being. In order to quantitatively analyze the data, we extract the resonance frequencies from the
experimental data by fitting the individual spectra with the expected resonance lineshape found
in the form of the derivative divide (see App. A.1). The extracted resonance frequencies are
shown in Fig. 5.2b. Note that not all spectra could be successfully fitted due to the previously
discussed artifacts. According to theory (see Sec. 2.2.2), the dispersion of FMR frequencies
should be described by the Kittel equation, in particular Eq. 2.17, since ﬁg is oriented in-plane
with the sample structure. Therefore, we attempt to fit the experimentally observed frequencies
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to Eq. 2.17 and plot the result as a solid line in panel b. The equation is able to match the
experimental data excellently and allows us to extract several material parameters. We obtain
poMgay = 1.697T for the saturation magnetization and g = 2.135 for the Landé-factor. By
comparison with literature values, reasonably good agreement is found between the reported
saturation magnetization of a cobalt thin film and the measured value. In particular, in the
supplementary material to Ref. [92], a saturation magnetization of pgMsgat = 1.775 T is reported.
Regarding the Landé-factor, one theoretically expects a value of g &~ 2 for elemental ferromag-
nets. However, an increased ¢ in association with microwave-driven resonance experiments is
reported [93]. Given these results, the data appears to be in line with measurements of fully
homogeneous cobalt thin films and no significant influence of the phononic shield structure
is found. Recalling the sample geometry (see Fig. 5.1a), this is likely a consequence of the
presence of the unstructured Co film around the shield structure. Since bbFMR measurements
are not localized, it seems plausible that the FMR signal of the large Co thin film dominates
and overshadows any influence the phononic shield structure might have had on the trans-
mission spectra. To test this hypothesis, we perform an identical bbFMR measurement on
the second fabricated sample (see Fig. 5.1b) which does not feature an extended cobalt thin film.

Re(3pS,;/3H (1/T))

b.I T T T T T
451 .
351 .
N N
5 5 25+ 1
> >
151 .
5¢ |
01 03 05 07 09 1.1 01 03 05 07 09 1.1
HoHo (T) tgH, (T)

Figure 5.3: a. bbFMR measurement data of the second sample, featuring a 3x1.3 mm? phononic shield structure
as shown in Fig. 5.1b. Shown is the real part of the field-derivative of the VNA transmission spectra
as a function of magnetic field and frequency. We observe one strong, and many weaker resonance
lines shifting in frequency as the external field Hy is swept. The additional resonance lines are well
visible between v ~ 15 GHz to 25 GHz. The strongest mode is again attributed to the FMR. The
remaining modes are discussed in the main text. The experiment was performed with the microwave
power Pyw = 0.1 mW. b. The blue circles indicate the resonance frequencies of the FMR mode,
extracted by fitting the data in panel a, where possible. The orange line is a fit to the resonance
frequencies according to Eq. 2.17. From the fit we extract poMsay = 1.386 T and g = 2.179.
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The acquired measurement data is presented in Fig. 5.3. We proceed as above and investigate
panel a., which shows the derivative divide of the experimentally measured microwave transmis-
sion parameter. In this measurement, we observe only one strong resonance line but a much larger
number of lower-intensity resonance features (especially visible around v ~ 15 GHz to 25 GHz).
As previously, we attribute the strongest resonance line to the FMR, based on its high intensity
and the shape of the dispersion, which appears very similar to the previous measurement.
However, the line only becomes visible for frequencies v > 10 GHz, a significantly different
behavior than in the previous measurement, where the dispersion could be observed over the
full frequency range. A possible interpretation of this finding is that a higher magnetic field
is required to align a majority of the spins in the phononic shield structure compared to the
homogeneous film. The structure of the phononic shield (i.e. the squares separated by trenches)
imposes additional boundary conditions on the propagation of spin waves. This could make the
formation of other, more localized spin wave energetically favorable compared to the collective
ferromagnetic resonance for weak magnetic fields. In individual, nano-structured permalloy
disks such localized spin wave modes in the low GHz regime have been experimentally observed
[94]. Furthermore, It is very likely that the appearance of the additional resonance lines in this
measurement can be explained by a similar argument. In particular, the previously discussed
boundary conditions imposed by the periodic structure of the phononic shield will lead to a
much more complex magnonic bandstructure in the material, allowing for the formation of
additional spin wave modes aside from the FMR. The number of modes is likely additionally
increased due to the inevitable variatation that arises from fabrication as well as by defects in
the geometry of the structure. In other words, cobalt squares of slightly different size will exhibit
internal magnetic resonances of slightly different frequency. In order to gain deeper insight into
the various spin waves in nano-structured materials, the geometry would need to be evaluated
using micromagnetic simulation tools [73, 95], which have already been employed successfully in
similar contexts [94].

Moving on to a quantitative analysis of the data, the resonance frequencies of the main FMR
line are extracted using fits to the experimental data (see App. A.1) and plotted in Fig. 5.3b.
The discrepancy compared to the previous measurement also shows in the fitting process, as no
frequencies could be successfully extracted for fields below pgHp = 0.1 T, where the FMR line
begins to vanish. Fitting the resonance frequencies to the in-plane Kittel equation (Eq. 2.17)
produces the fitting parameters pgMgas = 1.386 T for the saturation magnetization and g = 2.179
for the Landé-factor. While the g-factor is comparable to the previous measurement and the
expectation, Mg, is found to be significantly lower than before. Given the nominally identical
material, we assume an actual change of the saturation magnetization in this magnitude to be
unlikely. Instead, it is possible that the Kittel equation is no longer able to accurately describe
the resonance behavior of the system. Recalling Sec. 2.2.2, we made several assumptions related
to the geometry of the sample in the derivation of the in-plane Kittel equation. In particular, the
demagnetization factors N, , . were chosen assuming an infinitely extended, homogeneous thin
film geometry. It seems plausible that some of these assumptions do not hold when confronted
with the complex geometry of the phononic shield structure.

In conclusion, we find that the phononic shield’s geometric structure clearly influences the
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spin wave modes present in the material, an effect which is expected for nano-structured mag-
netic materials. We observe the disappearance of the FMR line below v ~ 10 GHz, which
implies that resonant magnon-phonon coupling with the Kittel mode would not be observable in
this sample at frequencies close to the designed phononic bandgap (v ~ 4.4 GHz). This shows
that it is crucial to consider the influence of the sample geometry on the FMR mode, and the
magnonic modes in general, in the design process of any subsequent magneto-mechanical hybrid
structures. In particular, the engineering of phononic modes, as performed in this thesis, has to
be coordinated with the engineering of magnonic modes, which can be achieved by performing
micromagnetic simulations [73, 95].

Moreover, it would be desirable to investigate the sample with other measurement techniques
that offer spatial resolution, e.g. micro-focused Brillouin light scattering (BLS) spectroscopy [96]
or magneto-optical Kerr effect (MOKE) techniques [97], which allow visualization of local spin
wave propagation within the shield structure. In addition, BLS spectroscopy would enable us to
investigate the phonon- and magnon- modes of the freely suspended phononic shield structures
shown in Sec. 4.2 and hereby allow to test the fidelity of the simulations regarding the phononic
engineering presented in Sec. 3.2. In these samples, the existence of a phononic band gap could
be examined and the effects of magnon-phonon coupling could possibly be observed.
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Chapter 6

Summary

Throughout the first part of this thesis, we developed design and fabrication processes for
two different magneto-mechanical hybrid structures, namely a zipper-type phonon cavity and
a double-layer phononic shield structure designed to exhibit a complete phononic bandgap.
Both hybrid structures are intended to be employed as novel platforms for the investigation of

magnetoelastic interaction.

We successfully adapted established designs from the field of optomechanics to incorporate ferro-
magnetic materials. Using FEM simulations we demonstrated that a newly designed extension
of the zipper-type optomechanical crystal, featuring a magnetic layer of cobalt, is capable of
confining GHz-frequency phononic modes despite the altered material system. We also showed
that the design can be widely tuned regarding its localized frequency by controlling macroscopic,
geometric parameters. Additionally, we introduced a second sample design, which does not rely
on the localization of phonons to a cavity region but is instead based on the cross phononic
shield structure. Similarly to the zipper resonator, we successfully expanded the design towards
a Si3N4/Co double-layer structure, retaining the essential feature of the original phononic shield,
namely the complete phononic bandgap, which is widely tunable by altering geometric parameters.

Subsequently, we established a suitable thin film fabrication process for both sample geometries,
involving the challenging optimization of the final wet etching step, where we are confident
to have found a set of parameters which will reliably succeed in producing freely suspended
structures. Upon evaluating SEM images of fabricated sample structures, we found the estab-
lished lithography process to be sufficiently accurate in replicating the nanometer-sized features
necessary to define the zipper cavity as well as the phononic shield. Unfortunately, all fabricated
zipper-type samples appeared to lack the necessary structural integrity to support themselves
once released from the substrate. We attribute this to an insufficient thickness of the sample
material. Consequently, no working zipper-type sample could be fabricated in the limited time
frame of this thesis. Due to the otherwise favorable results, however, we are confident that the
established process can be quickly adapted to a new, thicker material system and successfully
produce a freely suspended zipper resonator in the near future.
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Conversely, the second sample type, the double-layer phononic shield structure, could be
successfully fabricated and investigated in a first series of measurements. In broadband FMR
measurements, we found a significant difference in the FMR measurement signature of a phononic
shield structure in comparison to a quasi-homogeneous thin film. We concluded that the altered
signature is likely a consequence of the finite size of the phononic crystal structure, which
influences the exhibited magnon modes in the material. Therefore, in order to investigate
magnon-phonon coupling, the sample geometry has to be engineered not only regarding its
elastic properties, but also considering the effects on the exhibited magnon modes. Notably, this
is a crucial realization for the design process of any future magneto-mechanical hybrid structure.
Lastly, micro-focused BLS spectroscopy measurements on the same sample type could not be
completed in time due to technical problems of the measurement setup. However, once the
problems are resolved, these measurements will allow to test the existence of a phononic bandgap
within the phononic shield structure and evaluate the fidelity of the phononic engineering
performed in this thesis.

42



Part Il

Nanomechanical Resonator Networks

43






Chapter 7

Introduction

The second part of this thesis is dedicated to the investigation of strong inter-resonator coupling
between nanomechanical string resonators (nanostrings) and its applications. We design and
fabricate networks of multiple high-() nanostring resonators, which are mechanically coupled by
a shared support structure, forming a fully mechanical and classical multi-level system [98—100].
Such systems allow the exploration of quantum-classical analogies to a variety of phenomena like
population oscillations [101, 102], Landau-Zener-Stiickelberg dynamics [103—-105] and electro-
magnetically induced transparency [106]. In addition, they represent an important step towards
all-mechanical realizations of information processing [107-109] and storage [110-112].

By definition, almost all of these applications require strong inter-resonator coupling, the
ability to perform targeted transfer of phonons, and the possibility to control the resonance
frequency of individual resonators (or modes), with the latter commonly achieved through
application of electric fields [106, 113, 114]. Throughout this part of the thesis, we demonstrate
all three of these key requirements in our nanostring resonator networks using a recent, purely
mechanical eigenfrequency tuning technique [105] based on the inherent geometric non-linearity
of tensile stressed nanostring resonators. Therefore, in our system, we completely eliminate the
need for electric fields and the corresponding local control gates and offer an alternative, fully
mechanical approach to the design of multi-resonator networks.

We establish theoretical background and the mathematical foundation for the description
of nanomechanical resonator networks in Chapter 8, which is divided into three parts.

Section 8.1 introduces a simplified one-dimensional oscillator model for the vibrational motion
of a tensile stressed nanostring and employs it to derive a theoretical model for the interaction
in arbitrarily large, mechanically coupled resonator networks. In Section 8.2, we explore the
transition dynamics of multi-level systems and discuss how the Landau-Zener model of quantum
tunneling can be applied to describe coherent transfer of phonons between coupled resonators.
Section 8.3 deals with the inherent geometric non-linearity of nanostrings and examines how
it can be exploited to manipulate a nanostring’s resonance frequency in situ, introducing the
mechanical eigenfrequency tuning technique which will be used extensively in experiments. In
Chapter 9, we discuss the fabrication procedure of Si3N4nanostring resonators and present
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the three different resonator network designs fabricated and investigated in the scope of this
thesis. The employed measurement setups and signal processing systems are then examined in
Chapter 10. Lastly, we present experimental data in Chapter 11. Using optical interferometry
techniques, we characterize single SigN4 nanostrings regarding their quality factors and material
parameters in Section 11.1. We move on to the investigation of multi-nanostring networks in
Section 11.2, where we investigate the capabilities of the eigenfrequency tuning technique and
employ it to quantify the inter-resonator coupling of the three fabricated networks. Finally, we
present the results of Landau-Zener-type experiments in Section 11.3, demonstrating targeted
excitation transfer between nanostring resonators in the same network. The findings are then

summarized in Chapter 12.
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Chapter 8

Theory

8.1 Nanomechanical String Resonators

This section is dedicated to a theoretical treatment of nanomechanical string resonators, referred
to in the following as nanostrings. We will introduce an easily accessible description of the string’s
oscillatory motion, describe the fundamental formulas that are employed in the experiments and
discuss the interaction of multiple resonators in a mechanically coupled network.

8.1.1 Fundamentals of Nanostrings

Figure 8.1: a. Illustration of a nanomechanical string resonator of length [/, width w and thickness ¢. Its in-plane
and out-of-plane vibrational modes are indicated by the orange arrows. b. A simple, 1D mass-on-a-
spring model of a harmonic oscillator with effective parameters mass meg and stiffness k, offering a

simplified description for the center of mass motion of nanostring resonators.

A nanostring resonator, as illustrated in Fig. 8.1a, is formed by a freely suspended string,
which is clamped to an underlying substrate on both ends. Although it naturally constitutes a
three-dimensional body, its motion can be theoretically treated as a one-dimensional, damped,
harmonic oscillator' for most intents and purposes. Conveniently, by introducing substitute

'For a full derivation validating this model, please refer to [115, 116] or other works concerning Euler-Bernoulli
beam theory.
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parameters like the effective mass meg, stiffness k and damping rate I'y,, the description can
be reduced to a single degree of freedom per vibrational mode, as shown in Fig. 8.1b. Note
that nanostring resonators exhibit a multitude of different modes (transversal, torsional etc.),
but since they can be considered uncoupled, each mode can be treated independently. For
this thesis we will limit the discussion to the in-plane and out-of-plane vibrational modes (as
visualized in Fig. 8.1a), which are most accessible in experiments, and neglect any other modes.
Proceeding with this model, we can describe each mode’s center of mass motion as an independent

one-dimensional harmonic oscillator governed by the equation

E = T

() +I'nz(t) +
() () Meft Meeff

exp(—iQdt) (8.1)

with the displacement x and an added, coherent driving force with the frequency 2. Solving this
differential equation using the Ansatz z(t) = xoexp(—if2t), a complex solution can be found:

Fo/meg
(2, — 02) — iQuT

(8.2)

To =
defining the angular? resonance frequency Q, = /k/meg. We can further introduce the quality
factor Q = Qn /Ty, a measure of the loss rate of a resonator in relation to its stored energy.

Since experimental setups are commonly sensitive to the squared magnitude of the displacement
T, an amplitude spectrum can be described by

F§ /mzg - (Fo/meff 1 (8.3)
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where the right hand side approximation assumes I'y, < €y,. This condition is usually well
satisfied for nanostring resonators, especially for the high-@) strings studied in this thesis. Notably,
in the approximation, Eq. 8.3 corresponds to an Lorentzian lineshape.

The effective mass meg in the formulas is a necessary correction since the calculated cen-
ter of mass motion does not take into account any asymmetry in the cross-section of the string
and which part of its mass contributes to the oscillations. For an exact calculation the string’s
geometry, boundary conditions and even specific mode shapes have to considered [117]. However,
in the limit of highly tensile-stressed nanostrings, the effective mass can be well approximated
to meg = 0.5m [118] using the physical mass of the string m = plwt (I, w and t as in Fig. 8.1).

In the same high-stress limit, the angular resonance frequency of a nanostring’s vibrational mode
can be approximated to [119]

p
with the pre-stress o¢ and density p of the material of the string and the mode index n. While

=T (8.4)

this approximation is sufficient for most calculations, it can be shown that its accuracy can be

2Note that, throughout this thesis, formulas generally contain angular frequencies €2, which are related to the
(bare) frequencies f, which are usually measured in experiments, via f = Q/2.
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improved by applying a first order correction based on bending effects in the string [118]:

Qrs _qurs_ Lvoowt (8.5)
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Equation 8.5 requires knowledge of the material’s Young’s modulus £ and the moment of inertia
I of the investigated mode, which is found to be I, = w3t /12 for in-plane and Ioop = wt3 /12
for out-of-plane modes [120], using the width w and thickness ¢ of the string. The corrected
equation holds for typical tensile stressed nanostrings with ogwt > 2E1pQ?.

Lastly, it should be noted that, even in absence of an externally applied driving force, os-
cillatory motion can be observed in mechanical resonators. This Brownian motion is driven
by thermal energy present in the system and can be used to connect the read-out signal of an
experiment (e.g. the voltage) to a corresponding mechanical displacement. To this end, we use
the equipartition theorem [121] to quantify the thermal driving force F3 (Qm) = 2meglmkpT
[122] and calculate the thermal amplitude spectrum of a mechanical resonator [122, 123]

kT T
202 meg (2 — Q)2 + (T /2)2

Sza(€2) (8.6)
given in units of m?/Hz with kp being the Boltzmann constant. We will use Eq. 8.6 in Chap. 11
to calibrate our experimental data in terms of displacement amplitudes.

8.1.2 Coupling Two Harmonic Oscillators

Having established the harmonic oscillator model used to describe the nanostring resonators in
this thesis, we want to extend the discussion to the interplay of multiple resonators in a network,
i.e. the mechanical coupling of harmonic oscillators. Remaining in the model system, we begin
with one of the simplest forms of inter-resonator coupling and consider the linear interaction
of two masses and three springs as illustrated in Fig. 8.2. Each mass ma g, along with its

Figure 8.2: Illustration of a simple model system for the coupling of two 1D harmonic oscillators. Each mass
ma, is affixed to a wall by a spring with stiffness ka or kg respectively. Additionally, the masses
are connected to each other by a third spring with stiffness x, causing their equations of motion to

become coupled.

corresponding stiffness ka g represents a one dimensional harmonic oscillator as discussed above,
while the third spring with stiffness « introduces a cross-dependency between their displacements.
As such, we formulate an equation of motion for each one of the oscillators, recalling Eq. 8.1,
but neglecting external forces and damping, which simplifies the discussion and allows us to
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focus on the eigenfrequencies.

—kaza + k(xR —7A) = mA%A s.7)
—kpzp + m(a:A — xB) = MBZIR

In the model geometry, the sign of the inter-resonator coupling x can be intuitively understood
to be positive, since a displacement of mass A relative to mass B in positive x-direction must
lead to a positive force acting on mass B. We will later discuss how the simple coupling assumed
in Eq. 8.7 describes the situation in the experiment.

We assume harmonic solutions of the form z,,(t) = 20, exp(i€24t), with the index (m = A,B)
referring to the corresponding mass, and obtain

o)) ()
b —z ("), (8.8)
<—mB OF ) \ap )

defining Q,,, = /(km + £)/my. We recognize the presentation as an eigenvalue equation and
solve it for Q2 , obtaining the two normal modes of the coupled system

03 = = |02 + 0% + /(03 +02)? + 49204 05 (8.9)

1
2
with g2 = k2/(mampQaQp).

Since we investigate networks of nominally identical nanostrings in this thesis, only differing by
small factors due to fabrication, we focus on studying coupled resonators with ma = mp = m,
ka =k and kg = k + Ak with Ak < k, which allows us to approximate

g* ~ k?/(mk). (8.10)

The behavior of the two normal modes 2 and Q_ for a varying detuning Ak is illustrated in
Fig. 8.3. We see that for |Ak| > k, the resulting frequencies are barely affected by the inter-
resonator coupling x and Q4 ~ Q AB. By decreasing the detuning to |Ak| ~ « on the other hand,
we observe an increased hybridization of modes in the coupled system, which in turn modifies
the observed eigenfrequencies significantly. Finally, for Ak = 0 the mode-splitting becomes
exactly Q0. — Q_ = g, a fact that is commonly exploited in order to extract inter-resonator
coupling rates from avoided crossings observed in measurements (see Sec. 11.2.2 and e.g. Refs.
[102, 105, 110]).

8.1.3 General Description of N Coupled Oscillators

We now want to demonstrate that the above treatment of two coupled harmonic oscillators can
be easily expanded to a larger network consisting of an arbitrary number of resonators. However,
we will restrict the discussion to certain key aspects and refer the reader to Ref. [124] for an
in-depth derivation and treatment of the general coupled oscillator problem.

50



8.1 NANOMECHANICAL STRING RESONATORS

(Q_,-Q)/g

Figure 8.3: Normal mode frequencies Q2+ as a function of the detuning Ak, calculated according to Eq. 8.9. Due
to the finite inter-resonator coupling k, the normal modes of the system hybridize and an avoided
crossing can be observed. For Ak = 0, i.e. two resonators exactly on resonance, the mode-splitting

Q4 — Q_ minimizes to g.

Recalling Eq. 8.7, it can be understood that the general equation of motion for a harmonic

oscillator with index n € [1,N] and mass m,,*

as [124]

in a network of N resonators can be written

N
Mpdy = Fy = —Kpnn + Z Fni(Ti — Tp), (8.11)
1EN
again neglecting the damping and defining k,; as the coupling between resonators n and ¢ for
i # n (i.e. the stiffness of the connecting spring in the model), and its own effective stiffness for
i = n. We now introduce a generalized stiffness k;j, defined as

OF;
8xj ’

kij = (8.12)

which allows us to write the N linear, homogenous differential equations that arise from Eq. 8.11

concisely in the matrix form

Mx = KX, (8.13)

defining the mass matriz M, stiffness matriz K and displacement vector X

ma 0 e 0 kll k‘12 e kln T
0 mo ... 0 kgl kQQ N an . T2
M=| . s K= s 2= ] (8.14)
: 0o - : : : R :
0O ... 0 my kni oo .. kun T

3For clarity, we will employ numeric instead of alphabetic indices for the discussion of the generalized problem,
i.e. zao = x1,kaB = k12 etc.
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Note that since the inter-resonator coupling is bi-directional, we can require k;; = k;;, making
K a symmetric matrix. As above, we now assume solutions of the form x,(t) = z¥ exp(i2t) and
subsequently produce an eigenvalue equation for Q2 and the eigenvector ¥y = (:L‘? e x%)T that
can be written as

— O’°M%, = KX,. (8.15)

Equation 8.15 is a generalized Eigenvalue problem that can be solved for exactly N eigenvalues €2y
(which do not have to be distinct) and up to N corresponding, linearly independent eigenvectors
Xo,x. Each pair (),Xp ) with A € [1... N] forms one oscillatory normal mode of the coupled
system. However, since K is real and symmetric and M is real and positive-definite, basic
theorems of linear algebra [125] tell us that the problem can be decomposed to an ordinary
eigenvalue problem that will result in exactly IV distinct normal mode solutions of the system.

Problems of this kind arise regularly in a wide variety of engineering and scientific applications
and algorithms to find their solutions as efficient as possible have been studied extensively (cf.
e.g. Ref. [126]). Therefore, by describing multi-resonator networks in the above matrix form,
the normal modes of even very large networks can be quickly calculated with widely available
numerical solver software (e.g. Mathematica, MATLab).

8.1.4 Independent Crossing Approximation

While we have shown above that it is comparatively easy to solve large resonator networks
for their normal modes, calculating the inter-resonator coupling factors x;; from an observed
mode splitting can become increasingly complex when considering the full system of equations.
However, as seen in Fig. 8.3, the influence of inter-resonator coupling on the eigenfrequencies of
the coupled modes is actually largely confined to a small area with |Ak| ~ k;;, while the normal
modes otherwise remain close to the undisturbed eigenfrequencies of the resonators. Based on
this observation, we want to proof in the following lines that, for all resonators investigated in
this thesis, it is in fact sufficient to treat the two modes directly involved in the avoided crossing
as an independent two-level system, as long as all other modes are far enough detuned.

To this end, we start by considering a network of three nominally identical resonators with
m1 = mo = mg = m. We further assume uniform coupling across the network, i.e. ki3 = k1o =
ko3 = k, which implies k11 = koo = —(k + 2k), and set k33 = —(k + 2k + Ak). This corresponds
to two resonators on resonance (i.e. at the center of an avoided crossing), both separated by a
finite detuning Ak from the third.

Solving Eq. 8.15 for these values, we obtain the three normal mode frequencies of the coupled
system

2:k+3/<;

0 2k + Ak + 3k F VAE2 + 2Akk + 9k2
2 )

2m

2
) Q2,3_

(8.16)
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Now, for large frequency detunings A >> k, the expression for (2% can be approximated to

0 \/21<;+ Ak + 3k — VARZ + 2Akk + Or?
2:

2m (8.17)
N\/Qk%—Ak—i—?m—«/(Ak—Hﬁ)Q [k + K
- 2m N m

Subsequently, we can calculate the mode-splitting on resonance between the hybridized modes
Q1 and Qs to

Q- Q= w;?’“— \/k;” - \/:L(l—l—SFL/k)— \/Z(lﬁﬁi/k)

\/5<1+ ;(:m/k:)) - \/E(“r;(ﬂ/k)) B \/’;ﬁ

where we used an approximation of the square root valid for k < k, finally arriving at the same

(8.18)

Q

expression as in Eq. 8.10.

In other words, the observed mode-splitting g between the two crossing resonators is not
significantly altered by the presence of a third resonator in the same network as long as the
latter’s eigenfrequency is far enough detuned (i.e. |[Ak| > k). It should be noted that while the
analytic approximation above assumes uniform coupling across the network, it can be shown
(e.g. numerically) that it holds for differences in k, e.g. k13 = k23 + Ak, as long as Ak < Ak.
Therefore, in the majority of scenarios where avoided crossing are analyzed individually (see
Sec. 11.2.2), it is a viable approach to consider the crossings independent and extract the
inter-resonator coupling rates r;; using Eq. 8.10.

8.2 Transition Dynamics in Multi-Level Systems

The Landau-Zener model [127, 128] provides a description for time dependent transition dynamics
in strongly coupled quantum two-level systems. In particular it can be used to predict the
outcome of a system’s passage through an avoided crossing, where the model describes the
tunneling of quantum mechanical excitations from one state to another. Coupled mechanical
resonators, while still in the domain of classical physics, have been shown [99, 129, 130] to
form an equivalent two-level system and adhere to the same formulas presented by Landau and
Zener. Therefore, the model can be used to describe the dynamics of excitation transfer from
one mechanical resonator to another [103, 131]. In the following section, we will introduce the
original Landau-Zener formulas, discuss the resulting transition dynamics in two-level systems,
and subsequently extend the discussion to systems comprised of three (or more) levels, like the
three-resonator networks investigated in this thesis.

4Looking at Eq. 8.16, it becomes clear that the avoided crossing occurs between 2; and either 2 or s,
depending on the sign of Ak. Without loss of generality we perform the calculation for (22.
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8.2.1 The Landau-Zener Formula

The original problem investigated by Landau and others concerns the time evolution of a
quantum mechanical system described by the time-dependent Schrodinger equation [132]

. \i’A N
() =m0 (%) -

with the time-dependant Hamiltonian operator

(8.20)

H(t) = <€A+5At v >

v ep + Ot

From a physical standpoint, the equation corresponds to a system of two states or levels with
undisturbed energies of E,,(t) = e;, + Bmt (m = A,B) that exhibit a linear time-dependence £,
and are coupled to each other by the off-diagonal elements v. The squared wave function \\Ilm\z
represents the probability for the system to be found in state m.

For Sa # P the system will eventually develop to a point in time t. where the undisturbed
energy levels cross (i.e. Ea(t.) = Ep(t.) = E.), making transitions between the states possible
for [v| > 0. Calculating the eigenvalues of the Hamiltonian in this case, we obtain A, — = E; £,
showing that an avoided crossing of AL — A_ = 2v is formed. At this point, it becomes clear
that the system of mechanically coupled oscillators discussed in Sec. 8.1.2 does indeed behave
equivalently to this quantum mechanical two-level system, with each normal-mode Q4 corre-
sponding to one energy state of the system.

During the passage through an avoided crossing, tunneling processes can lead to the transfer of
excitation from one state to the other. The Landau-Zener model quantifies this process and
gives an expression for the transition probability [128]

w2
Pgiap = exp( gv >, (8.21)

introducing ¢ = |5a — Op| as the relative time dependency or passage rate. Pgiap, is defined as
the probability that a system prepared in a certain state at the start of time evolution (e.g.
|WA(t — —00)|> = 1) passes through the crossing diabatically and is found in a different state at
the end (e.g. |Wa(t — —00)|* = 0). Notably, the probability depends only on the coupling term
v and the rate ¢ at which the energy of the levels change relative to each other, not the energy
itself. Analyzing Eq. 8.21, it can be seen that for slow transitions (i.e. small {), the transition
probability is also small. This adheres to the adiabatic theorem, which postulates that in the limit
of slow passage (¢ — 0) the probability for the system to leave its current state must become
exponentially small [133, 134], thus the crossing is passed adiabatically. Necessarily, in a system
comprised of only two states, this scenario exhibits an inverse probability P.giab = 1 — Plgiab-
The different modes of passage through the crossing are further illustrated in Fig. 8.4.
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(}\‘+,4-EB)/V

(Ep-Eg)/V

Figure 8.4: Illustration of Landau-Zener dynamics at an avoided crossing of a two-level system as defined in
Eq. 8.20, calculated for a coupling of v = 0.2Fg. If the passage through the crossing is performed
slowly (i.e. small passage rate (), the system follows the lower branch of the mode splitting and ends
up in state (1), i.e., the transition is adiabatic. For fast passage rates ¢, the system passes through

the crossing diabatically without energy transfer and ends up in state (2).

The validity of the formula has been experimentally confirmed [135] and is since widely used in
a variety of research fields (cf. e.g. [103, 136-138]).

8.2.2 Multi-Level Transitions
Analytic Solutions

Notably, while the Landau-Zener formula offers a strikingly simple model for transition dynamics
in two-level systems, extending the discussion to systems with three or more levels turns out to
be a highly challenging endeavor. In particular, already for a three-level system, defined by the

Hamiltonian
ea + Bat V12 V13
H(t) = V12 e+ Ot v23 ; (8.22)
V13 V23 ec + Bct

no explicit analytic solution can be found [132].

In an approximative approach, it is possible to consider all crossings in a system to be fully
independent and treat more complex problems as a series of individual two-level crossings,
eventually arriving at transition probabilities of the form

Paiabn = (Paiab)" (8.23)

where Pjgiap, n is the probability for the system to pass through n successive crossings completely
diabatically.

Furthermore, there exist several special cases, where some or all of the transition probabilities
can be calculated analytically as long as certain conditions are fulfilled. These require e.g. for
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all but one energy level to be constant in time (i.e. fg = fc = 0) and the crossed levels to
be uncoupled (i.e. v93 = 0). For a detailed description of solvable n-level systems, please refer
to Refs. [132, 139]. In this thesis, however, the investigated networks exceed the scope of the
analytically solvable cases and we will instead introduce a set of differential equations, which
can be solved numerically in order to model the transition dynamics of the networks.

Numerical Solution for Three-Level Systems

In the following we will briefly derive the differential equations used to model transition dynamics
of three-resonator networks in response to the measurement protocol described in Sec. 11.3.1.
Note that the following is an expansion of the model used in Ref. [105] to three-level systems
and can easily be expanded further based on the general coupled oscillator treatment discussed
in Sec. 8.1.3.

We begin with the equations of motion for the three coupled resonators according to Eq. 8.11

under addition of linear damping terms and an external driving force Fyrive.

mAZA + maAlAZA + Kaaza = KAB(ZB — A) + kac(xc — zA) + Farive (8.24)
mpip + mpl'BEB + kTR = KAB(ZA — 2B) + KBC(TC — ZB) + Fdrive (8.25)
mcic +mclcdc + kecre = kac(za — z¢) + kBc(@B — ) + Firive (8.26)

In the following, as we are dealing with almost identical nanostrings, we will set I'y = I'g =
I'c =T and ma = mp = mc = m. Without loss of generality, we assume nanostring A to be
excited and controlled in the measurement. Thus, its eigenfrequency QA is time dependent,
being tuned upwards by an amount AQ in time 7. Therefore we describe Q4 as a function of
time as

QOA t <to

Qa(t) =S +C(t—to) to<t<to+T (8.27)
Q% + AQa t>to+ 7

using ¢ = AQa /7. In the beginning of the measurement, nanostring A is excited by a short
(tp) pulse with an oscillatory force with the frequency Q%. Since t, < tp, we can write
Farive(t) = Foexp(iQQt)O(tp — t) with the Heaviside step function ©(t). Note that in the
experiment, the driving force is applied globally via a piezoelectric actuator, so it affects the
three nanostrings equally.

We now use the ansatz ,,(t) = xocm (t) exp (iQA (t)t) (m = A,B,C) in order to find solutions for
the amplitude coefficients ¢, (t) with |ca|* + |es|* +|cc|® = 1 and re-introduce 0123,0 = kpB,cc/m
with the generalized stiffness k;; from Eq. 8.12 as the (non-hybridized) resonance frequencies
of resonators A and B. Note that we use the time dependant resonance frequency A(t) of
nanostring A in the harmonic solution for all three equations of motion. This is possible since
‘QA(t) — QBC‘ < QB,C holds in general, and in particular QA(t) = QBC at the corresponding
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avoided crossings, where the transfer of excitations takes place. We obtain

i F
. a4+ (F() + 02 (1))ea = “AB g 4+ FAC . 4 10 ot —¢ 2
én+G(t)ea + (F(t) + Q5 (t))ca ch+ mcC+mx0 (tp — 1) (8.28)
) F
in + G(t)ep + (F() + 02)ep = 4By £ BBC 4 20 g —¢ 8.29
-+ Glt)en + () + B)en = 2oy + oot g —r) (520
. i ~9 _ KAC KBC Foy _
o+ G(t)ic + (F() + Q)ec = 2er + o 4 001, —1),  (8.30)

defining the functions

F(t) = (iQat + Q)% + 200 + T(iQut +i2s)
G(t) = 2i(i0at + Qa) + T
Note that, as the coupling rates are much smaller than the stiffness of the resonators (i.e.
Kij < ki V ((4,4) € (A,B,C)% Ai # j), we assume the coefficients ¢, (t) to vary much slower

in time than the oscillatory motion x exp (iQA(t)t). Consequently, we neglect the second
derivatives ¢, (t) in the Eqgs. 8.28-8.30 and arrive at the final form of the equations:

KAB KAC Fy

. 2 _ _
Glt)en + (F() + QX ()er = = e + e + L 6(t, — 1) (8.31)
) ~9 _ KAB KBC Fy _
G(t)éw + (F(t) + Dh)en =~ Fea + = Cec+ -1 0(ty — 1) (8.32)
) ~ KAC KBC Fy
G(t)éo + (F(t) + Q%) cc = —eat ———cp+ mxo@(tp —t). (8.33)

A sketch of the algorithm to perform the numerical solution of Egs. 8.31-8.33 can be found in
App. A.10. The resulting model calculations are shown in Sec. 11.3 and provide good agreement

with experimental results.

8.3 Non-Linear Response Regime

So far, we discussed the mechanical motion of nanostring resonators in the model of one-
dimensional, harmonic oscillators with a fully linear equation of motion. However, in the case of
real nanostrings, the geometry of a doubly clamped string can lead to the emergence of non-linear
effects. In particular, as the string performs a transverse motion, the material stretches, causing
additional stress. Considering only low amplitudes, i.e. much smaller than the width of the
beam, these effects can be well neglected. However, in our experiments, the strings are regularly
excited by strong external forces, causing the oscillation amplitudes to reach the order of the
string’s width. In the following, we will derive this geometric non-linearity and discuss how it
affects the response of the nanostring. Notably, we will subsequently employ the non-linearity of
highly excited nanostrings in order to derive a technique which allows for the all-mechanical
tuning of the eigenfrequencies of nanostring resonators.
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n=0 n=I
Figure 8.5: Schematic illustration of a nanostring resonator aligned along the axis of a coordinate 1. The

displacement profile of the string’s vibrational modes is described by z(n), which takes the form of
Eq. 8.34 in the limit of high tensile stress. The figure is adapted from Ref. [118].

8.3.1 Geometric Non-Linearity

We start by considering a nanostring resonator aligned along the axis of a coordinate 7, as
illustrated in Fig. 8.5. For highly tensile stressed strings, the displacement profile z(n) (i.e. the

mode-shape) of its vibrational modes is given by the expression [120]
x(n) = xopsin (nmn/l), 0<n<lI, (8.34)

where ¢, is the displacement at the center of the string for the mode index n.
Therefore, a center displacement x, > 0 leads to an elongation of the string according to

- /Ol \/1 + <£7m(n)>2dn ~ /Ol [1 + ;((S]x(n)ﬂ dy = z<1 + W) (8.35)

which can be translated into an increase in the tensile stress o along the string using the Young’s
modulus F of the material [140]

1 2.2 2
l_l nxojn'ﬂ_E

oc=09+ F ; =0y A

(8.36)

Substituting the altered stress into the equation of motion for a highly tensile stressed nanos-
tring [115, 119]

nm 20‘
#(8) + T (t) + (z) Za(t) = WZ)H exp(—iQt), (8.37)

introduces a non-linear term proportional to x3(¢) and results in

F,
B(t) 4 T (t) + Q2,2 (t) + azd(t) = —
’ Meft

exp(—if2t). (8.38)

Equation 8.38 represents the standard form of a Duffing oscillator [141, 142], using the expression
from Eq. 8.4 for the angular resonance frequency of the mode 2y, , and defining the non-linearity
or Duffing parameter as
4,4
n'mE
QU = i, (8.39)
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The amplitude spectrum of such an oscillator’s vibrational mode with index n, linear damping
I'im,n and resonance frequency €1y, , is found to be described by the implicit equation [142]

3 2 j2
8]
Fﬁw + 4(9 — Qi — =5 n g;g’n> x%yn = mﬂ# (8.40)
m,n € m,n

which corresponds to a Lorentzian shaped response function for low driving powers, where the
geometric non-linearity remains negligible. However, for increasing drive powers, we observe a
more complex behavior, as illustrated in Fig. 8.6.

crit,nl

|xorn/x

Figure 8.6: Theoretical amplitude spectrum of a Duffing oscillator according to Eq. 8.40 for increasing drive
powers (bottom to top). Above a critical amplitude Zcrit,n, the response spectrum becomes bistable.
The blue arrows illustrate a frequency sweep from left to right, following the high-amplitude path of
the hysteresis until the bistability breaks down at the effective resonance frequency $eg,n. The orange
dotted line corresponds to the backbone curve given in Eq. 8.41 connecting the amplitude maxima to
Qefr,n. The figure is adapted from Ref. [118].

In particular, the point of maximum displacement w%ymmax is shifted towards an increased,
effective resonance frequency Qeg, > QO according to [142]

2 § Qm,n

O,n,max —

3 a, (Qeff,n - Qm,n)’ (8'41)
which is called the backbone curve of the oscillator (see the orange dashed line in Fig. 8.6).
Furthermore, for driving forces that are sufficient to cause the resonator to exceed a critical
amplitude of xo, > Teritn = (%)3/ 2 /TmnQmn/an, a bistability of the response spectrum
emerges, forming two stable and one metastable state, which is not accessible experimentally.
By performing a continuous upwards sweep of the drive frequency, the spectrum follows the
high amplitude solution until the bistability breaks down for frequencies Q > Qg ,, (dashed
blue line in Fig. 8.6). Similarly, a downwards frequency sweep can be performed to investigate
the lower branch of the hysteretic amplitude spectrum. Since both xg,max and Qe ,, depend
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on the amplitude of the external drive Fp, information about the non-linearity of a device can
be gained by analyzing amplitude spectra for varying drive powers, which we will use in Sec. 11.1.2.

For a more comprehensive derivation and discussion of Duffing oscillators, please refer to
Refs. [116, 142, 143] and the sources therein.

8.3.2 Eigenfrequency Tuning Mechanism

Notably, the additional stress that is induced into the material of the nanostring by high ampli-
tude motion is not confined to the mode that performs the oscillations. Instead, it affects every
possible mode exhibited by the driven nanostring, individually shifting the resonance frequency
of each. In the following, we want to quantify how the resonance frequency of the fundamental
mode of a nanostring €, ,—1 = 2, changes due to the high amplitude oscillations of one of its
higher harmonics £, p>1.

We begin by recalling the effect of an elongation Al on the pre-stress g of a nanostring

resonator (cf. Eq. 8.36)

o' =09+ Ac =00+ EAIZ (8.42)

and substituting the modified pre-stress o’ into the expression for the fundamental mode (n = 1)
frequency from Eq. 8.4

/ A
o =" ”me(HU). (8.43)
p 200

To determine the elongation Al, we time-average the expression derived in Eq. 8.35 under
assumption of a harmonic time-dependency (i.e. z(t) o exp(i€dy, »t)) and receive
1n?a¢,*F
Al=(-1)= -—2%—. 8.44
Combining equations 8.42 and 8.43, we arrive at the relative eigenfrequency change of the
fundamental mode )
AQy O, — Q. i, n’n’E

Qn  Qn 4oy 412

as a function of the amplitude of the higher order mode xg ,,, which is described by the amplitude

(8.45)

spectrum of a duffing oscillator in Eq. 8.40.

Conveniently, the amplitude of the upper branch of the rather complex Duffing spectrum
for a drive frequency Qaux > 2, can be simplified to

2 § Qm,n

‘rO,n,maX -

Qaux_an 846
ol ) (8.46)

within the limits of the bistability region xan > 4Fy/(3anmes) and xon < Fo/(Tmnmesm.n)
[105, 142]. Note that the expression is almost identical to Eq. 8.41, indicating that the backbone
is actually a full description of the frequency to amplitude relation for the upper branch of a
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duffing oscillator within the bistability region. Finally, by substituting Eq. 8.46 into Eq. 8.45 we
obtain

AQ’m _ ggaux B Qm,n

4
Qw3 Qo (8.47)

connecting the auxiliary drive frequency to the shift in fundamental mode frequency. Notably,
the expression is not only independent of the drive signal’s power (o Fp), but the pre-factor is
also independent of the mode index n.

Equation 8.47 shows that the geometric non-linearity of a nanostring resonator can be ex-
ploited to increase the eigenfrequency of its fundamental mode (and, in fact, any other mode®)
by controlling the frequency Q4,x of an auxiliary drive applied to the system. It is, however,
important to note that the drive signal’s power defines the size of the bistability region and thus
the range of accessible frequencies. Furthermore, the drive frequency needs to be initialized at
QO

aux

the upper branch of the hysteresis. We will make use of this eigenfrequency tuning mechanism

~ Q. and increased continuously towards the desired value of {,,x in order to access

extensively in Chap. 11. It should also be noted that geometric non-linearity is not a feature
exclusive to nanostrings. Therefore, similar considerations should apply to many types of
(nano)mechanical resonators, e.g. cantilevers.

®Since Eq. 8.4 shows that Q,,., = n - Q,, Eq. 8.47 remains valid for arbitrary mode indices n in the high tensile
stress approximation.
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Chapter 9

Fabrication and Sample Design

In recent years, the fabrication of doubly clamped, nanomechanical string resonators made of
SigN4 has become a well established process at the WMI as well as the nanomechanics community
as a whole [113, 144, 145]. As such, we will only briefly address the individual steps involved
in the fabrication procedure and subsequently focus on the introduction and discussion of the
resonator network designs that were fabricated and investigated in the scope of this thesis.

9.1 Fabrication Procedure

[ si . Si N,
[ Al [ EBL resist (pos.)

Figure 9.1: Schematic illustration of the thin film fabrication process of SigN4 nanostring resonator networks. The

individual steps are described in the main text.

Figure 9.1 illustrates the fabrication process of the Si3sN4 nanostring resonators investigated in
this thesis. a. Initially, the substrate is a commercially available silicon wafer covered with a
90 nm thick layer of tensile stressed SizNy by low pressure chemical vapor deposition (LPCVD).
b. The substrate is coated with positive resist and structured using electron beam lithography
(EBL), creating a mask in the shape of the clamps and string after development. c. Next, a
30nm thick layer of Al is evaporated onto the sample and a lift-off in warm acetone is performed
to remove the resist layer along with the excess Al. d. With the Al acting as an etch mask

63



CHAPTER 9 FABRICATION AND SAMPLE DESIGN

for the SizNy, a sequence of anisotropic and isotropic reactive ion etching (RIE) processes first
transfers the shape of the mask into the Si3N4/Si and subsequently releases the string from the
substrate. e. Finally, the remainder of the Al mask is removed using a suitable remover and the
sample is carefully dried using either a critical point dryer (CPD) or compressed N2, leaving the

SizNy nanostring resonator freely suspended.

9.2 Resonator Network Designs

Due to the purely mechanical nature of the inter-resonator coupling investigated throughout
this thesis, the geometric properties of the network design have an immense impact on the
strength of the observed coupling and thus need to be thoroughly examined at the design-stage.
Specifically, the small, partly under-etched, shared support that acts as a weak link and mediates
the coupling between the two or more nanostrings it is connected to, must be carefully chosen
regarding its shape as well as placement in the network. In the following, we will present the
three resonator networks that have been investigated in this thesis, discussing the intentions
behind the chosen design as well as their expected physical properties.

9.2.1 Tri Resonator Network (Series A)

Figure 9.2: a. CAD model of a Tri-design (Series A) resonator network, consisting of three nanostring resonators
with (I,w,t) = (30 - 10%,300, 90) nm, equally distributed around a circular shared support with 2 zm
diameter. The individual strings are assigned letters alphabetically in clockwise order for future
reference. b. Wide, angled (50°) Scanning Electron Microscopy (SEM) image of a fabricated Series A
Tri-Resonator network. c. Zoom-in on the shared support structure that links the three resonators. d.

Zoom-in on the clamp region, showing the freely suspended string as well as the under-etched clamp.
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9.2 RESONATOR NETWORK DESIGNS

Figure 9.2 shows a 3D model (a.) and SEM images (b-d.) of a Tri-design (Series A) net-
work. For this type of resonator network, three nominally identical nanostrings with (I, w,t) =
(30 - 102,300, 90) nm share a centrally placed, circular support with a diameter of 2 ym, each
held aloft by a own square clamp (10x10 zm?) on the other end. The individual resonators are
evenly placed around the shared support, forming a 120° angle between each of the strings. The
zoom-ins in Fig. 9.2c-d show the freely suspended strings as well as the effect of the RIE step on

the clamps and the circular support.

Based on the geometry chosen for this network design, it is possible to formulate a set of
expectations regarding the behavior and strength of the inter-resonator coupling. In particular,
since all of the resonators share the same support, we expect each resonator to be coupled to
the two other resonators (i.e. |kap| > 0 A |kac| > 0). Due to the equal spacing between the
resonators and the resulting symmetry of the network, it further seems reasonable to assume
equally strong coupling between any two resonators in the network (i.e. koA = kKac = KBC = K).
Finally, given the geometry of the shared support, one might intuitively expect a negative
coupling < 0, i.e. a displacement of nanostring A in positive z-direction might #ilt the circular
support which in turn induces a force acting in negative z-direction on e.g. nanostring B.
However, considering the small displacement amplitudes typically in the nanometer regime in
comparison to the 2 ym wide support, this intuitive picture might not be applicable. Instead, the
coupling could be primarily mediated by additional strain induced by a nanostring’s motion into
the shared support structure, which subsequently affects the other connected strings. Therefore,
no well-founded prediction regarding the sign of the coupling can be made at this point. Notably,
in a previous experiment with two coupled nanostrings placed in 180° angle a negative coupling
constant was observed [105]. Recalling the matrix form of the eigenvalue equation 8.15 we can
concisely summarize the the expected behavior of the network by forming its stiffness matrix:

Kmisa=| « kg & (9.1)

9.2.2 Tri Resonator Network (Series B)

In Figure 9.3 a SEM image of a Tri-design (Series B) network is shown, featuring three nanostring
resonators with (I, w,t) = (30 - 10%,140,90) nm linked by a circular support (@= 2 ym). Unlike
in the previously discussed design, the resonators are not evenly spaced around the center
support. Instead, two of the nanostrings form a 90° angle while the third is placed at an angle of
135° with respect to each of them. The sample design is equivalent to the series A design in all
other aspects and will thus only be discussed in short. Due to the different distribution of the
strings, one has to reconsider the assumptions made previously for series A regarding coupling
strengths. Given the close proximity of the ends of resonators A and B, it appears highly likely
that the strain induced on the shared support by the motion of resonator A will affect resonator
B much more intensely in comparison to the farther distanced resonator C. Therefore, we assume
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CHAPTER 9 FABRICATION AND SAMPLE DESIGN

Figure 9.3: Scanning Electron Microscopy (SEM) image of a fabricated Series B Tri-Resonator network, consisting
of three nanostring resonators with (I, w,t) = (30 - 10®,140,90) nm. Unlike series A networks, the
nanostrings are not evenly distributed, the different angles between the strings are highlighted. Aside
from the altered distribution of strings and a smaller resonator width, the design is equivalent to series

A.

|kaB| > |kca| = |kcB| and write the expected stiffness matrix used in Eq. 8.15

kapn Ky K-
Kmisg= | k+ ks K- |, (9.2)
k_ k_ kcc

introducing kKap = k4 and kca = k— for simplicity.

9.2.3 Inline Resonator Network

The third and last network design investigated over the course of this thesis is the Inline-
design presented in Fig. 9.4, showing a 3D model (a.) and SEM images of a fabricated sample
(b-d.). The design consists of 3 or 4 nanostring resonators with the dimensions (I,w,t) =
(30 - 103,300, 90) being placed in line, each connected to its nearest neighbors via a circular
support 2 um in diameter, or stabilized by a clamp in the case of the outermost resonators.

The linear geometry of the inline-network should produce a significantly different coupling
behavior within the network in comparison to the previously discussed Tri-networks. Specifically,
due to the resonators being placed in line, no interaction between next-nearest-neighbors is
expected in first order (i.e. Kac &~ 0). Under the further assumption that nominally identical
strings and supports result in identical coupling between each neighboring string, we once more
form the stiffness matrix as used in Eq. 8.15

kan K 0
Kiine=| # ks & (9.3)
0 k  kcc

with KAB = KBC = k.
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9.2 RESONATOR NETWORK DESIGNS

Figure 9.4: a. CAD models of the two fabricated inline resonator network designs, consisting of 3 and 4 nanostrings
with (1, w,t) = (30 - 10%,300,90) nm respectively. Each string is linked with its nearest neighbour(s)
by circular shared supports with a diameter of 2 um. The individual strings are assigned letters
alphabetically from left to right for future reference. b. Scanning Electron Microscopy (SEM) image
of a fabricated 3-string network. In the angled perspective, the freely suspended strings are clearly
discernible. c. Zoom-in on the clamp region. d. Zoom-in on the center resonator with its two shared

supports.

9.2.4 Shared Support Size and Shape

Early in the design and fabrication process, with the aim to gain a better understanding of
the coupling mechanism mediated by the shared support and to determine the most suitable
geometry for use in the following design of new resonator networks, Tri (Series B) networks
have been fabricated with a variety of support geometries and investigated regarding their
coupling rates. In the following, we will briefly discuss experimental results of these preliminary
measurements since they have proven relevant for the design of subsequent samples.

An overview of the different support geometries fabricated for the investigation is presented in
Fig. 9.5b. Out of six investigated designs only one was able to produce measurable inter-resonator
coupling: The 2 um circular support (i) that was subsequently used for all experimental samples.
Notably, even the square support (iii) of almost identical size (2x2 um?) was unable to mediate
finite coupling rates. This observation suggests that the corners of the square design somehow
prevent information about the motion of one nanostring to travel to the other resonators in
the network. Consequently, it could be speculated that a continuous path along the freely
suspended region of the support structure from one nanostring to another is desirable in order to
generate strong inter-resonator coupling between resonators. In any case, these results emphasize
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CHAPTER 9 FABRICATION AND SAMPLE DESIGN

10 um

Figure 9.5: a. Top-down illustration of a Tri (Series B) resonator network used to evaluate the influence of the

shared support geometry. Samples were fabricated with shared supports (black dashed area) of various
geometries shown in b i-vi. The red bar represents 4 um. Of all investigated support structures, only

the circular support with a diameter of 2 um (i) resulted in a measurable coupling.

the significance of careful choice of geometric parameters in the design process of mechanical

multi-resonator networks.
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Chapter 10

Measurement Setup

The measurements in Part IT of this thesis were exclusively performed using an optical, homodyne
laser interferometry setup. Since the optical setups involved in the experimental setup are fairly
complex, whilst contributing comparatively little to the understanding of the results, we will
only provide a very rudimentary description of the optics at this point and relegate a more
detailed examination to the appendix. Instead, we will utilize the remainder of the chapter to
discuss the employed signal processing.

10.1 Laser Interferometry Setup

The centerpiece of the interferometer is a single-mode diode laser with a wavelength of A = 633 nm
and a maximum power of 50 mW. After being collimated and passed through a single mode
optical fiber to ensure optimal coherence and spot shape, the beam is focused onto the sample,
which is held in a vacuum chamber (p < 1-107%bar), to suppress the negative influence of
air-damping on the resonators [144]. The sample itself is glued to a piezoelectric actuator, which
can be driven by AC voltages to generate oscillating forces with multiple frequencies which affect
the nanomechanical resonators on the chip. Additionally, the piezo-actuator (along with the
sample) is mounted on a piezoelectric positioner, allowing for the fine control of the sample
position in three dimensions (x,y,z) that is needed to focus the laser beam accurately onto
nanostring resonators. Once sufficiently in focus, a small percentage of the incoming light is
reflected off the sample, now modulated with the motion of the nanostring, and directed towards
a photo-detector, converting the oscillating intensity of the light into an AC voltage signal that
is then evaluated using the signal processing setups discussed in the following.

For additional information regarding the interferometry setup itself, please refer to App. A.5 as
well as Ref. [146].

10.2 Frequency Domain Setup

An illustration of the frequency domain setup used in a majority of the measurements in this
thesis is shown in Fig. 10.1. The piezo-actuator below the sample is connected to the output port
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Figure 10.1: Schematic of the optical laser interferometry setup used for frequency domain measurements shown in
this thesis. Note that the Vector-Network-Analyzer (VNA) was replaced by a spectrum analyzer for
some measurements. The optics have been strongly simplified for this illustration and are discussed
in Sec. 10.1.

of a Vector-Network-Analyzer (VNA), with the latter’s input port being fed by the amplified (4
50dB) and filtered (< 11 MHz) AC photovoltage signal generated by the detector. By sweeping
the drive frequency of the VNA and measuring the scattering parameter So1, a response spectrum
is generated and resonances of the investigated nanostring become visible as Lorentzian shaped
features, allowing their properties, e.g. resonance frequency and linewidth, to be extracted.
Three additional radio frequency (RF) signal sources are connected to the piezo-actuator via a
power combiner and can be employed as independent auxiliary drive tones, e.g. to excite the
higher harmonics of individual resonators necessary to perform eigenfrequency tuning sequences
(see Sec. 11.2.1). In order to carry out measurements without an external force applied to the
sample and thus investigating solely the thermal motion spectrum of a resonator, the VNA can

be replaced by a spectrum analyzer.

10.3 Time Domain Setup

Figure 10.2b shows an illustration of the time domain setup employed in the excitation transfer
experiments presented in Sec. 11.3. The most prominent adjustments in comparison to the
previous setup are the replacement of the VNA by a fast digitizer card, used for time resolved
acquisition of the detector’s AC photovoltage signal with up to 200 - 10° samples/s, and the
introduction of an Arbitrary Waveform Generator (AWG) capable of designing and emitting
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Figure 10.2: Schematic of the optical laser interferometry setup used for the time domain measurements shown in

Sec. 11.3. The optics have been strongly simplified for this illustration and are discussed in Sec. 10.1.

almost arbitrarily complex auxiliary drive sequences. Furthermore, one of the RF sources is now
configured to produce a pulsed output, controlled by an external modulation port. A detailed
description of how the setup is employed to perform excitation transfer experiments is found at
the beginning of Sec. 11.3.

10.4 Experimental Challenges

Largely independent of the chosen measurement electronics, the optical detection and the eigen-
frequency tuning protocol, when confronted with the peculiarities of nanomechanical structures,

encounter challenges that have to be overcome in order to produce consistent experimental results.

First and foremost, the eigenfrequencies of nanostring resonators prove to be heavily temperature-
dependent, an effect that can be attributed to additional strain induced by differing thermal
expansion coefficients of the string and the underlying substrate [116, 118]. In fact even the
energy of the focused laser beam of the detection setup is sufficient to increase a nanostring’s
resonance frequency by several hundred Hz. However, an equilibrium between heat dissipation
and laser heating is usually reached within few minutes. Much more critically, when exposed
to the high signal powers necessary to perform eigenfrequency tuning sequences (sometimes
ranging up to 10 V,p5) the self-heating of the piezoelectric actuator affects the sample and can
lead to resonance frequency shifts of several kHz over extended periods of measurement time.
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Unfortunately, the current interferometry setup is not capable of reading out the sample
temperature, preventing an exact quantification of the heating effects. Instead, as a short term
solution, cool-down phases were integrated between measurements or measurement points in
order to reduce the impact on the collected data. In the long term, it is desirable to improve
heat dissipation from the sample, e.g. by outfitting the vacuum chamber with a suitable cooling
system, and to introduce a way of monitoring the sample temperature allowing quantification

and correction of arising heating effects.

Lastly, even though short pulse sequences, like the ones performed in excitation transfer experi-
ments, are much less likely to produce significant heating on their own, a multitude of them in
quick succession could indeed adversely affect the performance of following sequences due to
frequency shifts. Therefore, sufficient heat dissipation should be seen as a key consideration in
the design process of more sophisticated resonator network applications.
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Chapter 11

Experimental Results

11.1 Characterization of Nanostring Resonators

In the following section we present measurement data of individual Si3N4 nanostring resonators
that are part of the various resonator networks which were fabricated for this thesis (as introduced
in Sec. 9.2). Thermal motion spectra are analyzed to characterize the resonators with respect to
their undisturbed resonance frequencies, linewidths' and quality factors. These parameters can
later be used to model and predict the interaction within a multi-resonator network. Subsequently,
we evaluate driven resonance measurements with increasing drive powers in order to access the
non-linear regime of the resonators, extracting various material parameters of the strings (e.g
the Young’s modulus F and the Duffing parameter «) in the process. Finally, we demonstrate
the effectiveness of a purely mechanical eigenfrequency tuning method based on the inherent
geometric non-linearity of nanostring resonators. It will be shown, that, by strongly exciting
a nanostring’s higher order mode, the resonance frequency of its fundamental mode can be
deliberately modified in a way predictable by theory and without negative effect on its quality
factor. For all measurements in this section, we have employed the frequency domain setup
introduced in Sec. 10.2.

11.1.1 Quality Factors and Linewidth

We begin by presenting a thermal motion spectrum of the fundamental out-of-plane (oop)
mode? of a single nanostring in a Tri (Series 2) resonator network, along with a complex
Lorentzian fit (see App. A.2) to the data in Fig. 11.1. The resonance frequency of the exam-
ined resonator is determined to be y,/27 = 9.3123 MHz with a linewidth of I'y, /27 = 87Hz
resulting in a quality factor of Q = /T, = 1.07 - 10°, a value within the expected range for
a SizNy nanostring resonator of this length (cf. Ref. [147]). Additionally, with the maximum
photovoltage amplitude ST{* = 1.43 mV?2/Hz extracted from the fit and the thermal motion
peak amplitude calculated with Eq. 8.6 to S = 4.20 pm?/Hz, we can establish a calibration

Ylinewidth refers to the full width at half maximum (FWHM) of a resonator’s Lorentzian resonance feature.

2In the scope of this thesis, we exclusively investigated the nanostring resonators regarding their out-of-plane
vibrational modes. This is due to the fact that for the used optical interferometry setup, oop motion results in
higher peak amplitudes and better signal-to-noise ratios. As such, all shown spectra can be assumed to show
oop modes unless explicitly stated otherwise.
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Figure 11.1: Thermal motion spectrum of a single nanostring resonator in a Tri (Series A) network. The orange
line is a complex Lorentzian fit to the data, used to extract the mode’s resonance frequency and
linewidth. The fit is also employed to determine the calibration factor between photovoltage (left

axis) and mechanical displacement (right axis) according to Eq. 8.6.

factor of C' = Sy /Suu = 2.95pm?/mV? that allows us to determine the displacement amplitude
of the string’s motion from the measured voltage signal. For this we used the effective mass
of the string meg = 1.053 pg, which we calculated as described in Sec. 8.1.1 from the string’s
dimensions (I, w,t) = (30 - 103,300,90) nm and psin = 2600 kg/m? [103].

After performing analogous evaluations of thermal motion spectra for several nanostrings
in all of the investigated network types, we summarize a selection of the extracted parameters
in Tab. 11.1 for comparison. As is expected, we observe small variations in the resonance
frequencies and quality factors between different resonators, caused by imperfections arising
during fabrication. However, we can not find any systematic differences that can be related to
the type of network design. Notably, we find the resonators in position A and B of an Inline
network to be equivalent within the usual range of variation. Therefore, the type of clamping,
one clamp and one shared support on position A compared to two shared supports on position B,

does not seem to affect the quality of nanostring resonators significantly. This finding suggests a

network type resonator pos. Qn,/27 (MHz) Ty,/27 (Hz) Q (10%)

Tri B 9.3123 87 1.07
Inline A 9.2393 83 1.12
Inline B 9.1740 79 1.16

Table 11.1: Overview of fundamental out-of-plane mode parameters extracted for individual SigN4 nanostring
resonators in each of the investigated resonator network designs. The position column refers to the
placement of the resonator in the network, as introduced in Sec. 9.2. No significant influence of the

network type or resonator placement on the measured quality factors can be observed.
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high flexibility in the design process regarding the placement of resonators, eliminating the need
for corrections to the string geometries.

11.1.2 Nonlinear Response Regime

In order to investigate the response of nanostring resonators to external drive forces, the spectral
analyzer is replaced by a VNA, which allows us to apply a coherent radio frequency signal to the
piezo-actuator and record the resulting scattering parameter (see Sec. 10.2). Amplitude spectra
of the driven mechanical motion for drive voltages® from Uyna = 280 UWVims to 1000 Vyms are
recorded and shown in Fig. 11.2. Note that the shown displacement amplitudes were converted
from the measured signal voltage using a calibration to the thermal motion amplitude as previ-
ously detailed in Sec. 11.1.1. The investigated resonator is located on position B in an Inline-type
network. Following the theoretical prediction, the resonator enters a non-linear response regime
(see Sec. 8.3), exhibiting the expected increase in effective resonance frequency as it enters the
bistable region characteristic of a forced Duffing oscillator.

el (nm)

(Q-QY)/2m (Hz)

Figure 11.2: Driven mechanical motion spectra of a single nanostring resonator on position B of an Inline
resonator network for increasing VNA output voltages from Uyna = 280 Vyims to 1000 4Vyms. For
high voltages (brighter colors), shifting resonance frequencies and an emerging bistability can be
observed, typical for Duffing oscillators. The orange line is a backbone curve fit of the maximum
displacement amplitudes according to Eq. 8.41, allowing for extraction of the resonators’ Duffing

parameter o.

The spectra can be fitted according to Eq. 8.41, forming a so-called backbone curve, relat-
ing the maximum displacement amplitude to the shifted, effective resonance frequency of the
resonator. From the fit, we extract the Duffing parameter o = 3.166 - 102" m~2s~2 and use it to
calculate the material’s Young’s modulus to £ = 274 GPa. A comparison with literature finds
that this value resides much closer to those reported for homogeneous thin films [1] than those
experimentally observed with SigNy string resonators [118, 147, 148] in the past. Remarkably, the

3All RF drive voltages given in this thesis correspond to output values of the signal sources, including any
subsequent amplification. No statement can be made about potential losses on the path to the piezo-actuator.
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tensile stress, calculated from the resonance frequency and Young’s modulus following Eq. 8.5 to
oo = 736 MPa aligns very well with published results from the same experiments. Consequently,
we attribute the higher observed value to differences in the sample geometry and the fabrication
process, possibly lowering the impact of the effects found to reduce the Young’s modulus in
other publications.

11.1.3 Auxillary Drive Eigenfrequency Tuning

It has been shown that the geometric non-linearity, causing nanostring resonators to behave as
Duffing oscillators for high drive powers, can be exploited to selectively tune the eigenfrequency
of the resonator [105]. To this end, a strong, external drive voltage is matched in frequency to a
higher harmonic of the targeted resonator and globally applied to the chip via the piezo-actuator.
The higher harmonic mode is driven into the Duffing regime, where its amplitude depends on
the drive frequency, and additional effective stress is induced in the string, altering the resonance
frequency of every mode exhibited by the string (see Sec. 8.3.2).
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Figure 11.3: a. Thermal motion spectrum of nanostring resonator B in a Tri (Series A) network as a function of
the auxiliary drive frequency Qaux applied to the piezo-actuator with Usux = 3.5 Vims. The expected
change in the resonance frequency 2 according to Eq. 8.47 is drawn as dashed, cyan line. Two
low-intensity features are visible in the measurement at frequencies above the investigated resonance
peak. They are likely caused by an unintended output of the auxiliary RF source at Qaux/2. b.
Linewidth and c. amplitude of the main resonance peak as function of the applied drive frequency.
The values are extracted from Lorentzian fits to the individual spectra shown in a. No adverse effect
of the tuning process on the linewidth is observed. The decrease of the peak amplitude is discussed

in the main text.
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Fig. 11.3 shows measurement data of a selective eigenfrequency tuning protocol, targeting
nanostring B of a Tri (Series A) resonator network. In a., thermal motion spectra are presented
as a function of the auxiliary drive frequency €2,.x which is first initialized slightly below the
second harmonic mode frequency QOB,HZQ and is subsequently swept upwards by roughly 80 kHz.
The voltage of the auxiliary signal is Uaux = 3.5 Vims, driving the second harmonic mode of
the nanostring deep in the non-linear response regime. As a result, the resonance frequency of
the fundamental mode (dark color) can be clearly seen following the increase in applied drive
frequency and perfectly matches the theoretical prediction given by Eq. 8.47 and highlighted by
the cyan dashed line. At frequencies slightly above the main resonance peak, two low-intensity
features are visible in the measurement, apparently being tuned by the drive signal. We attribute
them to an unintended output of the auxiliary RF source, which is known to generate signals
at half its configured output frequency, i.e. Q,ux/2, due to technical reasons. In Fig. 11.3b-c,
the development of the thermal motion spectra’s linewidth and amplitude is shown over the
course of the tuning sequence, extracted from Lorentzian fits (Eq. A.3) to the data presented
in a. While the observed linewidth shows minor fluctuations - an effect that can be attributed
to a combination of thermal instabilities and uncertainties of the fit - it becomes clear that
the eigenfrequency tuning operation does not adversely affect the linewidth of the targeted
mode. This, of course, is important to ascertain for any potential application of the tuning
protocol relying on constantly high quality factors for operation. The peak amplitude, on the
other hand, appears to linearly decrease over the course of the measurement. It seems possible
that the presence of high amplitude oscillations of the second harmonic mode (whose squared
displacement depends linearly on the frequency) impairs the sensitivity of the optical detection
to the fundamental mode, which is not excited by an external drive, thus exhibiting much lower
amplitudes. However, the origin of this effect would need to be investigated further in order to
confirm or rule out a dependency on the tuning mechanism.

11.2 Characterization of Nanostring Resonator Networks

After having successfully characterized the behavior and properties of individual SigN4 nanostrings,
we extend the discussion to multi-resonator networks. In particular, we demonstrate the ability
to individually and independently address and tune multiple resonators in a network using the
previously introduced eigenfrequency tuning protocol. Subsequently, we employ the discussed
tuning mechanism to demonstrate the appearance of hybridized states when multiple strings are
brought into resonance and prove the existence of strong inter-resonator coupling by analyzing
avoided crossings. The different resonator network designs will be characterized regarding their
inter-resonator coupling rates, comparing the experimental results with theoretical predictions
made at the design-stage. Finally, the appearance of dark-modes in a strongly coupled 1ri
resonator network is investigated and reproduced using theoretical models.

11.2.1 Independent Tuning

Applications of mechanical multi-resonator networks in the field of information processing or
storage (cf. e.g. Refs. [107-109]) are inherently reliant on protocols to perform targeted transfer

77



CHAPTER 11 EXPERIMENTAL RESULTS

of phonons in between multiple resonators. To this end, the capability to control the resonance
frequency of individual resonators without affecting other parts of the network is a crucial re-
quirement. While tuning techniques based on dielectric gradient forces have been widely adopted
(cf. e.g. [106, 113, 114]), they require local control gates to address individual resonators. In
the following, we want to demonstrate that the previously introduced eigenfrequency tuning
protocol based on the non-linearity of higher harmonic modes (see Secs. 8.3.2 and 11.1.3) is able
to fulfill this requirement via global application of a drive voltage to the piezo-actuator. This
completely eliminates the need for local control gates, promising increased scalability on the way
to larger multi-resonator networks.
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Figure 11.4: a. A multi-resonator tuning sequence. The frequencies Q}'§ ¢ of three auxiliary drive signals are
shown over nseq, the index of the sequence’s sweep-points. Each signal, generated by an independent
source with Uaux = 3.5 Vims, performs a separate eigenfrequency tuning operation targeted at a
single resonator in the investigated network. b. Driven mechanical motion spectrum of resonator
B of an Inline-type network over the course of the tuning sequence, measured with a VNA output
voltage of Uyna = 0.7 #Vyims. €. The measurement data shown in b., superimposed with two models
predicting the development of the resonators’ eigenfrequencies due to the tuning sequence. The solid
lines represent the model according to Eq. 8.47, while the dashed lines are obtained by addition
of a linear correction term to the former model, intended to compensate the self-heating of the
piezo-actuator. Note that all resonators have been initialized to higher frequencies prior to the shown
measurement in order to make downwards tuning possible. The illustration above a. clarifies the

resonator naming scheme and the laser spot position (red).

In order to demonstrate the capabilities of the eigenfrequency tuning technique, we design
a complex auxiliary drive sequence shown in Fig. 11.4a. Three independent drive signals with
the frequencies Q3'f  and voltages UR'E = 3.5 Vs are combined and applied to the piezo-
actuator, with each of the signals intended to perform a separate tuning operation on one of
the strings in the Inline network investigated in this experiment. As such, each frequency
Q' ¢ 1s matched to the second harmonic mode of one targeted resonator (i.e. Q3™ = %,H:Z)'
As previously discussed in Secs. 8.3.2 and 11.1.3, a strong auxiliary signal causes the higher
harmonic mode it drives to enter a non-linear response regime, where its amplitude depends on
the drive frequency. The high oscillation amplitudes lead to an effective elongation of the string

which induces additional stress in the material, altering the resonance frequency of the string’s
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fundamental mode depending on the auxiliary frequency. Notably, the three drive signals are
applied simultaneously to the piezo-actuator in this experiment, demonstrating that the required
superposition of the three forces is achievable.

It is important to note that prior to the measurement (not shown in the figure), the three drive
frequencies have been swept upwards, increasing the eigenfrequencies of all resonators by several
kHz, effectively initializing them to their new levels Qi/ilj]t?,,c > QOA,B,C- This is necessary since
the eigenfrequency tuning mechanism is based on the addition of effective stress to the material,
therefore a decrease of the resonance frequency below its undisturbed level is not possible (i.e.
Oeff,tuning > 0). However, a controlled downtuning of the eigenfrequencies of previously raised

frequencies using the same tuning protocol is feasible, as demonstrated here.

After initialization, the auxiliary frequencies are decreased one after another by 10 kHz below their
initial levels le,ilt?,,c and then subsequently swept to higher frequencies of Qiﬂgc (27) + 10kHz.
We observe the influence of the driving sequence on the fundamental modes by recording a
driven mechanical motion spectrum for each sweep-point nsq while the laser spot is focused on
nanostring B. The resulting spectra are presented in Fig. 11.4b and show three distinct features
(darker colors). The strongest feature corresponds to the fundamental mode of the nanostring
spatially selected by the laser, while the less intense features result from an inter-resonator
coupling across the network, making the resonance frequencies of both coupled resonators
observable in the spectrum of the third. This is already an indication of a finite inter-resonator
coupling in the investigated nanostring network. Clearly, it can be seen that the resonance
frequencies of all three resonators in the network can be controlled by their respective drive
frequencies. In addition, the fundamental mode frequencies €25 g ¢ are visibly not sensitive to
the changes in the frequencies of the other modes (here in the limit of far detuning), suggesting
a purely selective tuning of the modes via their respective drive tones. To validate this visual
interpretation, we perform a model calculation according to Eq. 8.47, predicting the shifting of
eigenfrequencies of the three resonators based on the applied drive signals. Results from the
calculation are shown in Fig. 11.4c. It should be pointed out that for the calculation, Eq. 8.47
has been applied to every resonator individually, only taking into account its own resonance
frequency and the single drive signal targeted at its second harmonic mode.

Comparing the model predictions (solid lines) and the position of the resonance features in
the spectrum, a deviation from the calculation does stand out. While the tuning operations
themselves, the triangular shaped up- and downtuning of the frequency, are accurately repre-
sented, we observe a gradual upwards drift for all experimental resonance frequencies, that is
not explained by theory. As previously discussed in Sec. 10.4, we can confidently attribute this
drift to self-heating effects within the piezo-actuator, caused by the three comparatively high
powered drive signals. Since the measurement shown in Fig. 11.4 took 30 minutes to complete
and empirical observations during the measurements for this thesis show the heating influence on
nanostring resonance frequencies to behave relatively linear for long measurements, we attempt
to apply a correction to the theoretical predictions in Fig. 11.4c in the form of a linear heating

term added to the tuning model (dashed lines). With the heating correction term applied, the
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theoretical model visually appears to accurately reproduce the experimental data experimental
data. To further examine the validity of the model, we extract the resonance frequencies from
the experimental data shown in Fig. 11.4b by fitting the peaks of every individual amplitude
spectra using a complex Lorentzian function. The results along with the two model calculations
are presented in Fig. 11.5.
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Figure 11.5: Extracted fundamental mode resonance frequencies Q4 p,c (black circles) of the three nanostrings
A,B and C over the course of the auxiliary drive sequence presented in Fig. 11.4. The frequencies have
been extracted by applying complex Lorentzian fits to the individual peaks found in the mechanical
motion spectra shown in Fig. 11.4b. The solid lines represent a model calculation of the fundamental
mode frequencies in response to the applied drive tones (see Fig. 11.4a) according to Eq. 8.47. The
dashed lines are obtained by addition of a linear correction term to the former model, intended to
compensate the self-heating of the piezo-actuator. The model calculations are performed individually
for each mode, with the color of the line indicating the corresponding nanostring. We observe
deviations of both models in the beginning of the measurement, i.e. ngq < 40, corresponding to the
first 10 minutes of measurement time. However, the heat-corrected model shows increasingly good

agreement towards the end of the measurement.

Examining the extracted data along with the two model calculations, we observe a devia-
tion from the linear heating model in the beginning of the measurement sequence, i.e. for
Ngeq < 40, which corresponds to the first 10 minutes of the measurement. In this region, the
experimentally observed resonance frequencies increase more rapidly than predicted by the
model. However, the slope of the frequency increase flattens and takes a more linear shape as
the measurement progresses and eventually shows good agreement with the prediction. Based
on these observations, it seems plausible that the heating effects in fact follow a more complex
behavior, especially in the beginning of the measurement. Furthermore, one would expect the
heating to eventually saturate towards a thermal equilibrium. However, since we still observe a
finite slope for the resonance frequencies at the end of the measurement, the 30 minute duration
of this experiment does not appear to be sufficient to reach an equilibrium state. In order to
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quantify this behavior, the sample temperature or a related quantity would have to be observed.
In thermal motion measurements for example, the amplitude of the recorded spectra could allow
to draw conclusions on the temperature. However, the impact of the temperature-dependent
thermal motion, which usually resides in the picometer regime (see Fig. 11.1), is negligible in
comparison to the nanometer amplitudes observed in driven displacement spectra (see Fig. 11.2)
as recorded here. In the long term, as discussed in Sec. 10.4, outfitting the detection setup
with a way to monitor the temperature during the measurement would allow a more thorough
investigation of the heating effects. Importantly, aside from the previously discussed effects, we
see no indication in the extracted experimental data pointing towards any unpredicted, adverse
influence of the simultaneous tuning operations.

However, due to the global application of drive signals an inherent challenge for the tun-
ing protocol presents itself in the form of mode-mode cross-talk, i.e overlap in the drive frequency
range of different resonators due to frequency crowding [149], which can lead to the unintentional
tuning of multiple resonators with one drive signal. To circumvent this problem, the higher
harmonic frequencies of the resonators that are part of a network have to lie sufficiently far
apart. This goal can be accomplished partly by thoughtfully choosing the geometric parameters
of the resonators, but also requires post-selection of fabricated networks, as has been done for
all samples shown in this thesis. A more detailed look at the challenges of frequency crowding
along with an example can be found in App. A.6.

In conclusion, the eigenfrequency tuning technique presented in this thesis is capable of indepen-
dently addressing multiple resonators in a resonator network without relying on local control
gates and has the potential to be a useful tool for applications in targeted excitation transfer
experiments, which will be explored in Sec. 11.3.

11.2.2 Inter-Resonator Coupling

In this section, we employ the previously established tuning mechanism in order to quantify the
inter-resonator coupling rates of the investigated multi-resonator networks. To this end, we tune
pairs of two nanostring resonators in resonance, where the inter-resonator coupling leads to a
hybridized state. From the spatial distribution of this state, information can be extracted about
the magnitude of the coupling (see Sec. 8.1.2 and e.g. Refs. [102, 110]).

Tri Resonator Networks (Series A)

First, we probe mechanical motion spectra of resonator A of a Tri (Series A) nanostring network
over the course of an eigenfrequency tuning sequence and present the data in Fig. 11.6a. The
tuning sequence employs two drive signals at Q3" with UR'§ ~ 7 Vi, targeting resonator A
and B respectively, and tuning each possible pair of resonators in the network in resonance,
inducing the formation of hybridized states and avoided crossings. In turn, we observe three
individual avoided crossings between B and C at ngeq =~ 31, A and C at ngq ~ 50, A and B at
Neeq ~ D8, each containing information about one of the three inter-resonator coupling rates.
Figure 11.6b displays a more highly resolved measurement in the area around the third avoided
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Figure 11.6: a. Driven mechanical motion spectrum of resonator A in a Tri (Series A) nanostring network over
the course of an eigenfrequency tuning sequence, indexed by sweep-points nseq. The sequence consists
of two independent drive signals with Uaux &~ 7 Vims and is designed to induce avoided crossings
between all of the involved resonators pair-by-pair. The inset shows the network layout and the laser
spot position (red). As expected, three individual avoided crossings are visually discernible. b. A
more detailed measurement of the avoided crossing between resonators A and C (dashed cyan area)
c. A single spectrum from the data shown in panel b. for ngeq,detail = 89 (dashed black line). The
solid orange line is a double Lorentzian fit to the data, used to determine the resonance frequencies
of both involved resonators. d. Fitted resonance frequencies of the lower (red) and upper (blue)
branch of the avoided crossing shown in b., extracted from the individual spectra as demonstrated

in ¢. The minimal mode-splitting is found at nseq,detait = 106 to be gac/2m = 1307 Hz.

crossing (dashed cyan). In order to extract the coupling rates, avoided crossing behavior between
the modes is quantitatively analyzed. This process is most accurately accomplished by fitting
the recorded displacement spectra with two Lorentzian lineshapes to determine both resonance
frequencies of the modes. Fig. 11.6¢ visualizes this process for the data presented in panel b
for Ngeq detail = 89 (black dashed line). Hereby, we find two resonance frequencies {2 and Q_,
referring to the upper and lower branch of the avoided crossing respectively.® Repeating this
process for every spectrum in the datasets allows us to extract the dispersion of resonator A’s and
C’s resonance frequencies along the avoided crossing (see Fig. 11.6d). Finally, the mode-splitting
can be extracted by finding the minimum difference between the two resonance frequencies which

Tt should be noted that employing a double Lorentzian fit model (i.e. the simple addition of two Lorentzian
functions) is only valid as long as the peaks are well seperated with respect to their linewidth (i.e. Q4 —Q_ >
I'y,—). Fig. 11.6¢ shows the condition is clearly fulfilled in this case.
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parameter  value

gac/2m 1307 Hz
gAB/2m 1281 Hz
gBc/2m 1230 Hz

Table 11.2: Summary of the experimentally determined inter-resonator coupling rates in the Tri (Series A)

network investigated in this section.

is found at Mgeq detail = 106 to be
gac/2m = min Q4 — Q_|/27 = 1307 Hz.

Analogous investigations of the avoided crossing between resonators B and C as well as A and B
have been performed and can be found in App. A.7.1. We summarize the extracted coupling
rates in Tab. 11.2. The expectation that a symmetric geometry of Tri (Series A) networks, in
particular with a symmetrically shaped shared clamp, results in an equal coupling rate between
all of the involved resonators is hereby strongly supported. All inter-resonator coupling rates are
within a range of 80 Hz. From the coupling rates, the coupling factors x;; can be calculated using
the effective mass of the resonators meg = 1.053 pg and Eq. 8.10. Subsequently we assemble the

complete stiffness matrix for the investigated network as used in Eq. 8.15

—-3535 —7.0-100* —-7.1-10"*
Kriga = | —7.0-107%  —3.553  —6.7-10"* | kg/s*. (11.1)
—7.1-107*% —6.7-107*  —3.561

Notably, all of the values fall in line with the previously observed inter-resonator coupling rate
of two purely mechanically coupled nanostrings [105]. Moreover, due to the small damping rates
of the investigated nanostring resonators I'a g,c ~ 80Hz, the observed coupling rates easily
fulfill gap.ac.Bc > I'aB.c, placing the network deeply in the strong coupling regime, a key
requirement for the coherent and controlled transfer of excitations in a network that will be
investigated later on.

Tri Resonator Networks (Series B)

Figure 11.7a shows a driven mechanical motion spectrum of nanostring A of a Tri (Series B)
nanostring network® over the course of a performed eigenfrequency tuning sequence. In this
case, only resonator A is tuned upwards by a single drive signal with Uuyx =~ 4 Vs, intended to
cause avoided crossings with both other resonators in the network.

Avoided crossings can clearly be observed at ngq ~ 30 between resonators A and B as well as
around ngeq ~ 145 between resonators A and C. It is immediately noticeable that the latter

®Please take note of the ordering of the nanostring’s resonance frequencies for the investigated Series B network:
Q% > 02 > 0%.
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a. Driven mechanical motion spectrum of resonator A in a Tri (Series B) nanostring network over
the course of an eigenfrequency tuning sequence, indexed by sweep-points nseq. The sequence consists
of one drive signal with Uaux & 4 Vims, tuning resonator A upwards and leading to avoided crossings
with the two remaining nanostrings in the network. The inset shows the network layout and the
laser spot position (red). Both expected avoided crossings are clearly visible, but show a significantly
different extent of mode-splitting. An instance of unintended tuning due to frequency crowding is
visible around ngeq & 85 — 100 (see main text). b-c. Development of resonance frequencies for the
upper (blue) and lower (red) branch of the avoided crossings of two resonators, extracted from double
Lorentzian fits to individual mechanical motion spectra. b. presents frequencies fitted to a more
detailed measurement of the dashed cyan area and extracts a coupling rate of gas/27m = 2266 Hz. c.
presents frequencies fitted to a more detailed measurement of the dashed blue area and extracts a

coupling rate of gac/2m = 767 Hz.

crossing exhibits a significantly larger mode-splitting than the former, pointing to an asymmetric

coupling behavior in the network. To quantify this observation, we extract numerical values

for the extent of the mode-splitting from the measurement data. In Fig. 11.7b-c, the resonance

frequencies of the upper and lower branches of the avoided crossing areas have been extracted

using double Lorentzian fits to individual spectra taken from more detailed measurements. Once

again seek

ing the minimum mode separation, we receive

gac/2m = 767 Hz and
gaB/2m = 2266 Hz,

confirming the visual observation of significant differences in the coupling rate.

Unfortunately, due to the influence of frequency-crowding (see Sec. 11.2.1), independent tuning
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of resonator C in resonance with resonator B is not possible for this sample. Moreover, the
same effect leads to a brief unintended tuning of resonator C by the drive signal targeting
resonator A, which can be seen in Fig. 11.7a around ngq ~ 85 — 100. This circumstance
prevents us from extracting the third coupling rate ggc. However, the successfully extracted
values do confirm an influence of the resonator placement on the resulting coupling rates: As
expected, resonators A and B, only separated by a 90° angle in the Series B design, exhibit
a significantly larger inter-resonator coupling in comparison to resonators A and B, being
placed in a 135° angle. Given the symmetry of the network geometry about the plane spanned
by resonator C, it is highly plausible that the unobserved coupling rate ggc closely resembles gac.

In conclusion, the Series B resonator network, described by its stiffness matrix calculated

as above® to
-1.653 —58-107% —-19.107*

Kmisg = | —5.8-107*  —1.669 KBC kg/s?, (11.2)
-1.9-1074 KBC —1.656

has been shown to exhibit strong inter-resonator coupling and furthermore proves the large
influence that the geometric design properties, in particular the placement of the resonators,
have on the resulting coupling rates. By employing this knowledge in the design stage, resonator
networks can be specifically designed to exhibit different coupling rates in between groups of
resonators.

Inline Resonator Networks

Moving on to the final resonator network design, Fig. 11.8a shows measured mechanical mo-
tion spectra of nanostring B in an Inline resonator network’ exposed to an eigenfrequency
tuning sequence. Similar to the first presented sequence, two independent tuning signals with
Uaux =~ 10 Vs targeted at higher harmonics of resonators A and C are employed to induce
pair-wise crossings of the resonance frequencies for all of the nanostrings in the network. We
observe visible avoided crossings between resonators A and B as well as C and B at ngq ~ 35
and ngeq ~ 58 respectively. However, for the leftmost crossing, no obvious mode-splitting is
visible when bringing resonators A and C on resonance. Towards the end of the sequence,
another instance of frequency crowding can be observed, unintentionally increasing the resonance
frequency of resonator B. However, in this case the effect only appears outside the region of

interest for the experiment.

Proceeding as above, we fit the resonance frequencies for the separate branches of the avoided
crossings, extracting coupling rates of

gap/2m = 260 Hz and
gBc/2m = 207 Hz

5Unlike all other samples investigated in this thesis, this Tri (Series B) network consists of nanostrings with a
width of 140 nm. This results in a different effective mass used for calculation: m;l;“'SB =4.9-10"%kg.
"Please note the order of resonance frequencies for the investigated Inline network: Q% > Q2 > 03.
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Figure 11.8: a. Driven mechanical motion spectrum of resonator B in a Inline nanostring network over the

course of an eigenfrequency tuning sequence, indexed by sweep-points nseq. The sequence consists of
two independent drive signals with Uaux &~ 10 Vyms designed to induce crossings of all resonators’
eigenfrequencies in the network pair by pair. The inset shows the network layout and the laser spot
position (red). We observe two avoided crossings, but no obvious mode-splitting is visible at the
leftmost crossing. b-c. Development of resonance frequencies for the upper (blue) and lower (red)
branch of the avoided crossings of two resonators, extracted from double Lorentzian fits to individual
mechanical motion spectra. b. presents frequencies fitted to a more detailed measurement of the
dashed cyan area and extracts a coupling rate of gag/2m = 260 Hz. c. presents frequencies fitted to
a more detailed measurement of the dashed blue area. No finite mode-splitting can be extracted

from the fitted crossing of resonators A and C.

from Fig. 11.8b and Fig. A.6, respectively. However, even with the fits of a more detailed
measurement, no trace of mode-splitting can be found in Fig. 11.8c, confirming a coupling
rate smaller than the resolution of the measurement. Using this data, we assemble the Inline
network’s experimentally observed stiffness matrix, as introduced previously, to

—-3529 —14-10"* 0
Kigline = | —1.4-107%  —3.551  —1.1-107* | kg/s?%, (11.3)
0 —1.1-107*  —3.532

matching the theoretical predictions formulated in Sec. 9.2.3. It stands out that the observed
coupling rates are considerably lower than those observed for the other investigated network
designs, but our previous observations regarding the influence of resonator placement on coupling
rates can attribute the reduction to the larger angle (180°) in between the linked resonators.
However, with £ ~ 4 the values are approaching the lower limit of the strong coupling regime, a
fact that might impair the performance of excitation transfer protocols.
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11.2.3 Mechanical Dark Modes

Modes that can not absorb or emit excitations and thus are not visible in measurements are
commonly called dark-modes. Such modes have been extensively studied in the field of optome-
chanics [150-152]. Moreover, in a recent experiment, mechanical dark-modes were observed in
strongly three-mode coupled micromechanical systems [106]. Mechanical dark-modes have been
described as the mechanical analogue to electromagnetically induced transparency [153, 154] and
coherent population trapping [155]. In order to understand the appearance of this interesting
phenomenon in our system, we dedicate the following section to the investigation and modeling
of the observed features.
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Figure 11.9: a. Thermal motion spectrum of resonator A in a Tri (Series A) nanostring network as a function of
the auxiliary drive frequency Q3"*. With the tuning sequence, resonator A is tuned in resonance
with resonators B and C, which have been initialized to be on resonance (not shown), forming a
dark-mode, noticeable by the temporarily vanishing central branch (found between the dashed cyan
lines). The inset shows the network layout and the laser spot position (red). b. The blue circles
show the resonance frequencies of the three hybridized modes Q4 B,c, extracted by fitting the spectra
shown in panel a. with three Lorentzian line shapes. The orange lines represent a model calculation
of the same hybridized mode frequencies (see main text). c. Experimentally observed spectral
density (orange circles) integrated over the area between the dashed cyan lines in panel a. Black
circles signify spectra without a visible peak, i.e. noise spectral density. The purple line represents a
model calculation for the normalized displacement of resonator B, |zg|® (right scale), evaluated at the
resonance frequencies along the center branch of the hybridized mode. The calculation reproduces

the vanishing displacement observed on resonator B once the central mode goes dark.

Building on the reported observation in strongly three-mode coupled systems, we attempt
to prompt the appearance of dark-modes in a Tri (Series A) nanostring network by tuning
all three resonators in the network in resonance. To this end, we design an eigenfrequency
tuning sequence that brings two of the nanostrings in resonance (in this case resonators B
and C) until the mode-splitting becomes visible, and subsequently increase the eigenfrequency
of the remaining resonator (A) until it would cross the frequencies of the hybridized states.
Experimental data recorded over the course of this sequence is presented in Fig. 11.9a. It
shows the thermal motion spectra of resonator B as a function of the auxiliary drive frequency.
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Note that the initialization of the other resonators to the hybridized state is not shown in the plot.

With the simultaneous interaction of three coupled resonators close to resonance, we observe a
much more complex hybridization of states, compared to the previously investigated avoided
crossings, that can no longer be described by the approximation of two independent crossings
(see Sec. 8.1.4). This fact becomes apparent due to the two separate mode-splittings of visibly
different size, although the inter-resonator coupling has been shown to be roughly equal for
all of the involved resonators in this network. More importantly, the central branch (between
the dashed cyan lines) vanishes temporarily from (Q3"™ — Qilffrtlzz) /27 ~ 8kHz to 13kHz, ap-
parently forming one of the dark-modes sought to be observed in this experiment. In order
to quantitatively analyze the measurement, we extract the resonance frequencies of the three
hybridized modes over the course of the measurement by fitting three individual Lorentzian
lineshapes to the spectra shown in Fig. 11.9a. The extracted mode frequencies are shown as
blue circles in Fig. 11.9b. Note that no frequencies could be extracted from the central branch
for (QX™ — Qj{“flzz)/ 21 = 9kHz to 11kHz, since no peaks are discernible in the corresponding
spectra. We now perform a calculation of the hybridized mode frequencies {25 g ¢ over the
course of the experiment. This is accomplished by solving Eq. 8.15 with the stiffness matrix of
the network® derived in Eq. 11.1, under consideration of the auxiliary drive Q3% applied in the
experiment. More information about the calculation can be found in App. A.8. The calculated
mode frequencies are shown as solid orange lines in panel b. Note that we choose to limit
the model calculation to (Q5™ — QK};ZQ) /2m > 3kHz in order to avoid the strongly non-linear
heating effects that appear at the beginning of measurements (see discussion in Sec. 11.2.1). As
discussed in the same context, we also incorporate a linear correction term into the model to
compensate the remaining, more linear heating effects during the remainder of the measurement.
Comparing the model calculation to the extracted data in Fig. 11.9b, we observe a remarkably
good quantitative agreement and only slight deviations in the central branch frequencies towards
the end of the measurement. The latter can be most likely attributed to the finite precision
with which resonators B and C can be tuned on resonance during the initialization prior to the

experiment.

Having successfully replicated the dispersion of the hybridized modes during the measure-
ment, in the following we want to focus on a quantitative investigation of the dark-mode itself.
To this end, we evaluate the displacement amplitude of this dark mode along the center branch
(dashed cyan area), as shown in Fig. 11.9c. The data points correspond to the integrated
spectral density between the dashed cyan lines, resulting in an average displacement amplitude
(\xB|2> as a function of the auxiliary drive. Spectra where no resonance peak is discernible by
eye have been marked in black, indicating the data-range where the mode goes dark and only
spectral density of the noise-floor is measured. Clearly, the visual observation of a vanishing
signal is also confirmed in the analysis of the data as the measured displacement temporarily

init

drops below 0.1 pm? around (Q3™ — Q Am=2)/2m ~ 10kHz. Based on the previously derived

81n this measurement we are examining the exact same network that was used to extract the inter-resonator
coupling rates in Fig. 11.6 and Eq. 11.1. Therefore, we use the experimentally determined coupling rates for
the calculation.
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model for the dispersion of the hybridized modes, we now perform a calculation of the expected
displacement amplitude. In particular, we evaluate the system of three coupled equations of
motion of the nanostring network (Egs. 8.24-8.26). Numerically solving” the system at the
previously calculated resonance frequencies of the hybridized mode allows us to calculate an
expected amplitude coefficient proportional to the displacement \xB|2 of nanostring B for any
point along the central branch. The result of the calculation is plotted as purple line in Fig. 11.9¢
on a suitable scale to match the non-normalized experimental data. The model shows excellent
agreement with the experimental data, correctly predicting the vanishing displacement for
Q3™ — fortlﬁ) /21 ~ 8kHz to 12kHz. The discrepancy towards the end of the measurement,
which predicts a slightly larger increase in amplitudes, is likely the consequence of the previously
discussed inaccuracies in the calculated frequencies of the hybridized modes, as seen in panel
b. Notably, the fact that the model predicts amplitudes even lower than those experimentally
observed is expected, given that most data points in proximity to the minimum represent the
integrated noise floor of the experiment (black dots) instead of physical features. In fact, in the
theoretical model, the displacement drops to less than 0.2% of its maximum value, which further
corroborates the interpretation that a true, physical dark-mode is exhibited by the network.
Consequently, we are confident that the employed models accurately and quantitatively describe
the physical phenomenon observed in this experiment.

1 |uf?> (norm.) 0

.

Figure 11.10: FEM simulation of the displacement field 4 of the investigated resonator network, assuming
absolutely identical nanostrings with Qa = Qp = Qc¢. We observe a vanishing displacement of

nanostring B, providing a physical interpretation how the dark-mode is distributed over the network.

Finally, we perform a FEM simulation'® of the investigated Tri (Series A) network in order
to gain insight into the physical distribution of the dark-mode across the network. A visual
representation of the simulated displacement field d for one of the possible eigenfrequency
solutions'! is presented in Fig. 11.10. The simulation assumes absolutely identical nanostrings
with matching undisturbed resonance frequencies Qa = Op = Qc, which corresponds exactly

9For more information regarding the numeric calculation of the resonator amplitude, please refer to App. A.9.

"The simulation was performed using the finite element solver COMSOL Multiphysics [80]

"Due to the perfect rotational symmetry of the model structure, in fact, three solutions for the fundamental
mode are found, only differing in rotations of 120° in the x-y-plane.
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to the desired state of the network after the tuning sequence brings all of the nanostrings in
resonance. Examining the simulated displacement field (color), we can clearly identifiy the
strongly suppressed displacement amplitudes of nanostring B in comparison to the remaining
strings, effectively forming a dark-mode.

In summary, we successfully observed the formation of mechanical dark-modes, a phononic
analogue to coherent population trapping, in a strongly coupled three-nanostring resonator
network. Subsequently, we replicated the experimental observations quantitatively with a simple
theoretical model and visualized how the corresponding mode shape is distributed over the
network using FEM simulations.

11.3 Transition Dynamics of Resonator Networks

In 1932, Landau [127] and Zener [128] analytically described the tunneling behavior of quantum-
mechanical excitations between two states in a quantum two-level system during the passage
through an avoided crossing (see Sec. 8.2.1). However, it was later shown that the exchange of
excitations in coupled mechanical systems can be accurately described by the same dynamics
[99, 129, 130]. A key requirement for establishing nanomechanical resonator networks as suitable
systems for phonon-based information processing or storage is the ability to perform consistent,
targeted transfer of phonons between coupled nanostring resonators [104, 131], we dedicate this
section to demonstrate this ability in our multi-resonator networks by performing a classical
Landau-Zener-type experiment [103] and comparing the results to the theoretical prediction.
Subsequently, we attempt to exact more sophisticated control on the observed excitation transfer
using the selective eigenfrequency tuning technique, laying the groundwork for targeted phonon

transfer to arbitrary resonators in a multi-resonator network.

11.3.1 Excitation Transfer Measurement Protocol

All experiments in this section have been performed with the time-domain measurement setup
introduced in Sec. 10.3. In the following, we will describe the measurement protocol presented in
Fig. 11.11, which has been employed for the Landau-Zener-type excitation transfer experiments:
At first, a short excitation pulse (¢, = 400 us, amplitude U,) with the frequency Q, = Q% '?, is
generated by a pulsed RF source. After a waiting time tg = 1ms, the AWG begins emitting
its previously programmed auxiliary drive sequence with an amplitude of Uswg'?, smoothly

AQaux
T

transitioning its output signal from Q%  to Q2 + AQ.ux at a determined ramp rate ¢ =

aux aux )

thereby increasing the eigenfrequency of the excited resonator and causing it to pass through
avoided crossings with both other resonators in the network. Over the course of the entire
sequence, the digitizer card acquires the detector’s photo-voltage signal with a sampling rate of
200 - 10° samples/s, gathering time resolved information about the displacement of the observed

2For simplicity, the excitation pulse is assumed to match the frequency of resonator A, Q%. Generally, the
resonator with the lowest eigenfrequency will be initialized, allowing it to be tuned upwards by the auxiliary
drive sequence, crossing the eigenfrequencies of both other resonators in the network.

BDifferent pulse amplitudes U, and auxiliary drive voltages Uawc have been employed for different measurements.
Exact values are found in the figure captions.
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Figure 11.11: Measurement protocol for a Landau-Zener-type excitation transfer experiment. A detailed descrip-

tion can be found in the main text. The figure is adapted from Ref. [105].

nanostring resonator. In post-processing the time-domain data is digitally downconverted,
downsampled and lowpass-filtered to a cutoff-frequency of 25 kHz. Due to the short timescales
the experiment operates on, the synchronization of the individual components is of utmost
importance for its success. For this purpose, a second channel of the AWG is programmed to
send a trigger pulse to the RF source and the digitizer card at the start of the measurement,
simultaneously launching the excitation pulse and the acquisition of data. The measurement is
then repeated for varying ramp times (7 = 0.2ms to 12ms) and laser spot positions on different
resonators in order to investigate the influence of the ramp rate on inter-resonator excitation
transfer.

11.3.2 Landau-Zener Transitions in Tri Resonator Networks (Series A)

A B 4
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Figure 11.12: Level scheme of the nanostring network investigated in this section as a function of the measurement
time t. Shown are the resonance frequencies Q4 B,c of the three corresponding resonators (see
inset). Q4 is tuned upwards, eventually crossing the frequencies Qg and Q¢ for times tc s and tcn
respectively. For finite inter-resonator coupling, avoided crossings will form and allow the transfer
of excitation between resonators. For clarity, we neglect the coupling in this illustration and do not
consider the hybridization of modes.

We now perform a Landau-Zener transition sequence, as detailed in Sec. 11.3.1, on a Tri (Series
A) nanostring network. In the measurement, we record the time-resolved development of the
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displacement of nanostrings A, B and C as a function of the ramp rate {. In order to evaluate
experimental data of a Landau-Zener-type measurement, it is crucial to understand the dispersion
of the eigenfrequencies over the course of the performed sequence. To this end, we illustrate
the level scheme, i.e. the eigenfrequencies of the investigated nanostring network, as a function
of the measurement time ¢ in Fig. 11.12. During the measurement, the eigenfrequency Q ()
resonator A is increased using the established tuning technique. The frequencies of the remaining
resonators are unaffected by this, so that eventually Qa (¢) will become resonant with Qp and
Q¢ at points in time ¢, g and t. ¢ respectively (see illustration). Due to the finite inter-resonator
coupling in the network, the eigenfrequencies will instead hybridize and pass through an avoided
crossing, where the transfer of energy between the corresponding resonators becomes possible
(not shown in the figure). Keeping this in mind, we now investigate the measurement results

presented in Fig. 11.13a-c.
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Figure 11.13: a-c. Experimentally observed squared displacement amplitude of the fundamental mode of resonator
A, B and C, respectively, in a Tri (Series A) network (shown in the lower right) as a function
of auxiliary frequency ramp rate ¢ and time ¢. The signal voltages used for this measurement
are U, = 7T0mV.ms and Uawa =~ 4.5 Vims. d-f. Model calculation for the squared displacement
amplitude of resonators A, B and C, respectively, based on numerically solving the three time-
dependent, coupled equations of motion presented in Sec. 8.2.2. a-f. The dashed cyan lines indicate
calculated crossing times for which Q4 is resonant with Qg (lower line) and Q¢ (upper line). We

observe high quantitative agreement between experimental data and model predictions.

We begin the discussion of the experimental data by considering the case of slow ramp rates,
i.e (¢/27)~! > 100 us/kHz. By examining the development of the displacement amplitudes
(color) in the vicinity of the calculated crossing times (dashed cyan lines), a distinct transfer of
energy between the resonators due to the inter-resonator coupling can be seen. For example, the
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displacement measured on resonator A (see panel a.) practically vanishes as soon as t exceeds
the predicted time of the first crossing, i.e. the point in time for which Qa(t) = Qp. At the
same time, an increased signal can be observed in panel b., corresponding to a displacement
of resonator B. This can be interpreted as an adiabatic transfer of energy from resonator A to
resonators B. The transfer is performed at the time of passage through the avoided crossing in
accordance with the Landau-Zener model (see Sec. 8.2.1), which predicts the adiabatic passage for
slowly changing frequencies. The fact that a majority of the energy of resonator A is transferred
becomes especially apparent when considering panel c. The displacement of resonator C stays
close to zero even after resonator A crosses its frequency (upper dashed line) with the same slow
rate. Clearly, resonator A barely retains any energy after the previous avoided crossing with
resonator B.

For faster ramp rates of ((/27)~! ~ 50 us/kHz on the other hand, we observe a significant signal
in panel a. for ¢ larger than both crossing times, and it can subsequently be seen decaying
exponentially. Therefore, energy remains stored in resonator A even after passing through the
avoided crossings with resonators B and C, pointing towards the diabatic passage behavior that
the model predicts for large ramp rates. However, since we also observe signals in panels b.
and c., energy is still transferred to resonators B and C. We can conclude that the system has
not yet fully arrived at diabatic behavior and still resides in a transition region. Moving to
extremely high ramp rates over ((/27)~! a 10 us/kHz, we eventually reach a regime in which the
eigenfrequency tuning mechanism breaks down and 24 can no longer be tuned upwards to cross
the other resonator’s eigenfrequencies. Subsequently, we observe a simple exponential decay of
the energy stored in resonator A and no transfer of energy to the other strings. This breakdown
is attributed to the bandwidth of the higher order mode, limiting the Duffing oscillator’s ability
to perform high amplitude oscillations long enough for the frequency shift to take effect (cf. Ref.
[105]). Since no crossings can be provoked without the tuning of the resonators frequency, this
presents an upper limit for the investigated ramp rates. Consequently, in order to gain access
to even higher ramp rates and fully explore the diabatic transition regime, the bandwidth of
the auxiliary mode employed for tuning has to be reduced, e.g. by special mode engineering
[156, 157].

By numerically solving'* the time-dependent, coupled equations of motion as derived in Sec. 8.2.2,
we can subsequently model the transition behavior of our three-resonator network without the
need for any free fit parameters, as demonstrated in Fig. 11.13d-f. Aside from the high-rate limit
of the tuning mechanism that is not considered in the mathematical model, the calculation is
able to quantitatively reproduce all of the experimentally observed features, including the small,
interference-like patterns, that become visible around the crossings (see e.g. the area between
the crossings in panel b.) and can be explained by Rabi-like population oscillations in the network.

In conclusion, the employed sequence is capable of performing coherent transfer of excita-
tions from one nanostring in a 7ri resonator network to another and even a partial transfer to

both mechanically coupled nanostrings, depending on the chosen frequency ramp rate.

14 A sketch of the numerical calculation algorithm is found in App. A.10
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11.3.3 Landau-Zener Transitions in Inline Resonator Networks

Next, we proceed by performing an identical, classical Landau-Zener experiment on an Inline
nanostring network. Recalling that the resonators A and C are not coupled in this network
design, we choose the investigated network to fulfill Q% < Q% < Q2 since this will allow us the
investigation of two successive avoided crossings in one tuning sequence. To clarify the dynamics
of the measurement, we present the level scheme of the investigated network in Fig. 11.14. In
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Figure 11.14: Level scheme of the Inline nanostring network investigated in the following section as a function of
the measurement time ¢. Shown are the resonance frequencies 2 g,c of the three corresponding
resonators (see inset). Qg is tuned upwards, eventually crossing the frequencies Q4 and Q¢ for
times tc,a and tcc respectively. For finite inter-resonator coupling, avoided crossings will form and
allow the transfer of excitation between resonators. For clarity, we neglect the coupling in this

illustration and do not consider the hybridization of modes.

this case resonator B is excited by the initialization pulse and tuned upwards by the tuning
mechanism so that Qg will eventually become resonant with Q4 and subsequently Q¢. The
resulting measurement data, tracking the nanostrings’ displacement over the course of the
Landau-Zener sequence for different ramp rates (, is presented in Fig. 11.13a-c.

We proceed as above and first investigate the case of slow ramping rates, i.e. (¢/2m)~! >
30 us/kHz. Examining panel b., which shows the measured displacement of resonators A, we
can clearly identify the appearance of a. measurement signal as soon as the ¢ exceeds t. A
(first dashed line), i.e. the calculated time of the avoided crossing between resonators B and
A. Similar observations can be made in panel c, i.e. the displacement of resonator C, where
a signal becomes visible only above the second dashed line, indicating the relevant crossing.
This confirms that a transfer of excitations at the avoided crossings is performed. However,
upon examination of the measured displacement of resonator B (panel a.), we find no visually
discernible loss of energy in the area of the predicted crossing times, even for extremely slow ramp
rates (i.e. (¢/2m)~! > 130 us/kHz. Instead the signal shows a simple exponential decay. We
attribute this to the significantly weaker inter-resonator coupling rate that was experimentally
determined in this type of network (see Sec. 11.2.2). Due to the lower coupling strength, the
energy transferred from resonator B to the resonators A and C at the avoided crossing appears
to be small enough for its absence to not be visually discernibly in the colorcode. Nonethe-
less, we proceed to investigate the characteristic features of Landau-Zener experiments. For
ramp rates (¢/27)~! < 30 us/kHz, we can identify features that point towards an increasingly
diabatic passage. In particular, the displacement in panel b. can be seen to drop below the
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Figure 11.15: a-c. Experimentally observed squared displacement amplitude of the fundamental mode of resonator
B, A and C, respectively, in a Inline network (shown in the lower right) as a function of auxiliary
frequency ramp rate ¢ and time ¢. The signal voltages used for this measurement are Up = 125 mV i
and Uawc = 7 Vims. d-f. Model calculation for the squared displacement amplitude of resonators
B, A and C, respectively, based on numerically solving the three time-dependent, coupled equations
of motion presented in Sec. 8.2.2. a-f. The dashed cyan lines indicate calculated crossing times for
which Qp is resonant with Q4 (lower line) and Q¢ (upper line). Due to the small inter-resonator
coupling rates, the amount of transferred energy is comparatively low, leading to noisy measurements
that do not resolve smaller features. Still, we observe good agreement between experimental data

and model predictions.

detection threshold earlier as we move to faster ramp rates. In particular, take note of the
disappearance of the red color at around 7 ms for (¢/27)~! = 20 us/kHz, while for slightly higher
rates the decay can be visually tracked over the full measurement duration. For ramp rates
(¢/2m)~' < 10 us/kHz, the signal vanishes entirely from panels b. and c., signaling that we
once again encountered the limit of the eigenfrequency tuning technique and no more crossings
are induced. Notably, the breakdown appears more prominently in this measurement. This
can be explained by the larger frequency range (80kHz compared to 50kHz in the previous
measurement) which Qp needs to traverse in order to reach the eigenfrequencies of the other
resonators. Therefore, using the same ramp times 7, we accessed higher ramp rates ( in this
measurement. Lastly, the comparison of the experimental data with the theoretical model (see
Sec. 8.2.2 and App. A.10) presented in Fig. 11.13d-f shows reasonably good agreement. However,
the small amplitudes observed on nanostrings A and C suffer from a low signal-to-noise ratio
and can only partially resolve the small, oscillatory features predicted by the model.

In summary, even though the low inter-resonator coupling rate does not allow for truly adiabatic

95



CHAPTER 11 EXPERIMENTAL RESULTS

transport of excitations in this particular sample, Landau-Zener transition dynamics between all
coupled nanostrings in the Inline network have been successfully demonstrated. It seems highly
plausible that with comparatively simple changes to the geometry of the network (e.g. smaller
shared support area) the inter-resonator coupling rates could be enhanced, bringing the network
deeper into the strong coupling regime and towards similar performance to the investigated T'ri
network design, regarding the coherent transfer of excitations.

It should be noted that an interesting research application for the Inline resonator design
would be the investigation of mechanical analogues to more complex adiabatic passage phe-
nomena. In particular, stimulated Raman adiabatic passage (STIRAP) [158] and coherent
tunneling adiabatic passage (CTAP) [159, 160] are concerned with population transfer between
two uncoupled states by coupling them via an intermediate state. A natural mechanical analogue
would be the transfer of phonons from resonator A to resonator C in Inline nanostring networks.
Unfortunately, in the sample shown in this section, frequency crowding prevented the necessary
tuning operations to bring resonators A and C on resonance, rendering an investigation of
this topic challenging. However, with a suitable sample, nanostring networks might be viable
candidates to explore the possibility of a phononic analogue to STIRAP.

11.3.4 Controlling Transition Dynamics in Resonator Networks

Having successfully demonstrated coherent excitation transfer in multi-resonator networks, we
want to conclude the examination of transition dynamics by performing a proof-of-principle
experiment, showcasing the possibility for the transfer protocol to be improved towards truly tar-
geted transfer of phonons. In particular, we show the stability of the protocol against additional
eigenfrequency tuning operations, allowing for flexible configuration of the avoided crossings in

T Q (t) Q (t)
S data aCV "o ol P init data acq. '
T i : i T I
= : =

e : g Q S |

N\ : : N Q
= 20 : ! - sx 20 : QO

! ; Q [ °

[ | T e 1 -

(QA,B,C_
o
o - k
(QA B C_Q
o

[a)
w

tc,C T tc,B tc,C T

t

—~+

Figure 11.16: Level schemes of the investigated Tri (Series A) network over the course of two different Landau-
Zener measurements. a. Level scheme for the off resonance case. Prior to ¢ = 0 an initialization
operation (init.) is performed to increase Qc. In the measurement (data acq.) Qa is tuned upwards
and the crossing times t.,3 and tcc are well separated. b. Level scheme for the on resonance
case. In a initialization sequence (init.) prior to ¢t = 0, Qg is increased to a level close to Qc,
where the two modes already hybridize (not shown). In the measurement (data acq.) Qa is tuned
upwards and passes through Qp and Q¢ at very similar times t. g = tc,c. a-b. In both illustrations,

inter-resonator coupling and the hybridization of modes is neglected.

96



11.3 TRANSITION DYNAMICS OF RESONATOR NETWORKS

the network. To this end, we perform to slightly different Landau-Zener type measurements on
the exact same network that has been investigated in Sec. 11.3.2. The performed Landau-Zener
sequences are completely identical, but an additional initialization operation is performed prior
to the acquisition of data, altering the eigenfrequencies of certain resonators in the network.
The corresponding level schemes are illustrated in Fig. 11.16. In panel a., we show the level
scheme for the off resonance measurement run. In the initialization operation, an additional
auxiliary drive signal is employed to tune 2¢ upwards leaving the resonators B and C far off
resonance. Therefore, in the main measurement, the two crossings passed by 2z are widely
separated in time and frequency. Conversely, the level scheme for the on resonance measurement
run is shown in panel b. In the initialization sequence prior to the measurement, )y is increased
by an auxiliary drive such that Qp ~ Q¢ and the two modes begin to hybridize (not shown in
the illustration). In the main measurement, 25 then passes through both frequencies almost
simultaneously. It should be pointed out that, after initialization, the employed auxiliary signal
needs to be remain enabled and constant throughout the main measurement, as the resonance
frequencies would otherwise revert back to their initial values.
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Figure 11.17: Experimentally observed squared displacement amplitude of the fundamental mode of resonators A,
B and C as a function of auxiliary frequency ramp rate ¢ and time ¢ for two different experimental runs.
Prior to each measurement, certain resonance frequencies have been initialized to new levels by an
auxiliary drive with Uaux & 5 Vims (see Fig. 11.16). a-c. shows data of a off-resonant measurement,
for which Qg and Q¢ were tuned far apart. d-f. shows data of a on resonance measurement,
for which Q2 and Q¢ have been initialized to be close to resonance. a-f. All measurements are
performed in the same Tri (Series A) network previously investigated in Sec. 11.3.2 with an identical
Landau-Zener sequence and the same signal voltages Up, = 70 mV;ms and Uawa = 4.5 Vims. The
dashed cyan lines indicate calculated crossing times for which 4 is resonant with Qg (lower line)
and Q¢ (upper line).
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The experimental results for both measurements are presented in Fig. 11.17. Comparing
the acquired data between the two different measurement, it can be seen that the position of the
avoided crossings is significantly influenced by the initialization operations. For example, in the
off resonant case shown in panel a., we clearly find the influence of two distinct crossings along
with a transfer of energy, as the displacement of resonator A significantly decreases at each of the
calculated crossing times (dashed lines). In the on resonance measurement data of the same res-
onator (panel d.) on the other hand, the influence effect of the individual crossings can no longer
be visually separated. Instead we find the signal to vanish almost completely as soon the first
crossing is reached. This indicates an almost simultaneous transfer of a majority of the energy in
resonator A to both of the crossed resonators. Notably, characteristic features of Landau-Zener
measurements are still found in both measurements, i.e. the adiabatic or diabatic passage through
the crossings depending on the ramp rate. The expected dependency is clearly visible in panels a.
and d. However, since these features were already discussed in Sec. 11.13 based on a measurement
of the exact same network, we will not perform an in-depth analysis at this point. It should be
noted that the main goal of this proof-of-principle experiment was successfully accomplished.
We demonstrated that the eigenfrequency tuning mechanism can not only be used to perform
coherent transfer of excitations via Landau-Zener sequences, but can also be used to initialize
the system in a desired state prior to the measurement. Notably, this opens up the possibility of
targeted excitation transfer between arbitrary resonators in the network. For example, the most
challenging process in the investigated network is a direct transport of energy from resonator A
to resonator C without affecting resonator B. By tuning the eigenfrequency of resonator B, Qp,
to exceed )¢, this can be accomplished by a simple adiabatic ramp of €24. Unfortunately this
particular sequence could not be performed in the investigated sample due to frequency crowding.

Note that an equivalent protocol to accomplish an adiabatic excitation transfer from resonator A
to C would be to first increase Qo very rapidly to (diabatically) transition g and subsequently
perform a slower, adiabatic transition across {2¢, thus transferring the excitation to resonator C
while leaving resonator B undisturbed. However, as discussed previously, this would require a
reduction of the auxiliary mode bandwith in order to gain access to the fast frequency ramp
rates necessary for truly diabatic transitions.

We conclude that the demonstrated control of resonance frequencies during execution of the
Landau-Zener protocol is a valuable step towards the goal of universal, targeted excitation
transfer in mechanical resonator networks, which remains, at the time, primarily limited by
frequency-crowding effects.
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Summary

Throughout the second part of this thesis, we investigated and characterized the interaction of
multiple high-Q) nanostring resonators which are mechanically coupled to form a multi-resonator
network. We designed three distinct resonator network geometries and adapted the established
fabrication process to reliably produce the structures from thin, tensile stressed SigNy4 films.

In optical interferometry measurements, we characterized individual nanostrings within different
network geometries regarding their quality factors and material parameters. The resulting
parameters proved consistent with literature values and confirmed the excellent quality fac-
tors expected of Si3sNy nanostring resonators. Subsequently, we evaluated the capabilities of
the recently introduced, mechanical eigenfrequency tuning technique based on the geometric
non-linearity of nanostrings. We demonstrated simultaneous and individual control of the
eigenfrequencies of up to three resonators in the same network without requiring local control
gates. In the next step, the inter-resonator coupling rates between individual nanostrings in
the same multi-resonator network were quantified. Strong coupling was observed in all of the
investigated samples and a significant influence of the network geometry on the coupling rates
was found. Consequently, several geometric parameters were identified which can be used to
manipulate specific inter-resonator coupling rates at the design stage.

In addition, we investigated the formation of mechanical dark-modes in a system of three strongly
coupled nanostring resonators. Mechanical dark-modes represent an interesting quantum-classical
analogue to electromagnetically induced transparency and coherent population trapping. We
successfully prompted the formation of a mechanical dark mode and quantitatively analyzed
the experimentally observed behavior. The vanishing displacement of one of the nanostrings
and the dispersion of the underlying hybridized modes could be accurately replicated by a
mathematical model derived directly from the classical equations of motion. Subsequently, the
physical distribution of the dark-mode across the resonator network was visualized by FEM
simulations. Finally, we explored transition dynamics within nanostring resonator networks
by performing Landau-Zener-type experiments. We successfully demonstrated the controlled
transfer of excitations between coupled nanostring resonators and presented a mathematical
model that quantitatively describes the dynamics of mechanical Landau-Zener transitions. In
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addition, we performed a proof-of-principle experiment opening the possibility to extend the
employed transfer protocol towards truly targeted transfer of phonons in larger multi-resonator
networks.

In conclusion, we have realized three different designs of nanostring resonator networks and
demonstrated strong inter-resonator coupling, all-mechanical eigenfrequency control of individual
resonators and the coherent transfer of phonons within the network.
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Conclusion and Outlook

Concluding the thesis is a brief summary of the results achieved within and an outlook on the
next steps and long-term perspectives:

We successfully established a fabrication process for the magneto-mechanical hybrid systems
designed in the first part of the thesis. Unfortunately, due to an unstable sample material and
the breakdown of an important measurement setup, no in-depth evaluation could be performed
regarding the suitability of the new platform for the investigation of magnon-phonon coupling.
Consequently, in a next step, the sample material should be replaced with a thicker SigNy or
Si layer. The resulting samples can then be examined in micro-focused BLS spectroscopy
measurements, testing the existence of a complete phononic band gap and the localization of
GHz-frequency phonons. Notably, the magnon-modes exhibited by the samples fabricated for
this thesis were found to be significantly affected by the finite size of the phonon-engineered
structures. Therefore, for the design of any future hybrid systems, it will be crucial to perform
coordinated simulations of phononic and magnonic modes, using micromagnetical simulations
[73, 95] in combination with the techniques for phonon engineering described in this thesis. It
should then be possible to tune magnon modes on resonance with the localized phonon mode
and study the effects of resonant magnon-phonon coupling. Given favorable results, a next step
could be to cool down the system to mK temperatures and investigate the interaction in the
quantum limit.

In the long term, it would further be conceivable to move towards more complex magnetic
material systems in order to gain even more control over the magnon modes, a process that
has been already demonstrated for periodic lattices of magnetic materials, forming magnonic
crystals [161-164]. It has to be seen whether the concept can be combined with phononic
crystals. However, should it be possible to simultaneously localize magnon- and phonon modes
to the same crystal structure, this would represent a new class of magnetomechanical crystals,
promising a similarly wide range of applications as their optomechanical counterparts.

The nanomechanical multi-resonator networks fabricated in the second part of the thesis were
shown to fulfill all three of the requirements formulated at the beginning of this work: We
demonstrated strong coupling rates, an all-mechanical eigenfrequency tuning technique, and a
protocol to perform controlled transfer of excitations. Moreover, every one of these experimen-
tally observed features could be quantitatively described by a mathematical model. As such, the
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CHAPTER 12 SUMMARY

fabricated networks fulfill three essential requirements for applications towards the mechanical
simulation of fundamental quantum mechanics [101, 104] as well as phonon-based quantum
information processing [107-109] and storage [110-112]. In a next step, special attention should
be given to the issue of frequency crowding, which currently poses limits on the ability to perform
truly targeted transfer of excitations between all resonators in larger networks. If the design
and fabrication process of nanostrings can be improved to produce more predictable resonance
frequencies, networks could be more reliably fabricated to exhibit a desired distribution of
modes. Subsequently, more complex phonon transfer protocols could be realized as alluded in
the final proof-of-principle experiment. In particular, due to its geometry, the Inline network
appears to be an intuitive candidate for experiments towards a phononic analogue to stimulated
Raman adiabatic passage (STIRAP) [158] and coherent tunneling adiabatic passage (CTAP)
[159, 160]. Another interesting long-term perspective is to investigate nanomechanical resonators
or resonator-networks close to their quantum mechanical ground state [110]. With resonance
frequencies in the MHz regime, this can not be solely achieved by a cooldown of the system
to mK temperatures. The ground state cooling of MHz modes was realized by coupling of
mechanical resonators to a microwave- or optical cavity [26]. However, the high oscillation
amplitudes of harmonic modes essential for the eigenfrequency tuning technique can potentially
pose additional challenges when moving towards lower temperatures. Before experiments in the
quantum limit can be approached, it will be crucial to determine whether mode-mode coupling
between the fundamental and the higher harmonic modes could counteract attempts to cool the

fundamental mode to its ground state.
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A.1 Derivative Divide

In Chapter 5, we display and fit the transmission spectra of FMR measurements in the form of
its derivative divide as introduced in Ref. [88]. The corresponding expression is

W+ Awmod) — X(W — Awpmod)

. /X(
0pSo1 = —iwA Y

(A1)

with the angular probe frequency w = 27 f, an amplitude factor A’ and a variable step size
Awpogq for the numeric computation. Furthermore, y is the magnetic susceptibility

YoM |(ypoHo — iAw)

X(w,Ho) = (wres(Hp))? — w? — iwAw

(A.2)

using Hyg = ’}fo‘ as static magnetic field and the gyromagnetic ratio . This allows us to extract
the angular resonance frequency wyes and the linewidth Aw. It should be noted that the simple
dependence of x on Hy holds only for neglected magnetic anisotropy. For more information
please refer directly to Ref. [88].

A.2 Complex Lorentzian Fit Model

Theoretically, the response spectrum of a nanostring resonator, i.e. its squared displacement
amplitude |x0]2(Q) in response to the angular frequency {2 is given by a Lorentzian lineshape of
according to Eq. 8.3. In experiments however, one regularly observes deviations from theory, e.g.
an asymmetric lineshape, which can be caused by impedance mismatches or other effects in the
readout electronics. Many of these effects can be compensated by employing a slightly altered
lineshape to fit the data.

In particular, we assume a complex background ic; added to the measured signal, resulting in a
modified Lorentzian lineshape of

r 2

meaSQ — -
STEAS(0)) alcl+i(Q—Qm)+Fm/2

+ co. (A.3)
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Here 5™ |:1:0\2 is the measurement signal proportional to the squared displacement of the
string, 0, and I', the extracted resonance frequency and linewidth respectively. Further a is
an amplitude factor and ¢y a correction term for a real background.

Throughout this thesis we use Eq. A.3 for all fits of nanostring resonance frequencies. Note

that the fitting model is based on a similar treatment for microwave transmission measurements

found in Ref. [118].

A.3 Linear Chain of Masses

Figure A.1: A linear chain of alternating masses m and M which are connected by springs with a fixed, identical
spring constant k. We denote the displacement of atoms m,, by u, and the displacement of atoms

M, by v,. The equilibrium distance between two identical masses is a.

Here, we derive the dispersion relation of a linear chain of alternating masses m and M on
springs, as illustrated in Fig. A.1. In this simple model, we only consider the motion along
the chain, i.e. in one dimension and assume that all masses are coupled by identical springs
with a fixed spring constant k. We further assume only nearest-neighbour coupling. With the
expressions for the displacement of the masses from the illustration, we can write the equations
of motions of the masses m,, and M,, [48]

miiy, = K(vy — Up) + K(Vp—1 — up)

. (A4)
My, = Kk(up — vn) + K(Up+1 — Op)
reducing to
mun = K(Un + Un—1 — 2uyp) A5
Moy, = KE(unt1 + un — 20y).
We use the periodicity of the chain and assume plane wave solutions of the form u,, = uet(nkza—wt)
and v, = ve!hra—w) regulting in
2 _ —tkza
—w mu =rv(l+e ) — 2Ku (A6)
—w?Mv = ku(e®*® +1) — 25kv. .
We can rewrite the expressions into the determinant form of an eigenvalue equation
2k — mw? —k(1+ eikma) -0 (A7)

—k(1 +etk=) 2% — Mw?
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which becomes
mMw* — 2k(m + M)w? + 26%(1 — cos(kza)) = 0. (A.8)

Solving Eq. A.8 for w? results in two solutions

wi (ky) = LM [m +M+ \/(m + M)? — 4mMsin?qal. (A.9)

m

Notably, for m # M the two solutions for the dispersion w? (k;) and w? (k;) split up, forming
two separated bands in the phononic bandstructure, which are drawn in Fig. 2.1.

A.4 Fabrication Processes

A.4.1 Zipper Resonator

The following is a detailed fabrication sequence for a Si3N,/Co double-layer zipper resonator
surrounded by a SigN4/Co phononic shield. The essential steps are summarized and illustrated
in Sec. 4.1.

1. Clean new Si/SiO2/SigNy chip by ultrasonic bath in technical acetone for 2 minutes, rinse
in acetone and IPA, dry with Ny, briefly bake at 200°C.

2. Coat chip with positive EBL resist PMMA /MA(33%). Spin-coat for 60s at 4000RPM.
Bake at 170°C for 2 minutes.

3. Define markers for alignment of subsequent steps by EBL process. 10x10um? squares
(mpsquare) work. Exposure dose 6.5 C/m?.

4. Develop 2 minutes in AR 600-56 under constant motion, rinse 2x in IPA, dry with No.
5. Evaporate Ti(4nm)/Au(24nm) onto sample.

6. Lift off resist layer along with excess evaporated material in warm (70°C) acetone. After
20-30 minutes, remove dissolved material and transfer sample to new beaker. Repeat until
resist layer is gone, rinse in acetone and IPA, dry with Ns.

7. Coat chip with positive EBL resist PMMA /MA(33%). See step 2.

8. Define zipper layout by EBL process. Exposure dose 4.55 C/m?. Use slowest, most accurate
database!

9. Develop resist as in step 4.
10. Evaporate Cobalt (20nm) layer onto sample.

11. Lift off resist layer, see step 6. If the Cobalt proves hard to remove, use dedicated remover
(e.g. mr-rem700) instead of acetone and increase time between switching of beakers (> 30
min).

12. Coat chip with positive EBL resist PMMA /MA (33%). See step 2.
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13. Define negative shape of phononic shield, including the zipper, as etch mask by EBL
process. Exposure dose 5.2C/m? for shield, 4.55C/m? for zipper. Use slowest, most
accurate database!

14. Develop resist as in step 4.

15. Load sample to RIE and run job TL_NanomechanicsAnisotropic (SF6=20, Ar=10, RF
Power=100W, ICP=30W, pressure=15, time=2min20s).

16. Wet etch sample in buffered hydrofluoric acid (BHF) solution (3%) at room temperature.
At least 5 minutes are necessary for a freely suspended structure. Terminate in HoO,
transfer through several ethanol baths and keep sample submerged.

17. Dry sample in CPD. 25 cycles, slowest gas exchange rate.

A.4.2 Double-Layer Phononic Shields

The following is a detailed fabrication sequence for a Si3N4/Co double-layer phononic shield

structure. The essential steps are summarized and illustrated in Sec. 4.2.

1. Clean new Si/SiO2/SizNy chip by ultrasonic bath in technical acetone for 2 minutes, rinse
in acetone and IPA, dry with Ny, briefly bake at 200°C.

2. Coat chip with negative EBL resist ma-N 2403. Spin-coat for 60s at 4000RPM. Bake at
90°C for 1 minute.

3. Define negative phononic shield structure by EBL process. Exposure dose 1.54 C/m?. If
Cobalt on the remainder of the chip is not wanted, expose complete chip in second EBL
step.

4. Develop in ma-D 525: Wait 30s, briefly shake sample, wait another 30s (total: 1min).

5. Evaporate Cobalt layer of desired thickness plus ~ 30 nm to compensate loss during wet
etching. BHF attacks Co at roughly 30 nm per 5 minutes.

6. Lift off resist layer along with excess evaporated material in warm (70°C) acetone. After
20-30 minutes, remove dissolved material and transfer sample to new beaker. Repeat until
resist layer is gone, rinse in acetone and IPA, dry with Na. If the Cobalt proves hard to
remove, use dedicated remover (e.g. mr-rem700) instead of acetone and increase time

between switching of beakers (> 30 min).

7. Load sample to RIE and run TL_NanomechanicsAnisotropic (SF6=20, Ar=10, RF Power=100W,
ICP=30W, pressure=15, time=2min20s).

8. Wet etch sample in BHF solution (3%) at room temperature. 5-6 minutes are necessary
for a freely suspended structure. Terminate in HoO, transfer through several ethanol baths
and keep sample submerged.

9. Dry sample in CPD. 25 cycles, slowest gas exchange rate. 40°C.
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A.5 Interferometry Setup

polarizing
beam splitter
fiber M2 M2 ®89) 5,
¥ laser I \\ I >
U U
collimator  Glan-Thompson @
polarizer Y
N4 PBS

PID I
controller |

piezo-controlled

mirror PBS
L =

< 7 photo-
beam detector
sample ,
objective i splitter N2
90:10
N I 7 I
I 24— ~
PBS
piezoactuator
vacuum chamber bea.nm P v, LED light
splitter - B source (red)
50:50

N e e

notch filter

Figure A.2: Tllustration of the homodyne, optical interferometry setup used for measuring a nanostring resonator’s

oscillatory motion.

Figure A.2 shows a complete illustration of the homodyne, optical interferometry setup used
for the measurement of nanostring displacement in this thesis. A full description of the setup
and the detection principle can be found in Ref. [146].

A.6 Frequency Crowding

Due to the global application of drive signals in the eigenfrequency tuning technique (see
Sec. 8.3.2), the protocol can be adversely affected by mode-mode cross-talk, i.e the overlap in the
drive frequency range of different resonators, also called frequency crowding [149]. Cross-Talk
can lead to the unintentional tuning of multiple resonators with one drive signal. This problem
can be avoided as long as the higher harmonics of the network’s resonators are sufficiently
separated in frequency. In the following we want to present an example of a three-nanostring
network that fulfills these conditions and is thus unaffected by frequency crowding. Note that a
similar discussion of this example system can be found in the supplementary material to Ref.
[105]. The level scheme of the network is illustrated in Fig. A.3. It consists of three nanostrings
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with the fundamental mode frequencies 24 < Qg < Q¢ and the second harmonic frequencies
Qo n=2 < QA n=2 < QB n=2.

B,n=2

>3(Q.-Q,)

An=2

)

Cn=2

feleke

Figure A.3: Exemplary level scheme of an ideally designed three-nanostring network, highlighting the importance
of sufficient spacing of the higher harmonics to avoid unintended tuning effects. The figure is redrawn
based on Ref. [105].

In order to perform excitation transfer between resonators A and C, their fundamental modes
have to be tuned on resonance. Recalling Sec. 8.3.2 and in particular Eq. 8.47, it becomes clear
that an auxiliary drive would have to be swept from Q4 n—2 to QA n—2 + 3(2a — Qc) in order to
increase 25 up to the level of Qc. Therefore, any higher order mode above Q2 y—2 (in this case
QB n=2) has to adhere to Qpn=2 — Qan=2 > 3(Qa — Q¢), otherwise Qp will be tuned by the
same drive signal. With these conditions fulfilled, 2o can be tuned in resonance with 25 as well
as Q0c. Due to correct ordering of frequencies, g is also freely tunable towards {2¢, allowing
for every possible interaction in the network. Note that, even though these requirements can
be considered at the design stage, the fabrication process leads to a degree of variance in the
resonance frequencies and post-selection of fabricated resonator networks is required.
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A.7 Additional Inter-Resonator Coupling Data

In this section, we present additional data that was used to extract the inter-resonator coupling

rates from the mode-splitting of hybridized modes in coupled resonator systems. The correspond-

ing measurements, along with a description of the fitting process can be found in Sec. 11.2.2,

while the theory of avoided crossings is discussed in Sec. 8.1.2.

A.7.1 Tri (Series A) Network

(Q_, - QY /2m(kHz)

40 60 80
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nseq,detaiI,BC

(Q_, - Q) /21 (kH2)

nseq,detaiI,AB

Figure A.4: Fitted resonance frequencies of the lower Figure A.5: Fitted resonance frequencies of the lower
(red) and upper (blue) branch of the first (red) and upper (blue) branch of the third
avoided crossing shown in Fig. 11.6 at avoided crossing shown in Fig. 11.6 at
Nseq ~ 31, involving resonators B and C. Nseq ~ D8, involving resonators A and B.
The data is extracted from the individ- The data is extracted from the individ-
ual spectra as described in Sec. 11.2.2. ual spectra as described in Sec. 11.2.2.
The minimal mode-splitting is found The minimal mode-splitting is found
at Neeq,detail,sc = 64 to be gac/2m = at Nseqdetail,AB = 63 to be gac/2m =
1230 Hz. 1281 Hz.

A.7.2 Inline Network
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Figure A.6: Fitted resonance frequencies of the lower (red) and upper (blue) branch of the third avoided crossing

shown in Fig. 11.8 at ngeq ~ 58, involving resonators B and C. The data is extracted from the individual

spectra as described in Sec. 11.2.2. The minimal mode-splitting is found at nseq,detail,Bc = 14 to be

gac/2m = 207 Hz.
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A.8 Drive-Dependent Hybridized Modes

Here, we will briefly demonstrate how the hybridized eigenfrequencies of a coupled three-

nanostring network can be calculated in dependence to an applied auxiliary drive signal.

We recall Eq. 8.15:
— O’MZ, = K=, (A.10)

with the stiffness and mass matrices K and M as in Eq. 8.14. As we are considering a three-
nanostring network, K and M are 3x3 matrices. We invert the positive definite matrix M and

write the eigenvalue equation as

Q% —ka/ma  —kac/ma
Q2i0: —kAB/mB Q% —kBp/mB X0 (A.ll)
—kac/mc  —ksc/mc Q%

using the undisturbed resonance frequencies Qi = \/m and masses m; of the resonators
i € (A,B,C). Using the experimentally determined stiffness matrix (e.g. Eq. 11.1), this generalized
eigenvalue problem can already be numerically solved.
However, we now need to consider the effect of an eigenfrequency tuning sequence (see Sec. 8.3.2)
with an auxiliary drive signal Q3"*. Without loss of generality we assume the eigenfrequency of
resonator A to be tuned, its eigenfrequency 4 is thus altered from its initial value Qg according
to Eq. 8.47. In particular

QA (Q3) =09 + ZOR™ ~ Qan—a g (A.12)

3 QA,n:2

assuming that the tuning sequence is performed with the second harmonic mode €24 ,—2.
Finally, Eq. A.11 can be solved numerically (e.g. via the Eigenvalues method in Mathematica)
for arbitrary drive signals Q3"™*. The eigenvalues of the equation are the squares of the three
hybridized mode frequencies, i.e. QQAB’C.

Note that additional tuning sequences can be incorporated analogously, e.g. by including
a second variable frequency QB(QaBUX). Furthermore, the calculation can be easily extended
towards any number of coupled resonators.

A.9 Numerically Calculated Mode Displacement

Here, we present the mathematical model and a sketch of the numeric calculation algorithm
used to calculate the displacement of any or all nanostrings in a coupled resonator network
in response to an arbitrary drive frequency. Model calculations performed in this manner are

shown in Fig. 11.9.
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We begin with the equations of motion for the three coupled resonators shown in Eqs. 8.24-8.26:

mAZA + maladA + Kaaza = kaB(TB — zA) + kac(zc — zA) + Farive
mpEp + mel'BZB + KBBTB = KkAB(TA — ¥B) + kBC(TC — 2B) + Flrive (A.13)

mcic +mclcic + kcore = kac(za — z¢) + kBc (@B — 2¢) + Firive

We are searching for the response of a specific string (w.l.0.g. nanostring A) to a externally
applied driving force Fiyive(t) = Fo exp(i€2pt), where Q;, can be arbitrarily chosen. As we are deal-
ing with almost identical nanostrings, we will set 'a =I'g = '¢ =TI and ma = mp = m¢c = m.

Using an ansatz of the form x,,(t) = zocm (t) exp(i2pt) (m = A,B,C) we find solutions for
the amplitude coefficients ¢, (t) with |ca|> + |e|? + |ec|* = 1. As in Sec. 8.2.2, we neglect the
second derivatives ¢, (t) and obtain

. . ~ . K K F
(21 +T')éa + (242 — QIQ) +1iQp0)ea = e
m m meo
- F
(2 + T)ég + (2 — Q2+ i T)ep = 2By + B 4 0 (A.14)
m m mxo
- K K E
(2iQp + D)éc + (Q02 — Q2 + i) = ep + e+ —,
m m meo

where we used the undisturbed resonance frequencies Q; = /& /m; of the resonators i € (A,B,C).
The system of coupled differential equations in Eq. A.14 can now be numerically solved (e.g.
by Mathematica’s NDSolve) for ca(t) using the initial values ca(0) = ¢g(0) = cc(0) = 0.
Subsequently we can integrate the coefficient over a duration 7" to obtain a value proportional
to the displacement. In particular

T
\xgumﬁz/o lea(B)]?dt o |zal* (A.15)

Since the amplitude of the drive force Fy is independent of time, 1" should be chosen as short as
possible in order save computation time. However, the timescale of the oscillations need to be
kept small with respect to the simulation time, i.e. T' > 27/Q,,.

In the case discussed in Sec. 11.2.3, the displacement of a nanostring is evaluated along one of
the hybridized modes of the system, i.e. we choose €2, as the hybridized eigenfrequency. The
hybridized frequencies change over the course of the measurement due to an auxiliary drive Q22"
and can be calculated as described in App. A.8. We define a pseudo-function Q?yb(QauX) that
retrieves the i-th hybridized mode for a given auxiliary drive.

Finally, we sketch the numeric calculation of the amplitude of nanostring A, |z}{"™ 2 along
the first hybridized mode (i = 1) in Fig. A.7 as pseudo-code,

As a result one obtains one value |z}{"™ 2 for each sweep-point of the measurement, proportional
to the displacement |z A]2 that the resonator exhibits along the investigated hybridized mode

branch.
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while Q"™ < Q2% do > tuning sequence
Q, + QP (Qam) > calc. hyb. freq. for drive
23" <~ NDSolve[EOMs]| > Solve egs. of motion
return |25 > solution at curr. drive
QAU — (21X 4 AQAUX) > tuning step
end while

Figure A.7: Pseudo-code for the numerical calculation of the displacement amplitude |x§f‘"‘|2 for an arbitrary

tuning sequence with a drive frequency ranging from Q™" to Q.. Note that the NDSolve command
refers to a numerical solution of the system of equations shown in A.14, as described in the text.
Further, the return command signifies only the output or storage of the calculated value, not a

termination of the program.

A.10 Landau-Zener Transitions

Here we will provide a sketch of the numerical calculation algorithm to model Landau-Zener
transitions in multi-nanostring networks. The theory of Landau-Zener transitions is described in
Sec. 8.2.1 and the measurement protocol is presented in Sec. 11.3.1.

The model calculation is based on the solution of the differential equations 8.31-8.33, which we
derived in Sec. 8.2.2. We recall that the Landau-Zener protocol is driven by an auxiliary drive
that leads to a time dependent resonator frequency 24 (t), which develops according to Eq. 8.27
with a ramp rate of { = AQa + 7. The duration of each Landau-Zener sequence, i.e. the window
of data acquisition is t = 0...tenq. Accordingly, At is the time interval at which the model
is evaluated. Sequences are then repeated for varying ramp rates from 7start tO Teng With AT
being the step-size between investigated ramp rates. The goal is the calculation of the amplitude
coefficients |ca B.c (t)]2 x |z A,B,C(t)’27 which are proportional to the observable displacement.
Lastly we define 2} () as the current frequency of resonator A, evaluated according to Eq. 8.27
at ¢ for a ramp rate 7.

Note that for the solution of the differential equations The differential equations can be solved
numerically by e.g. the NDSolve method of Mathematica, which we will use in the following. In
particular, we solve Eqs. 8.31-8.33 for ca g ¢(t) using the initial values ca (0) = cg(0) = ¢c(0) =0
and performing the calculation up to ¢t = teng. Having defined all necessary expressions, we

present the algorithm for the calculation as pseudo-code in Fig. A.8.

The resulting model calculations are shown in Sec. 11.3 and provide good agreement with

experimental results.
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T < Tstart
while 7 < 7q do > sweep ramp rate
t<+ 0
cA p,c < NDSolve[EOMs] > Solve egs. of motion
while t < tenq do > sweep meas. time
Qa = QL (1)
return |ca p.o(t)| > solution at curr. time and rate
t < (t+ At) > next time-step
end while
T+ (T+ AT) > next sequence
end while

Figure A.8: Pseudo-code for the numerical calculation of the amplitude coefficients |ca g c|? for a Landau-Zener

transition sequence with duration t = 0. .. tena, evaluated for ramp rates from 7gtart t0 Tenda. Note
that the NDSolve command refers to a numerical solution of the system Egs. 8.31-8.33, as described
in the text. Further, the return command signifies only the output or storage of the calculated value,

not a termination of the program.

A.11 Additional Images

Figure A.9: Angled (55°) Scanning Electron Microscopy (SEM) image of a SizN4/Co double-layer phononic shield

structure after wet etching in buffered hydrofluoric acid (BHF). The image shows a different shield
structure on the same chip as the ones shown in Fig. 4.5. Due to unknown reasons the structure was

damaged. Parts of it consequently collapsed, indicating that it was fully released from the substrate.
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